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ABSTRACT

GARCTA, ROBERTO PAYIN MARTINEZ. The Fy Method Applied to Multigroup
Transport Theary in Plane Geometry. (Under the direction of CHARLES
EDWARD SIEWERT.)

A study of multigroup transport theory for the special cass of
slowing-down in plans geometry is reported. Anisotropic scattering
effects are included by using an LM order Legendre expansion of the
transfer cross section. The theory reduces the calculation of the
reflected and transmitted angular fluxes to a sequence of ome-group
problems invalving only angular fluxes at the boundaries. The theory is
than extended to yield the anguiar flux at any location within a slab.
The Fy method is used to estabiish particularly accurate selutions for
several test probTems. The computational aspects of the mathod are
studied, and numerical results are given, accurate to five significant

figures, for a1l considered problems.
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1. INTRODUCTIDN

The task of solving the steady-state, energy-dependent, linear
transport (8oltzmann) equation in plane geometry without azimuthal

dependence

v plz,u,E) + a(z,E) ¥{z,u,E)
9z
= [[ o(z,E'Y f{z;u' E'#u,E) ¢f{z,0",E")du"dE"’
+ 0{z,u,E} (1.1}

is frequently encountered in transport problems. It s well known that
the Boltzmann eguation, formulated in early studies on kinetic theory of
gases [Roltzmann, 1872), plays alsc an important role in the fields of
radiative transfer {Chandrasekhar, 1950%, neutron transport theory
(Davison, 1957}, radiation shielding {Goldstein, 1953), and rarefied gas
dynamics (Cercignani, 1969). 1In the context of neutron transport theory
w(z,u,B}, the fundamental guantity in equation 1.1}, s known as the
energy-dependent angular flux, a function of the space variable (z), the
direction cosine of the neutron velocity with respect to the z-axis (u],
and the neutren energy (E}. In addftion, o(z,E) demctes the macroscopic
total cross section, f{z;u',E'+u,E) the transfer probability {both are
assumed to be known experimentally) and Q(z,»,BE) represents extranepus

sources that may be present throughout the host medfum.
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| In this work the multigroup method (Lavison, 1957; Bell and
Glasstone, 1970) is emplayed to discretize the energy depenaence of
equation [{1.1} and the resulting set of multigroup eguations for a ¢lass
of radiation transport problems is sqolved by an extension of the Fy
method Tnitially introduced for monoenergetic neutroan transport theory

(Siewert and Benpist, 1979).

In Chapter 2, a review of previous work in multigroup transport
- theery is presented and applicatians of the Fy method since its

fntroduction as well as its main characteristics &re summarized. ‘

In Chapter 3 & derivation of the multigroup equations from equation |
(1.1} is presented in an abbreviated wanner and in Chapters 4, 5, and 6 |
basic milticroup problems are solved and accurate numerical results are

reporied.




2. REVIEW QF LITERATURE

2.1 Multigroup Methods

Historically the multigroup approach to the Boltzmann equation
ariginated from attempts to describe the phenomenon of peutroa transport
in a more realistic manner than that provided by one-speed theory.

Early methods for solving the neutron transport equation (Davison,
1957) include the spherical harmenics methed, generalized for multigroup
theory (Mandl, 1953) some years after its jntruductiun {Mark, 1944, 1945;
Marshak, 1947) ard the discrete ordipates method, based on replacing the
intagral term in the transport equation by a numerical quadrature (Wick,
1942; Chandrasekhar, 1944). The Sy method (Carison, 1953), a different
version of the original discrete ardinates method, proved to be very
important from a practical point of view due to its capability of
handling problems with a high degree of complexity. In today's computer
codes this method, including a serias of improvements fncorporated since
its introduction, is the most widely employed technique for soTying the
gne-dimensional multigroup transport equation. Although its utilization
in practical calculaticons is evidence of its merits, the 35y method is
known to have difficulties in dealing with deep-penetration preblems and
strang absorbing media {e.g., reactor control ropds),

Analytical methods were also developed for studying the muTtigroup

transport equation., Because these methods have limitations impeding

[:”G Pleg Tos om BE200T S0 % 7L B E NL,_;:.E:ARE;}
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their application to practical calculations they are mainly used to
gbtain highly accurate solutions to basic problems which can be used as
standards for accuracy assessment of numerical methoads. Anothar
important aspect of amalytical methods fs the fact that solutions can be
carried out in a systematic and rigorous way and thus a greater insight
into the mathematical structure of the transport equation is gained. In
the past twenty years the method of singular eigenfunction expansions has
been employed much more than any other amalytical method, especially in
multigroup theory, and for this reason a summary of the most important
achievements of this method seems appropriate here. Some basic proofs
were carried gut initially by Davison (1945) but several aspects remained
obscure until Case {1960} demonstrated clearly the adequacy af the method
for one-speed nautron transport theory. A large number of papers devotad
to two-group neutron transport theory with isotropic or tinearly
arisotropic scattering is available in the literature (McCormick and
Xubéer, 1973). The reader is raferred, for example, to the works of
lelazny and ¥uszell {1961}, Siewert and Shieh [1967), Metcalf and Zweifel
{1968a, 1968b), Siewert and Ishiguro {1972), Reith and Siewert (1972},
Siewert, Burniston, and Kriese (1972} and Burnistan, Hu11fkjn‘ and
Siawert (1972). Several papers with numerical results for various basic
problems in two-group theory are also available and some studies not
restricted to the two-grogup case have been reported, for example, by
Yoshimura and Katsuragi (1968) and Pahor and Shultis {1969z, 1963b) for
isotropic scattering and Leuthduser (1971) for Tinearly anisotropic

scattering. Some works based on modal expansions for the energy variable




in the transport equaticn that yield essentially the same rwltigroup
equations have been reported in the ifterature. Among others, reference
can be made to the warks of Bednarz and Mika (1983}, Zumbrumn (15965},
Legnard and Ferziger ([1966a, 1966b), Shultis (1969), and Silvennginen and
Zweifel {1972). The method of Bowden and co-workers, based on the
analytic continuation of the w-varfable into the complex plane {Bowden,
McCrosson, and Rhodes, 1968; Bowden and Bullard, 1969}, has also been
extended to multigroup transport theory with isotropic scattering (Bowden
and McCrosson, 1971). [t is apparent from all these works, however, that
an extragrdinary computational effart would be required to solve
multigroup probleams ﬁith very general sgattering laws by purely
analytical methods.

Several additional methods applicable to multigroup theory are
availabTe in the literature (Williams, 1971); a review of numerical
methods in neutron transport theory has been recently completed by

Sanchez and McCormick (1981).

¢.2 The Fi Mathod

The Fy method was introduced initially in one-speed neutron
transport theory by Siewert and Benoist (1979). Some similarities with
the Cy method (Bennist and Kavenoky, 1968) were apparent but snuﬁ it was
realized that the method could be derived in an independent and simpler
way [(Grandjean and Siewert, 1979} by using the full-range orthogonality
properties of the singular eigenfunctions {Case and Zweifel, 1967). The

method was extended for salving problems with Lth order anisotropic
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scattering (Siewert, 1978), for problems in spherical geometry (Siewert
and Grandjean, 1979), and for multiregion problems {Devaux, Grandjean,
Ishiguro, and Siewert, 1979). Other applications include polarization
studies [Siewert, 1979; Matorino and Siewert, 1980), rarefied gas
dynamics (Siewert, Garcia, and Grandjean, 1980), radiative trapsfer in
inhoemogeneaus atmespheres (Mullikin and Siewert, 1980; Garcla and
Siewert, 198la, 1982a), azimuthally-dependent prablems (Devaux and
Siewart, 1980}, transpert of neutral hydregen 1n plasmas (Garcia,
Pomraning, and Siewert, 1982) and kinetic theory {lLoyalka, Slewert, and
Thomas, 1982).

Basically, in plane geometry, the method starts by deriving a set of
singular integral aquatfons and canstraints for the surface angular
ifluxes. By approximating the unknown surface fluxes in terms of
appropriate basis furctions and using collecation, a sat of linear
algebraic equations that can be solved by standard techniques is obtained
for the coefficients in the approximation. Once the linear system i3
50lved an: the surface fluxes are established, similar ideas can be used
to derive the angular flux at any pesition inside the slab (Devaux,
Sfewert, and Yuan, 1992: Garcia and Siewert, 1982b), Computationally,
the methad 15 sasy to use and can yield accurate numerical results,

With regard to multigroup transpert theory, Siewert and Benoist
{1981) and Garcfa and Siewert (1981b) gensralized the Fy method for
slowing-down problems with isotropic scattering. &n extension of the

method to multigroup problems with UM order anisotropic scattering was

also developed {Barcia and Stewert, 1982c).




3. THE MILTIGROUP EQUATTON:

In this chapter we review briefly how the multigroup equations £an
be obtained from equation (l,1), Further detafls can be found in
standard referances on neutron transport theory (Davison, 1957, Bell and
Glasstone, 1970).

Here we assume ratational symmetry for scattering events, i.e., the

transfer probability s a function of the cosine of the scattering angle

as viewed in the laboratory system (ug). In addition, we assume the

| following Legendre representation to be yalid:
1 L
! o{2,E" )F{2;E"+E,ug) =3 T (2e+1)agf{ziE' +E}Pp{ugp) {3.1)
£=0
whera
1
ap{2;E"+E} = [ a{2,E')F(Z:E'+E,ug)Pe{ugldug (3.2)

1f equatiaon (3.1) is substituted intc equation (1.1) and the addition

theorem for the Legendre polynomials fs used, we obtain

u 2 wlzu,E) + ofz,Elefz,u,E)
a2

L 1
T (2e+1)Pgfu)faglz;E"~E} { piz,u',E )Py ' }du'dE"
- =0 -

rag

+ Q{z,u.E) . (3.3)




&t this point the energy interval of interest is divfded in M

subintervals (groups) and equation (3.3) is integrated over the energy
range for each subinterval. In general, the groups are numbered such
that the ith group contaims all energies E; < E & Ej_1. We obtain, for

i=1,2,...,M, in the absence of upscattering:

" ;E gi(z,u) + ayfzivilz,m)

L 1L
o oL o8, (u)eg e(2) + Q(z)  (3.4)
§=1 2=0
where
' Ei-1
pifz,m) = w(z,u,F}dE (3.5)
£+
' -1 Et.1
ai{z) = v tzm) [ alz,E)efz,u,E}dE (3.6)
By
1
+,002) = Il yy(Zu}Ppuid (3.7}
and
aij(ﬂ,zj
-1 B3-1 . il , L
= {20+1)95 {2} é pe{z,E") £ og (236" +E)dE dF (3.8)
j i
? - with

1
¢gf{z,E) = fl w{z,u E}Py{uide . {3.9)




In addition,

Ei-
= Q(z,u,E)dE . (3.10)

Qi(z,u) =]
Ej

Strictly speaking, equaticns (3.4) through {3.9) define a system of

¢coupled nonlinear equaticns and one could argue that very little was

accomplished in this step. Furthermore the right-hand-side of equation

{3.6}) depends on u and thus it would be logical to expect oj(z} alsa to

be dependent on w. One simple way to avoid this unpleasant situation is

to postulate that the energy-dependent angular flux can be represented by

a separable function instde each energy group j = 1,2,...,1:
¥{z,m,E) = Fy{z.n)6i(E), Ee[Ej,E5_1]1 (3.11)

with the arbitrary normalization

Ej-
[ lﬁj{E} dE =1 . (3.12}

E
With these assumptions the nonlinear system reduces to equation (3.4}
plus
Fi-1
ai{z) = [ a(z,EVGi (E) dE {3.13)
£
and
&

oi3{1,2) = {2es1) |
3

-1 Ej-1
Gi{E') [ wafziE'+E)dE &' {3.14)
£j

VPR e rar e e R L T
BAHGTITL T L. Tyt T Tl R HMUGLEARES
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Ne cannot expect to carry out an exact approach any further. A
reasonable procedure is to choose explicit representations far Gj{E],
j=1,2,...,i=--infinite medium solutions are usually the best ¢hoice--and
use o;{z] and uij{i,z] from equattons {3.13) and {3.14) as given Tnputs
for solving equation (3.4). Once y;[z,n) is available for i = 1,2,...,M,
a better representation for ¢{z,u.E) in terms of energy may be available
and improved group-averaged cross sections may be computed from equations
{3.12) and {3.14}. If any significant difference is found in the
solution of equation {3.4) with this improved cross-section set an
iterative procedure may be used until the agreement is satisfactory.
Alternative approaches to the problem have baen reparted in the
Mterature {Bell and Glasstone, 1970).

We note that so far no specification concerning the nature of the
intaracting particles has been made. Since we are interested in
applications for radiation shielding, eguation {3.4) can be considered
spacifically for neutrons and gemma rays. Of course the appropriate
slowing-down mechanisms must be consfdered for each case when defining
the group-averaged cross sectigms by eguations {3.12) and ([3.14). Thus,
for neutrons in the absence of fissionable material, absorption and
scattering are the deminant interactions (Davison, 1957} while, for gamma
rays, photoelectric effect, Compton scattering and pair production (for

gnarqies aboye 1.022 Ma¥} must be considered {Goldstein, 1959).
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4, A SINGLE SLAB WITH ISOTROPIC SCATTERING'

4.1 Introduction

In this chapter we consider the problem of solving equation (3.4)
for the case of a homcgeneous, source-free, nop-muitiplying slab,
ze[L,R], in the isotropic scattering model. We thus write, for

1 = 1,2, M,

a p
Vo= ¥ilZa) +oof gi{zm) = 2 Ioeij #§(2) (4.1}

i=1

(4% ]

subject to the boundary conditions

wi{l,w} = Li{u} w20 , {4.2a)
and

pi{Ry~u} = Ri(u) ,u>0 , {4.2b)

where Lj{u) and Rj{u) are considered specified. Here we follow the
analysis of Siewert and Bencist [1981) to reduce the problem of finding
the emerging angular fiuxes relevant to equations (4.1) and (4.2] to 4
soquence of one-group problems invalving only the boundary data and

astablished emerqing fluxes for preceding groups,

! This chapter is partially based on a paper published in Nuclear Science
and Engineering {(Garcia and Siewert, 1981b),
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4.2 Analysis

We note that a Wiener-Hopf factorization for the dispersion matrix
in the case of a triangular transfer matrix has been investigated by
Larsen and Zweifel {1976}. Our approach, however, is based on solving a
sequence of one-group problems. We thus begin by expressing the s¢lution
for the first aroup in terms of the elementary solutions {Case and

Iweifel, 1967):

. L4 AY G]_Zf"-"]
¥z} = Alvqley{viam) e + Al-vpipl-vi.u) e
1 -y zfv
s mOavaye T dv (43)
-1
where, in general,
1 1
gi{vi,m) = 3 C7 vy (u1 - u) {4.4a)

and

=

pi{v,H} = - oy P?( )+ (1 - ¢sv tanh~l w¥s{v - u) . {4,4b)

BMoa W

M2

Here ¢; = o¢;:/oy and v; is the positive zero of the dispersion function
1 Fievy 1 p

. (4.5)

1 1 d
pifz) =1+ -¢c5 2/ -
' i R S

If we use the full-range arthogonality condition {Case and Zweifel,

1967},
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i

1
(2 -2') f wéj{Em) $(8',n) de =0 , (4.6)
-1
where *E, *£'eP; = v;U[0,1], we can deduce from equation (4.3) the
following singular integral equations and constraints for the emerging
fluxes ¥ {L,-»] and y{R,u), u > Q¢
1 A /E
I ow oep{2E,u) [yqfl,u) -e #1(Ru)] dw = 0
Egpl ' (4'?}

where, in general, &; = o3{R-L}). We can rewrite equation {4.7} as

1
£ w ¢y (E,0) ¥pfL,-u) du

-a1/8 1
+ 8 [ v ep(-5,0) wpiR,u) du
0

UL (E)  (4.8a)

and

1
é wop1(5,m)ey{R,n}) du

-41/E 1
+ e é u ooy f-£,u) ¢yp{k,-n) du

vi{e)  {4.8Db)

where £cPp and the known fnhomogerecus terms are, in genereal,

1
ui(8) = g wodi(-&,0) Li{n) du

-A5 /% I_:|.
+ e Iou dsfe,m) Ryfu] du (4.93)
4]




and

1 'hifE 1
vi(s) = é i (-0 JRs{u)du + e [ oweqle,)ly{u)de . (4,9)
0

Equations (4.8} can be solved, for example, by the Fy method

{Siewert and Benoist, 1979}, and thus we now consider the second group.

We write
-UEZI?E gszuE
yolz,k) = Alvg)ealvo,m) e + A{-vplén{-vo,u} @
1 -dazfv 1 ¥
+ [ Ag(w)dplv,n)e dv + 5 921 yo1 (z,4) (4.10)
-1

f
where ¥p1{z,u) denotes a particular solution of

1
v . Yz, ) + o9 wlzm) = = opz [ wlzaw') du' + (2} . (4.11)
az z -1

—t

We can use equations (4.6) and (4.10) to deduce, for GePs,

1 244/
[ v ép(%5,u) [wpllu} - @ Yo (R, 0 ) Jau

dEl Hzl(tﬁ] {4.12}

Mg =

whera

85/8
’ (R G . (4.13)

Wpy(8) = [ u ea(E.) Tugp(Lu) - e

1 —
—

14
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T
Noting that w»1{z.u) can be expressed in terms of the infinite-medium
Green's function (Case and Zweifel, 1967) basic to equation {4.11), we

write
+ R
wny(z,m) = [ Gplzg + z3 ) #1izn) dzg (4.14)
L

where, in general, for z > 7,

1 -o1(z-2p)/v4
Gilzpgrzsn) = $ifvi,u) e
iv&0 ) Nif“i] vy
1 —a;{z-zp) /v
b e ailop) e dv  (4.15a)
o Ni{w)
and, for z < zqg,
1 si{z-29) /4
GylznrzzH) = = e pi{-vj.H) €
1 ai{z-2q) /v
-] ¢i{-v,u) & dv . (4.150)
o Nyl-v)
In addition,
1 €4 1
N (v9) = 5 eqvg3 | —— - — (4.16a)
2 uiz - 1 u_iz

and

1
Ni(v) = v[{1 - ¢5 v tanh~1 v)2 & - n2u2¢;2] . (4,16b)
4




i6
After using equations (4.14) and {4.15) in equation (4,13) we find
Wp1{g) = - & { #1(z) e dz (4.17)
and thus we can write equation {4.12), for fePp, as

l
é p s2(E,0) wp{l,-u) du

-az/8 1 1
te g W d2(-2)va(Ron) du = Up(g) + 5 op1811(8)  {4.188)
and
1 -az/8 1 :
é w o2{E.u)vz2(Rin) du + e g v g2{-E.uiwp(L,-n) du
1
= Va(E) + 3 s218d21(%) (4.18b)
where
apl/E R ~a2/E
Elz1{E) = @ [ #1fz) e dz {4.19a}
and
-09RfE R 322§
EJoy(E) = e { 01z} e dz . {4.195)

Because I»>1{g) and Jp1{&} are given in terms of ¢1{z) it is clear that
the right-hand sides of equations (4.18) can be determined once the
solution for the first group is available for all z. However, if the

primary interest 1s in the selution at the boundaries, a theory that
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deals exclusively with the solution at the boundaries can be developed.
Clearly, to accomplish this we need to express Ipi(E) and Jop(%) in terms
af ¢1{L,n) and ¥1{R,u}, uel-1,1]. We can write equation (4.1) for the
first aroup as

5 o zfu 1 a1Zfu
v Evifz,u) e }= 5 011 @ $1(z} (4.20)

and integrate equation (4.20) to find, for £e[0,02/01],

2 91 -49/%
Ip1(&) = il [v1{L.-016/02) - Ry{e1E/02) @ 1 [4.212)
and
2 9] -8/
d21(8) = i [v1(R,o1E/02) - L1(orE/ep) e 1 . (4.21b)

[t is clear that equations {4.21} express Iz1(&) and J21({&) in terms of
the boundary fluxes; however these eguatfans are not sufficient since
Ip1{£) and Jp1(E) are required for all £ePp in equations (4,18}, In
addition, equations (4.21) cannot be used if o171 = 0 and alternative
expressions needed for this special case will be provided later., We can
formally solve egquation {4,20) and integrate the resulting equation to

find
1 R
$1(2) = Ky(z) + 5 711 { #1(z'} Exfen]z - 2*'|) dz' , (4.22)

where Ei{x) is one of the exponential integral functions and, in general,
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1 .-ﬂj{Z'L”i‘ -0 j{R-2)/u
Kj(z] = f [Lj(u}e + Rilule Tdv . {4.23)
0

If we muitiply equation (4.22) by exp{-z/s), integrate over z and use

equations {4.19) and (4.21), we find that

A {o1E/02) Tp1{8)

1 -ﬁzfa du
= { ufyr{L) - bp{Ru) e 1 P (4.24a)
and
rlogEfag) I (8]
1 ' Yk du
= - ——— 4.
[1 u(w (R} - ¥1{L.u) e ] T {4.24b)

for £f[-0p/01, 9pfo1]. Equations {4.24} can therefore be used to compute
the Iz1{E) and J77(€} required in equations (4,18} for £40, ap/cy],
except if o15/0p = ¥y. This special case will be discussed later.

We now consider the extension of the foregeing analysis to the ith

group. A3 before, we write

'G'I-"u‘i Uizﬂ'ru'f
wilz,u) = Alvy) eilvi.u) e + Al-v;) d5(-vj.u) @
1 —ogziv by
+ [ A} #i(v,e) e dv+ s [ ooiyviglze)  (4.25)
-1 j:l
whers
+ - R
vijlz,m) = [ Gi{zg + 23w} éj{zg)dzg. (4,26)
L

L EANER #
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The appropriate generalizations of equations (4.18} are, for £ePj,

1 -43/8 1
Jow #ifE.m) bifl,-u) du + e [ow #i{-E.0) #5(R,u) du
i} a
B!
= Us(e) + 5 £l o5 Ti5(8) {4.27a)
i=1
and
1 458 1
é u di{Eu) Wi(R,u) du + e g bodi(~E,1) wilL,-u) du
1 i-1
= Vi) + - E I a4y Jijl6)  (4.278)
2 7.
j=1
whera
o;L/E R ~aiZfE
£13j(8) = e [ #5(z) e dz (4.28a)
L
and
-g;R/E R aiz/E
EgglE) = e ] e5(z2) e dz . [4.28h)
L
x

We now write equation (4.1} for the M group as

aiziu

3 ajz/u J
W= [yj(z,u) e l=>0e
3z

i Tik 3 [2) (4.29)
k=1

P

and integrate to find the generalizations of eguations (4.21} to be, for
£2[0,1/s45],
j-1

1
Tijley = — Dy30e) - L ogk k(1] (2.30a)
JJ k=1
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and
1 i-1
Ji3(6) = — [¥3508) - L 93k Jax(5)] {4.30B)
¥3) k=1
where sij = oj/94,
-h4 /&
Xi3(6) = 2 545 Doy{l,-s148) ~ Rjlsq58) e ] (4.31a)
and
-84/8
Yis(e) = 2 555 [vj(R,s448) - Lylsi58) e 1 (4.31b)

Wa can meltiply the gemeralization of equation (4.22),

1
o5lz) = Ky(z) + 5

] R
D { blz') Epfoglz - 2' |} dz' ,  (4.32)
k=1

by exp(-z/fs) and integrate over z to find, for E#[-l!sij, lfsij],

hjisiji]IijEE] =

and

hj[sijE]Jij{E} =

where

1 -84/% du
{ u Quyt,u) - vi(R,k) e 1 ey
1 I
- — a(s548) Toa E Ik (E) {4.33a)
T3 ’ k=1 :
1 -87/E 4
{1 b Cei(Rm) - it} e ] v
1 j-1
J k=1
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1 L au
afzy = sz [ —— . {4.34)
2 1M~z

Equations (4.30) and (4.33} can be used to compute the Iij{E} and Jij{E]
required in equations (4.27), provided that 95 % 0 in eguations (4,30)
and sj ;& 4 vj in equations (4,33). The following alternatives te
equations (4.30) for 735 = 0 can be derived by letting §& apprpoach the cut
in equations (4.33Y, using the Plemel) formulas (Muskhelishvili, 1853),

and considering equations (4.30):

1 -45/% du
oi Lys{€) = P {1 uloglom) - wy{Ru) e Jm
1 L
- - E X;:{E) P —_— e = ) 4,3%5a
N R R
and
1 -A1/8 du
cdsafgy = P L wlws(Rm) - wifl,u —
Ty 11](} {l {J( ) j( ) e ]H-Siji
1 1 d
- - E Y fEY P —_— g =T . 4.35b
5 & ¥igle) {ku& 3 (4.35b)

In tha case that 5ij5 =vja Timiting procedure may be used as shown in
the following section to find alternative expressions to equations

(4.33).

4.3 The Fy Method

In the previous section, exact analysis was used to reduce the

oroblem of finding the surface angular distributions relevant to
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equations (4.1} and (4.2) to a system of ore-group problems, each of
which is based only on surface results. We now wish to demonstrate that

the Fy method {Siewert and Benaist, 1979) can be used to establish

accurate numerical results for the considered multigroup model and

especially for the challenging deep-penetration problem.

It is evident that the H-function (Chandrasekhar, 1950), fo

example, can be used to convert equations (4.8) to a system of Fredholm

integral equations which can, of course, be solved by an iferative

introduce, for the ith aroup amd w > 0,

bilL,ou) = Ry{uexpl-ai/u) +

| 1=

aj aPale - 1)
a=0

and

N
pi{Rm) = Li{wlexp{-25/u) + T by aPaf2v - 1)
n=0)

into equations (4.27) to find

N
L 1aj oBi al8) + ciexpl-8:/E)by (Aq{E]} = cyI4(E)
a=0
| o1
| + ARRERILY
. 321

| and

numerical method to yield ¥{{L,-u} and ¥q(R,u), w > 0. Tt follows that
equations (4.27) can, in & 11ke manner, be sglved for i = 2, then i = 13
and so on. Rather than pursue this exact analysis, we prefer here to use

the Fy method to develop a concise approximate solution. Me therefore

{4.36a)

(4.36b)

(4.37a)
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N
) {bi,uai,u{E} + ciEXpE-ﬂqfﬁ}ai,mAufE}} = cjdi(&)
a=0
=1
+ 1 oidiler  (8.37)
j=1
for all EeP;. Here, for o » 1,
fo-1 a=1
ot,ot5) = (22) (28 - 18y (6 - (Z) 31,0000
1
"3 Cibg 2 - €i%p 1 {4.38a)
vwith
Bi ofE) = 2 - ¢ [1 + &an{l + 1/£)] (4.38b)
and

2a-1 -1
Ag(E) = - (:—) (26 + 1)Ag1(E) = (“T) A_plE)

1
i Sa,2 * 851 (4.3%)

with
AQ{E} =1 - ganll + 15| . {4.3%h)

In equations (4.36) we use a Legendre basis Pa{2u-1) that is orthogonal
on the half range we[0,1] in order to avoid, in subsequent systems of
linear algebraic equations, the inversion of f1l-conditioned matrices
that have been encountered, for large N, with the use {Siewert and
Benoist, 1979:; Grandjean and Siewert, 1979) of the simple basis functions
u*,  The functions 1;{£) and J:(£) required in equations (4.37) are given

in terms of the boundary data for the jth group, i.e.,

s o e S e
T '_-" Lo B




1
1408) = [ wlLi(m)S(m.8) + Ry(wICi{n &) ]du
0

and
1
J+(E) = [ ulLifuiCifu.E) + Re{u)S;(v,&) Tau
0
where
1 - exp{-aj/u) exp(-84/£)
51[H,E} =
b+ &
and
exp{-ay/u)] - exp(-4;/E)
Cif{w,8) =

u - £

24

(4.40a)

{4.40b)

(4.91a)

{4.41b)

The additional known terms in eguations {4.37} represent "slowing-down”

contributions to the ith group. Thus for £e[0,1/5i;] we write equations

(4.30} as

N J-1

ﬂjjlijtg] = 251j ) Ej’upu{ESiJE-l} - Ujklik{E]

a=0) k=1
and
N j-1

“jjJij{E] o E5ij ) bj’aPQ(ESijE-l] -1 ijdiktg}

=0 k=

For £4[0,1/514] we deduce from equations (4.33) that

hilsiEleils{E) = Tylsi58) + & tﬂ"h'l(-':)

Sijg

and

boogrlile)

{4.423)

(4.42b)

{4,43a)

—_— —
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1 -
Aj(sigelaglisle) = 5jlsqsh) + & tanh'l(———é) LoogdiklE)  (4.43b)

313% k=1
where
A
TjEE} = Ij[ﬁ} + u%ﬂ {aj,uhﬂ[-a} - Exﬂ{'ﬁjfg]hj,mﬂuiﬁl} (8.448)
and
M
23(8) = J;(8) + aEn (b Ral-€) - exp{-8;/£)a;5 oRa(E)} . (4.44D)

It is clear that eguations {4.42) and (4.41) establish the required
Iij{E} and Jij{E] except when ojj = 0 and thus alternatives to equations

(4.42) are required. For this case, we find from equations (4.35), for

EE{D :11;51‘1:’1
H
03 15{8) = B4{sji8) + [1+51jﬁinil+1f51351] : a3y aPal2sj;5-1) +
a=0
N
+ I {aj,aBalsi36) - expl-83/s1j6)by ohalsijk}t  (4.45a)
a=(]
and
N
“iJij{E] = Jj{s1j5] + [l+51jE£n{l+1f51j£]] EG hjvaPu{EsijE-l} +
a=
N
+ 1 by ofalsis) - exp{-83/syjE)2j ahals45E0 (4.45b)
a=(]

where Go(£) = 0 and, for a > 1,
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6at®) = (22} (25 - Dacnto) - (32 st

1
* é" auiz + qul - [4145]‘

We alsg note that alternatives to equations (4.43) are required if

$i18 = vj. Clearly if & = vj/s4; happens to be a collocation point in
the continuum [0,1] we can ayoid the difficulty simply by choosing a
different point. However, 1f & = v = vj/sjy, such a simple remedy is
not passible. We note that, from the point-of-view of & matrix
formulation of this muiti-group model, the phenomenon vy = vjfs1j appears
as a degenerate efgenvalue, i.e., a double zero of the dispersion
function. On the other hand, if we view the problem as a seguence of
one-group problems, this phenmomenon is clearly equivalent to seeking a
particular solution correspanding to an inhomogeneous source of the form
exp{-x/ng} where ny is the efgenvalue for the homogeneous equation. Teo
find the desired particular salution requires, as noted previously,
special attention [Siewert, 1975), For our purpose here we find we can
usa 1'Hgspital's rule to obtain the following alternatives to equations

{4,43) for £ = "v"jf‘:'r{j:

ot

-1
oilyjls) = 5 cilsi58)2 My (sq56)00 508455

d i
LT Li(8)] = — L ooglig(s)  (4.472)

and
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1 -1
UiJij{E] = 5 Cj{51j§]2 Nj {STjE}[ﬂj{EijE]
aj J-1 d as J-1
+ — E % i aE J1k(£]] - = E ﬂjkdfkfﬁ} v (4.478)
513913 k=1 13 k=1
Here
d N
ri6) = 3 6+ L aj,afal-E)
a=]
N ‘5
+ exp(-85/6) 1 Djq [Fale) - = AlE)]  (4.484)
a=(0 £
and
| 4 d H
84{8) = = J5(8) + 1 bj oFal-5)
) dE =0
- H f:ij
+ exp(-23/8) I aj,a [Fal6} - -5 AlB]] (4.48b)
a=0 £
. d N
We have found that the fumctions Fp{&) = - = B, (£} appearing in
equations {4.48) can be expressed as
1
F{E) = ———— {-[2(8+1) + of28+1)]Rq(8} - 2Ag_1(E)

25 (E+1)

+ 25 o % 8g,1F  (4.49)

and thus no additiona) recursive relations are required to deduce Fg(£).
We note that equations (4.47) require, for j 2 1, the derivatives of

Ijk{E} and Jik[E] far all k < j.

[THUTITL'-':; R T R A Lo WUC L EARES

—_—
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Clearly there exist poss{biTitfes for higher-order degeneracies;
howsver, from a practical peint of view the possibility of even a
first-order degeneracy is slight. Nevertheless, a given data set should
be reviewed with regard to this matter before an Fy calculation is
initiated.

If the constants {aj ,} and {bj o} have been established for all
j < i, then clearly the right-hand sides of equations {4.37} are known.
Thus on considering equations (4.37) at {N + 1} values of £ePj, say £, B
we generate 2(N + 1) linear algebraic equations to be solved for the

2{N + 1} unknowns 8j ,q @nd b 4, € = 0,1,2,...K.

4.4 Computational Aspects and Numerical Results

In order to establish the constants {aj )} and {bj g} reguired in
aquations {&.36) we first must define a strategy for selecting the
collocation pgints £ g. We then must compute the known matrix elements

and inhomegenecus terms in the system of linear algebraic equations

N
D {2 oBi,alfi,n) + ciexp{-81/i glbi ofa{Bi,g)]
=0}
1-1
= oil4l8y,8) + I o13143(51,)  (4.502)
J=1
and

i |
T (bi,aBi,alt1,8) + ciexp(-84/E1,8)ai ahalfi,a)}
a={)
i-1
= ¢idi(ei,p) + I oijdijlsi,e) - (4.50D)
J=1
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In this work we have used, for various orders aof the Fy approximation,

the collecation scheme givan by

E{,0 = vi, all N\, {4.51a)

and

1 1 2p-1
£i,8 = 3 + E cos w] ,8=1,2, ..., N4 N fF0 . {4.51b}

The points given by equation {#.51b) are the zeros of the Chebyshey
polynomial of the first kind Ty{2x -~ 1). The use of these points to
define a colliocation strategy was suggested by the work of Sioan and Burn
{1979), We now discuss the methods we have used to compute the functions
Ag{E)s Bi o{E} and G4(E) required to define equations {4.50). The
functienrs Ag(£} and Bi ,(g) are defined by

2

1
Ralk) = EiEJr; wPel2u - 1}¢7(-E,u}dn (4.52a)

and

2 1
0,06} = ; [ wPaley = Di(Eldn (4.52b)

We note from the previous section that the functions Ag(£) are required
for all £¢[-1,0) and Bj of{E) only for £ePj. Equations (4.38) and (4.39)
clearly are recursive relaticns that are easier to use, from a
computatienal standpoint, than the definitions given by equations (4.52).
Howevar, some care must be taken to avoid a loss of accuracy when using

the recursive equations {4.38) and {4.39). Here we note the strategy
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used to compute (working in double precision with an IBM 370/165 machine}
the required functions accurate to at least thirteen significant figures
for a up to 40, For the functions A (E) we have found that forward
recursion 15 stable only for £ec{-1,0] and that backward recursion is
stable for all £4[-1,0). For the functions quu{E} forward recursion is
stable for £¢[0,1], and thus backward recursion must be used when £ = wy.
In practice the use of backward recursian, in the manner of Miller
{1952}, can be very time-consuming for £ close to the transi{tion points,
j.e., points that define the regions of forward and Gackward stability,
For this reason we do not always use the defined regqioas of stability;
@.9., Tn computing A,{E) we have actuzlly used forward recursion for
Ee[0,0,001] without Tosing toco many significant figures,

The polynomiats Gu(E) intreduced in equation {4.48) and required for

£e[0,1] are defined by
1 du
Gu{g) = é ulPg{2u-1) - Pul26-1]] v (4,53)

These polynomials satisfy the same recursive ralation as the legendre
polynomials and we can use forward recursion te cbtajn accurate results.
In order to demonstrate the cemputational merit of the foregoing
soiution we now consider a special 16-group albedo problem, A slab of 1
em thickness has an isotropic incident distribution of neutrons only in

the first group and only on the surface at z = L, f.e., for w > 0

Li{u) = 84,1 (4.54a)
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and
Riln) = 0 . (4.54b)

The macroscopic total cross-sections {:m'l} are given by a7 = 11,

gy = 10 + i/ 14, 1 = 2,2,,...14, 015 = 10% and 015 = 20. In addition,
the macroscopic transfer cross-sections are given by oyy i = 3/(k+1},

i = 1,2,04s,14 and & = 0,1,..., (16-1); 015,15 = O, 015,15 = 10°% and
¢16,16 = 5+ This sample problem was designed to be a severe test of the
established solution. Note, for example, the very strong absorption in
groutp 15; in fact, the in-group scattering iz zero for this group.

For this data set we also have a Hegenerate case, in other words,

614¥] = 91¥14. SO that we must use the alternatives to equations (4.43)
given by eguations (4.47}. We sesk the exit distributions $;{L,-u) and

+i{R,u), » > 0, the group albedos
. 1
A" = 2 [ wpill,-uldu (4.55a)
0
and the group transmission factors
1
Bi* = 2 [ wpilRuuddw . (4.55h)
0

If we use the solutions given by equations (4.36) in equations (4.55) we

find

1
A" = 2i,0 * 5 20,1 {4.56a)

| A T ;: 4 rlitie
T J'll‘}':l:i'i_"f'l:.E Do s ,
NG THTY Lo E s "_”___n,_'
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ard

1
Bi* = 28§,1E3{41) + by o + 5 b1, (4.56b)

where E3{x) denctes one of the exponentiz] integral functions, In Tables
4.1 to 4.4 we list éunverged results for the exit distributions. In
Table 4.5 we list final results for the group albedos and transmission
factors. Alse, in Table 4.5 we compare our Fy results to & calculatian
of Renken {1981) who used DTF69, a discrete ardinates code (Renken and
Adams, 1969), with 100 space points and 8 directions for each of the half
ranges of u. The Fy resylts given 1n Tables 4,1 te 4.5 are correct te
within *1 in the fifth significant figure, W¥e note that, in general, the
albedos computed by Renken agree to four or five significant figures with
our results, The transmission factors, however, agree only fto two or
three significant figures. An exception is found in group 15 where the
DTFB9 results clearly show a loss of accuracy. Finglly, we note that the
collocation strategy defined by equations (4.51) yielded results that
represented a significant improvement over the cnes initially deduced
from either of the equally-spaced schemes used previously (Grandjean and
Siewert, 1979; Siewert, Maiorino, and Ozigik, 1980).

We now consider a second problem suggested and solved by Renken
{1581}. Here an iron (N = 8.466 x 1072 atoms/cm3) slab, of 10 cm
thickness, has an isotropic source of gamma rays jncident at z = L in the
first of 19 groups that span the epergy interval 50 key to 1 Mev. The
cross-section reported by Garcia and Siewert {1981L) was generated by

Renken (1981}, based ¢n the photoelectri¢ effect and the P, component of




Table 4.1 The exit angular fluxes #j(L,-u} for i = 1 to 8

u i=1 i=2 i=1 i=4 j=h i=6 i=17 i=28

0.05 1.2813(-1)2 7,7362{-2) 5.6765(-2) 4.5317{-2) 2.8517(-2) 3.3837(-2) 3.0396(-2) 2.7746({-2)
0.1  1.1660(-1)} 7.1154{-2) 5.2400[-2) 4.2624{-2) 3.6627(-2) 3.2315{-2) 2.9207(-2} 2.6806(-2)
0.2 1.0041{-1} 6.2123(-2) 4.6539(-2) 23.8381{-2) 3.3271(-2) 2.9729(-2) 2.7105(-2)} 2.5Q72{-2)
0.3 8.8866{-2) 5.5800{-2) 4.2071{-2) 3.5035{-2) 3.0621{-2) 2.7556(-2) 2.5284{-2) 2.3521({-2)
0.4  7.9986(-2) 5.0281{-7) 1.8471(-2) 3.2276(-2) 2.8389(-2) 2.5680(-2) 2.3687(-2)} 2.2134{.2)
0.5 7.28588(-21 4,6037{-2) 3.54B1([-2) 2.9946{-2) 2.6473(-2) 2.4062(-2} 2.2276(-2) 2.0891(-2)
0.6  6.6073(-2) 4.2493(-2) 3.2946(-2) 2.7943(-2) 2Z.4806{-2) 2.2631{-2) 2.1021{-2} 1.9773({-2}
0.7 6.2013(-?) 2.9480(-2) 3.0763(-2) 2.6199(-2) 2.3341(-2) 2.1361(-2) 1.9897{-2} 1.8764(-2)
0.4 5.7767{-2) 3.6881(-2) 2.8B61[-2) 2.4666(-2) 2.2042(-2) 2.0226(-2) 1.BBB6{-2) 1.7850(-2)
0.9  5.4084{-2) 23.4613(-2) 2.7186(-2) 2.330A{-2) 2.0881({-2) 1.6206(-2) 1.7971(-2) 1.7018(-2)
] 5.0857(-2) 3.2615{-2} 2.5699{-2} 7.2000({-2) 1.9838(-2) 1.8284{-2) 1.7140(-2) 1.6260(-2)

& Read as 1.2812x10-1,

£e
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Table 4.7 The exit

angular fluxes v4{L,-u) for i = 9 to 16

b i=4 i=10 i=11 i=12 i=13 i=14 i=15 i =16
0.0  2,5634{-2) 2.3904(-2) 2.2458(-2) 2.1228{-2 ) 2.0166(-2) 1.9238(-2) 1.7897(-5) 9.1192(-3)
.1 2.4886(-2) 2.3310(-2) 2.1988[-2) 2.0B61{-2) 1.9885{-2) 1.9031(-2) 1.7897(-5} 9.1021{-3})
0.2 2.3442(-2) 2.2099(-2) 2.0970(-2) 2.0004{-2) 1.9166(-2) 1.B430(-2) 1.7897(-5) 8.9941(-3)
1.3 2.2106{-2) 2.0939(-2} 1.9967(-2) 1.9116{-2) 1.8385(-2) 1.7743(-2) 1.7896(-5} B.8398(-3)
0.4 2,0887(-2) 1.9859(-2) 1.8994(-2) 1.8253(-2) 1.7609{-2) 1.7042(-2) 1.7896({-5} 8.5638(-3)
n.5 1.9779(-2% 1.8864({-2) 1.8094(-2) 1,7436(.2) 1.6862(-2)} 1.6359{-2) 1.7895(-5) B.4777(-3}
0.6 1.8773(-2) 1.7951(-2) 1.7260{-2) 1.6669{-2) 1.6156{-2} 1.5705{-2) 1.7895(-5) 8.2880(-3)
0.7 1.7858(-2) 1.7113(-2) 1.6488{-2) 1.5954{-2) 1.5492(-2} 1.4088(-2) 1.7895(-5] 8.0982 (-3}
1.8 1.7023(-2) 1.6344(-2) 1.5775(-2) 1,5280{-2) 1.4871({-2) 1.4503{-2} 1.7894(-5) 7.9110{-3)
0.9 1.6259(-2) 1.5637(-2) 1.5116{-2) 1.4673(-2) 1.4291(-2) 1.3956{-2) 1.7894(-5) 7.7276(-3)
1 1.5558(-2) 1.4985(.7) 1.4506{-2) 1.4100(-2) 1.3749{-2) 1.3442(-2) 1.7893(-5) 7.5430{-3)

FE



Table 4.3 The exit angular fluxes y;{R,n} for i =1 to 8

L i=1 i=2 1 =1 i=4 i=5h i=6 j=71 i=8
0.06  4.5701(-7) 7.3831(-7} 9.6077{-7) 1.1809(-6) 1.4023(-6) 1.6263{-6) 1.86P9(-8) 2.0822{-6)
0.1 4.8998{-7) 7.9750(~7} 1.0382{-B) 1.2788i(-6) 1.5200(-6) 1.7641(-6) 2.0112{-8) 2.2612{-6)
0.2 5.6471{-7) 9.2983(-7) 1.2115(-6} 1.4%10(-6) 1.7726([-6) 2.0h75(-6) 2.3460{-8) 2.6377(-6)
0.3 6.5894(-7% 1.0958{-6) 1.4230(-6) 1.7477(-6) 2.0744(-5) 2.4046(-6) 2.7385(-6) 3.0759(-6)
0.4 7.8516(-7) 1.3185(-6} 1.7003(-6) 2.0786(-6) 2.4585{-6) 2.8416(-6) 3.22B1{-6) 3.6177(-6)
0.5 9.6666(-7Y 1.6409(-6) 2.0893{-p) 2.5330(-6) 2.9771{-6) 3.4235(-6) 23.8724({-6) 4.3236(-6)
0.6 1.2644(-6) 2.1567(-6) 2.6827(-6) 3.2046{-6) 3.7257(-6} 4.2475(-6) 4.7704(-6) 5.2938(-b)
0.7 1.91R8(-6) 2.0745{-6) 3.6719(-6) 4.2769(-6) 4.3834(-5) 5.4902(-6) 6.0965(-6) 6.7014(-5)
0.8 1,8428(-6) 4.7969[-8) 5.4072(-6) 6.0732(-6) 6.7563{-6) 7T.4451(-6) B.1350(-6) 8.8230(-B)
0.9 9,6936(-6) 7.9539(-6) 8.4198{-8) 9.0719{-6) 9.7887(-6) 1.0832(-5) 1.1287(-5) 1.2046{-5b)
1 2.5162{-5) 1.3354(-5) 1.3377{-5) 1.3866(-5) 1.4525(-5) 1,5262{-5) 1.6M36({-5) 1.5828(-5)

8E



Table 4.4 The exit angular fluxes ¥;(R,u} for 1 = % to 16

u i=9 i=10 i=11 i =12 i=13 =14 1 =15 1=158

0.05 2,3138{-6} 2.5465{-6} 2.7806(-6) 3.0157(-6) 3.2497(-6) 3.4B835(-6) 2.3297(-9) 1.2655(-6)
0.1 2,5137(-6) 2.7679{-6) 3.0224(-6) 3.2794{-6) 3.5354{-6) 3.7908(-6) 2.3401(-9) 1.3423(-6)
0.2 2.9322(-6) 2J.2287(-6) 3.5265(-6) 3.8250(-6) 4,1232(-6) 4.4206(-6) 2.3409{-9) 1.4264(-&)
0.3 3.4160(-6) 3.7581(-6) 4.1013(-6) 4.4449{-6) 4.7880(-6} 5,1297(-6) 2.3417{-9) 1.6302(-6)
0.4  4.0098(-6) 4,4034(-6) 4.7976(-8) 5.1916(-6) 5.5843(-6) 5.9749(-6) 2.3425(-9) 1.7799(-¢6)
0.5  4,7762(-6) 5.2293(-6) 5.6820(-6) 6.1333(-6) 6.5821(-6} 7.0275(-6) ?2.3433(-9) 1.9399(-5)
0.6  5.8170{-6) 6.3390{.6) 6.8589(-6) 7.3754(-6) 7.8876{-6) B8.3944{-6) 2.3441(-9) 2.1142(-6)
0.7 7.3039(-6) 7.9030(-6) 8.4974(-6) 9.0859(-6) 9.6676(-6) 1.0241(-5) 2.3449(-9} 2.3070{-6)
0.8  9.5070(-6) 1.0185(-5) 1.0857(-5) 1.1519(-5) 1.2172(-5) 1.2813(-5) 2.3457(-9) 2.5235(-5)
0.9 1.2799(-5) 1.3548(-5) 1.4288(-5) 1.5018(-5) 1.5734(-5} 1.6437(-5) 2.3465(-9) 2.7700(-6)
1 1.7625(-5) 1.8421(-5) 1.920%{-5) 1.9985(-5) 2.0749(-5) 2.1495{-5) 2.3473(-9) 3.05645(-6)

9e




Table 4.5 A;" and Bi* for the 16-group problem

37

Present Work

*

*

*

1 Aj B4 Ay By

1 6.6351(-2) 5.1058{-6) 6.6336(-2) 5.0413(-56)
2 4.2002(-2) 4,4781{-6) 4.1986(-2) 4.4362(-6)
3 2.2483({-2) 4.9308(-6) 3.2480{-2} 4,8B77{-6)
4 2.7501({-2) 5.4649(-6) 2.7499({-2) 5.4197(-6}
5 2.4382(-2) 6.0283(-6) 2.4380(-2) 5.9806(-6)
6 2.2221(-2) 6.6050(-6) 2.2220{-2) 6.5547(-6)
7 ?.0624{-2) 7.1879(-&} 2.0623{-2) 7.1349(-6)
8 1.9388(-2) 7.7730(-6} 1.9387(-2) 7.7175(-8)
9 1.8399(-2} 8,3577(-6) 1.8398(-2) 8.2995(-8)
10 1.7586(-2) 8.9399(-8) 1.7586(-2) 8.8792(-5)
11 1.6004{-2) 9,5172(-6} 1.6903(-2) 9.4547(-56)
12 1.6321(-2) 1.0090(-5) 1.6221{-2) 1.0025(-5)
13 1.5816{~2) 1.0655({-5) 1.5816(-2) 1.0587{-5)
14 1.5373(-2) 1.1212{-5) 1.5373(-2) 1.1140(-5}
15 1.7895{-5} 2.3446{-9) 1,7702(-5) 0.0
16 8.1585(-3) ?,2968(-6) R, 1578(-3) 2.2805(-86}
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the Kiein-Nishing differential scattering cross-section for photons
(Klein and Nishina, 1929). In Table 4.6 we report our final results for
A:™ and 8;" along with those found by Renken with DTF63 {again with 100
space points and 8 discreta directions for each half range of n). Here
our Fy results are also correct fo within 21 in the fifth significant
figure. Further, the degree of agreement with the results of Renken fs
essentially the same as for the l6-group problem. Finally, we note what
we believe to be a slight deterioraticn in the DTFE9 results when there

i strong absorption.




Tahle 4.5 A-.-l* and ®i* for the 19-group problem

k|

Present Work DTF&%
i A" B:" At B;*
1 1.3060{-2) 2.4188(-3) 1.3059{-2) 2.4154(-3)
2 2.6876(-2) 3.9163(-4) 2.6475({-2) 3.9124{-4)
3 2.0013({-2) 2.9846(-4) 2.0013({-2) 2.9415(-4)
4 2.0420(-2) 3.0057(-4) 2.0420(-2) 3.0026{-4)
5 2.1216(-2} 3.1339{-4) 2.1216(-2) 3.1306(-4)
6 2,2650(-2) 3.3596(-4) 2.2650(-2) 3.3560(-1}
7 1.6393({-2) z,4287{-4) 1.6398(-2) 2,4260{-4)
8 1.8059{-2} Z.6601{-4} 1.8059(~2) 2,6572(-4)
9 2.0613{-2) 2.9930(-4) 2.0612(-2) 2,9896{-4)
10 2.4717{-2) 2.4873(-4) 2.4717{-2) 3.4834{-4)
11 3.1745({-2) 4.2569(-4) 3.1744(-2) 4,2519(-4)
12 4.4141(-2} 5.5031(-4) 4.4140(-2) 5.4965(-4)
13 1.8729(-2) 3.1938(-4) 1.8728{-2) 3.1901(-4)
14 1.7023(-2) 2.8604(-4) 1.7024(-2) 2.8570{-4)
15 1.2201(-2) 1.9924{-4) 1.2201(-2) 1.9901(-4)
16 3.5378(-3) 5,9937(-5) 3.5379(-3) 5.9867(-5)
17 9.0053(-4) 1.4905(-5) 9.0062(-4) 1,4888(-5)
18 6.2046(-5) 1.0301(-6) 6.2049{-5) 1.0289({-6}
19 9.1048(-6) 1.5020(-7) 9.1123(-6) 1.5013(-7)




a0

5. A STNGLE SLAB WITH L-TH ORDER ANISOTROPIC SCATTERING2

5.1 Introduoction

In Chapter 4 3 solution for the case of isotropic scattering and a
triangular transfer matrix was developed, and numerical results were
reported. Here we extend the previocus analysis to include the important
effects of anisotropic scattering. We thus consider, for 1 = 1,2,... .M,

1 i L

3
wo— wilzw) + oz =5 1 1 og(8)Pe(u)es o (2) {5.1)
’z j=1 1=0

[t

where sy i5 the total cross section for group 1 and uij{zj = u1jﬁij{21,
with Bij{D] = 1, dennte coefficients in Legendre expansions 0f the
transfer cross sections. In additionm, wiiz,u} represents the angular

flux in the it" group and

1
¢j,g[ﬂ = I]_ ’PJ{Z,U]PE{H}dH . [B.2)

We are concerned here with a non-multiplying homogeneous finfte slahb,
ze[L,kR], and thus we seck solutions to equation (5.1} subject to the

boundary conditions

2 This chapter is based on a paper accepted for publication in Journal of
Computational Physics {Garcia and Siewert, 1982¢).
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wi“—ru) = L‘|{I-l} s M 2> 0, {5-33}
and

Vi{Ri=u) = Rjfu} ,w>0 , {5.3b)

where Lj(n) and Rj(u) are considered specified.

5.2 Ana]zsis

In Chapter 4, full-range orthogonality properties of appropriate
elementary solutifons and Green's functions were used to deduce 2 system
of singular integral eguations and constraints for the houndary fluxes.
Here we develop the equivalent expressions, generalized to include the
effects of anisotropic scattering, in a more direct manner. We first
change u to -p in equation {5.1), multipiy the resulting equation by
exp(-ojz/s} and integrate over all z to abtain

R
suBj{u,5)-0¢{u-s} { vilz,-ujexp(-ojz/s)dz

1L
=§ Pl (-1)% o (e)Pgin)ey els/ei)  (5.4)
j=1 1=0
where
Bi{n,s) = ws(l,-n)exp(-aiL/s)-v4(R,-u)exp(-aiR/s} (5.5]
and
R
LANALTY ={ #j,2(2)exp(-0i2/5)d2 (5.6)

We can now multiply equation (5.4} by (u-s)-! Pp{w), s¢[-1,1], and

integrate over 21l u to find

s it e e

. & E MUSLERAREA




(-1)" o3¢, nls/og)
- e du
LI (1R agy(e)eg aisiei) [ PplulPgiu} =—
j=1 2=0 -1 wos

L5

+ -
2
1 du
=s [ wPpluBi{u,s) — .« [5.7)
-1 H-5

We let ﬂi.n{g} dencte for the ith group the polynomials introduced for

ane-group theary by Chandrasekhar {1950}, i.e.,
hi,n&9i,n(8) = (n*1)g5 nay(E)+ngy n_1(E) (5.8)

with gi,ﬂ{ﬁj = 1 and

hi,n = 2n+l-ciByi(n) {5.9)

where cj = oyij/aj. On multiplying equation (5.7) by ﬂii{“lﬂi,ntsj and

sumiing over n from 0 to L, we find

L
oi b {~1)% Bji(R)8; p(s/o§)F 4(s)
=0
1 i-1 L
+—-- E E [-l:li' aij[E:I@j,zl:SJ'rﬁ:l:l
59 j=1 2=0

1 du

X [Fi,i{sj'gi,ztslj =5 fl uGi (S, u)Bq (u,s) {5.10)

-5

where

42
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Fijgfsj = 8i,5(s)

L 1 .
v ; Iy nEﬂ JOHROFRARIAD — (5.1
and
L
Gifsond = I By(e)gq ofs)Pplu) - (5.12)
=0

It is not difficult to show that

Fi,5(s} = Aj(s)Pg{s) {5.13)
where
1
M(s) = 1+s ) vil) &, (5.14)
-1 L-$
with
1
yilu) = 5 cifilu.m) {5.15)

is the one-group dispersion function (Mika, 1961}, We find we can write

equation [5.10) as

1 d
A {s)Xys0s) =% Jl uET‘[S.u}BHu,S}ﬁ
A -

i-1
+% I oojjlYij(s)-2i(s)xi3s}]  (5.16)
1 1],_1

Whare
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L

Xjj(sy = 1L {(+1)% Bsgle)e; pls/oq)Py(s) {5.17}
=0
L

vij{s) = L (-12F gysln)ey g (s/oi}Ey o(s) (5.18)
k=1

and
i) = 5 aptua) 2 (5.19)
its) = 5 /G u,u37::g ‘ -1

Here the polynomials Ej ¢{5} are defined by

1
E1,2(5) === [37,0(5) - Pa(5)] (5.20)

;
and with E1_D{s} = 0, they can be readily computed from

{(20+1)5E7 gls) = sy{{)gq a(s) + (+1)Ej g41(S)
+ 151,2_1{51 . {5.21}

We note that the functions ¢j g{s/oi} can have essential singularities at
the origin, but otherwise they are analytic in the complex s-plang. The
functions xijtsj and Y;j(s) therefore are, with the exception of the
origin, also analytic in the compiex s-plane. Thus on investigating

equation {5.16) for the first group, i = 1, and assuming that ¢y § 0, we

see that
E du
[ uBy{zy,msviBriuLgy ) = ¢ (5.22)
-1 ]"'ﬁ'l’m
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where, in general, ti m» M = 0,1,2,..., 2xj-1 are the zeros of 4;{s).
The left- and right-hand sides of equation (5.16) are amialytic in the
complex s-plane cut from -1 to 1 along the real axis. Thus on letting s
approach the branch cut and using the Plemelj formulas (Muskhelishvili,

1953), we find that equatiom (5.16} yields, far ve[-1,1],

o1[a{v) = mivey (v} (v} =

1 d
= wp f uGl{v,u}HI{u,u] ;E; x niuzsl{u,ujﬁlfu,u} [5.23)
-1 -

where, in general,
1 du
Apfvy = Lrvr [ousfu) — {5.24}
=1 [T

Thus, for ve[-1,1], it follows that

Ulclxll{u} = Zvﬁl{v,v} {5.25}

and

! d
Ap{v)vByiv,v) - % gy vP fl uGy (v,u)By{un,v) ;;; =0 . {5.26)

Equations {5.22} and [5.26} can be seen to be the system of singular
integral equations and constraints (Bowden, Hccroﬁsun, and Rhodes, 1962,
Siewert, 1972) that define the exit fluxes for the first group w;{l,-u}
and ¢y (R,u), w > 0, in terms of the incident distributions Ly{n) and

Ri{n). Thus, equations (5.22) and (5.26) can be solved numerically or,
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for example by the Fy method, to establish By{u,s). In the event that

€y = 0, equation {5.25) yields By{u,u) =0, |u|e(D,1].

Considering now that By(p,s) is known, we note that equation (5.16)

yields, for 1 = 2,

s 1 du
Az(s)Xza(s} "= Il uﬁz(S.u}BE{u.SI-Ej;

+-E— oz1[¥21(5)-22{s)%z1(s)]
az

ar, for we[-1,1],

1 L du
Aglv)vBa(v,v} - 5 cavP fl uiz(va)Ba(n,v) —

Ik

ol -

and

agcakpai{v) = 2vBp(v.v} - oz1¥21(v]
For cp # 0 equation (5.27) yields

dp
n=L2.m

1
6252,m Il bz mauiB2(v.z2,m)

= =apilep¥oii{zz m)*X21{c2,m}] -

For ¢z = 0 equation (5.29) yields, for |uie(0,1],

spilep¥a1{v)+X21{v]]

(5.27)

{5.28)

(5.29)

(5.30)
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1
Ba(u,u) =_2_H oapXzp(e} , ¢z =0 , {5.31)

whereas for cp § @ we can solve equations (5.28) and (5.30) to find

Eg{u,s}; of course for either case we must first compute
HEIES:I = CETEI{S] + 121[5} {5.22)
which can also be written by using equations (5.17) and {5.18) as

L
Way(s} = I (-1)% gop(2)ey 4{s/oz)gp (s} . {5.33)
=0

If we now multiply equation {5.4) by P,(u) and integrate over all u there

resylts, for 1 = 1,

sh1 n®1,n{5/01) + {n+1)8) neyls/or} + nep n_y(s/oy)

1
= (-1)P(2041) 2 [ uPp(u)By(u,s)dn ,  (5.34)
o] -1

which yields

v1,n{s/e1) = (107 g1 n(s)Py (87010 - (1)1 D1 ,nls) (5.35)
where Oy g{s} = 0 and

Sh1,n01,n{s) = (n+1301 ne1{s) + nDy 4.1(s)

1
v () = [ wp()Brlu,sidy . (5.36)

91 -1
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Substituting equatior (5.35) into eguation (5.17], with i =3 =1, we
find

#1,0{5f51}
L

-1 )
= Gy (s.8) [X1p(s) + § Bpp(eDy g(s)Py(s}] . (5.37)
=]
An expression alternative to equation (5.37) that allows the calculation

of tlin{sfulj in the event that Gy{s,s) = 0 will be provided later. Me

see from equations {5.25) and {5.26) that, for ve[-1,1],
1
X11{v) =— {2uBy{v,v)
)
1 e
+ v [ uGp(v,u)[By{u,v)-B1{v,v}] ;—;] (5.38)
-1 -

and from equation {6.16) that, for s¢[-1,1],

5 -1 1
X11(s) =— Ay {s) [
g1 -1

du
kG (syu)Bylu,s) — . {5.39)
h=5
It is apparent from equations (5.22) and {5.39) that a 1imiting procedure
must be used if X1y1{zy g 15 required. For the case ¢y = 0 we note,
since By(v,v} = 0, |vle{0,1], that equations (5.38) and (5.39) reduce to
the follawing equation for all s:
s 1 du
X11(s) == [ wGy{5,u)By(n,s) — -a=0. {5.40)
U -




49

Finally, we use eguation (5.35) to conclude that

L
Wo1(5) = &) ols/a2) 1 Bn{2)ay a{sp1s)az,e(s)
=0
L
- L B {20y 4(sp18)92 2(s) (5.41)
i=1

where @1 o{s/op) is available from equation (5.37) and, in general,
Sij = 93/9%- Equations (5.28) and (5.30) can now be solved to yield the
exit distributions for the second group ¥p{L,-n} and ¢o(R,u}, uw > 0, in
terms of the fncident distributions La{e} and Rp{u} and the previously
astablished Bl[u,s}. Mote that in this way we are able to deduce the
exit fluxes feor the second group directly from the incident distributions
for that group and the boundary fluxet of the first group.

We now wish to ganeralize the foragoing and consider the ith araup.
We assume that the Bj(w,s}, j = 1,2,...,7 - 1, have been estabiished, and

we deduce from equation (5.16) that, for vwe[-1,1],

1 1 dv
Ai{vpBi{v,w) - = cqvP [ wGi{v,u)Bi(n,v} —
2 -1 K=y

-1
) i iWi3lv) {5,42)
=]

i

Pod | b

J
and
i-1
ai¢i%i{v) = 2vRifu,v) - ”ijlij[”] (5.43)
i=1
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and, for cij £ 0,

d
€i%i,m / HG{{Ei,m.Uﬁﬁf[“-Ei,m) :
-1 H=Ei,m
1-1
= - vijﬂij{‘;i,m} {5.44)
j=1
where
L
Wiss) = & (~1)* Bq3(2)05 els/o1)g4 ol5) - {5.45)
2=0

Far the special case cj = 0, we see from equatian (5.43) that, for
fule(0,17,

1 i-1

Bifu,u) = — gijXi5(v) S ¢ =0 , {5.46)
e I
j=1

whereas for C; # 0, the functions Hijtsj rather than just Xj;(v},
|uje{0,1], clearly are required before we can solve equations (5.42) and
(5.48) to find Byf{u,s). In analegy with equations {5.34), (5.35) and

{5.38) we now find, for j = 1,2,...,i-1,

Shj,n¢j,nfﬁfdjl + fn+l)¢j,n+1{5f0j} + "ﬁj.n-1{5f“j}
= = {-1)" ¥; nls) (5.47)

whare
5 1
Myals) = (2n1) — [ wPp(u)8;(u, s}
> o=

j -1

5 J-1
- (-1}n - I ogcfin¥ey pisfaj) . (5.48)
J k=1
[MOT!'TUOT O D Eafa] " sE f :-:_1‘-: EMUDLFARER

I = R k.
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It is clear that we can write

¢35, nisfa5) = (-1)7 gj nls)ej ols/o3) ~ (-1)0 Dy 4ls) {5.49)
where Dj 4{s} = 0 and

shy,nDi,nts) = (M41I03 nay(s) + nDj nop(s) + My als) . (5.50]

On substituting equation (5.49) into eguation (5.17}, with 1 = j, we

find

L
¢5 olsfoj) = G}lis.sltxjjial + 1 Byy(e)Ds g {s)Pe(s)] . (5.51}
£=1

Further, we can deduce from equation (5.16) that for ve[-1,1]

1 1
Xj5(v] =-;E {2vB{v,v} + v {1 nGj (v )[B(w,v)

du J-1
-~ By{v,v]] = + L oYy vil (5.52)

k=1

and for sé[-1,17

1 -1 1 du
. e A { . A, 5) ——
KJJ{S} > Ay {s) {3 {1 uGJ[s,u}HJ{u %) —
jjl
+ ] cjk['fjkf:ﬁj -ﬂj{ﬂ]}(jkisj]] ' {m.53)
k=1
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Again it 1s apparent that a limiting procedurs must be used in the event
that Xj;{zj m) is required. Fipally, 1f we use equation {5.49) in

equation (5.45), we conclude that

L
Wij{s) = ¢j,0l{s/0i) 1 843(2)95,2(51j8)5i,2(s]
320
L
- 1 Bijie)Dj,a{sijsigi,efs)  {5.54)
=1

where &5 o(s/og) is available from equation {5.51). MWe recall that
Wij{u) = %jj{u) for ¢j = 0, and thus for this case equation (5.54) can be
used in equation (5.46) to establish the desired result,

We have mentioned before that anm alternative expression to equation
{5.37) is needed to compute &1 g(sfe1) Tn the event that Gy{s,s} = 0 for
some s, The same is true, in general, for the & o{5/¢j) given by
equation {5.51) when Gj{s,s} = 0. It is clear that equaticn {5.37) is
only a special case of equation (5.51}, and thus we now proceed to derive
an glternative expression to the latter. If we set n = 0 in aquation

(5.7) and use equation (5.49) we obtain, for sf[-1,1],

L

1
0jhs()85,00s/07) = 8 [ uB{es) = -5 aj§(2)03,8{5)0e(5)
-1 A
-1 L
s 15 [-1)F aje(e)eg,als/o)0e(s)  {5.55)
k=1 R=0

where Qg(s) dencte the Legendre functions of second kind (Abramowitz and

Stegun, 1964), i.e.,




(28+1)sQg(s) = (2+1)Qg41{s} + 20g-1{5) * dn 0 (5.56)
with
1
Qf{s) = 5 Tog (5;;) » 5¢-1,11 (5.57)
or
Qo(w) = : log (1:3) , ve[-1,1] . (5.58)
2 1-w

If we demonstrate that Aj{s) and Gj(s,s) do not have common zeros for
s¢[-1,1], it is clear that we can divide eguation (5.55) by Aj(s) to
obtain the desired alternative formulz for &4 p(sfoj). s¢[-1,1], in the
event that Gj{s,s} = 0. First we use ther sunmation formulas given by

Indnii (1970) to write Aj{s) and Gj(s,s} in the convenient forms

hjls) = (L+1)EQ(s)az,L41(8) - Queal(sigz,Lis)] (5.59)
and

Gi{$,5) = (Eil) [PLe1(s)ay,0(s) - PL(s}aj,L+1(5)] {5.60}

Jh3s cjs L+1 J.l L j,L+1 . .

[t is easy to show that the following fdentity holds:

(L+LY[PL+1(8)00(s5) - Pr{s)lis+i(s)] =1 . {5.61)

We now multiply equation (5.59) by PL41{s) and use equations {5.60} and

(5.61) to obtain

PLeifs)as{s) = gj,1+1{5) - c;j5QL+1(s)Gj(s,5) - (5.62]

53
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8y contradiction, if we suppose that there exists some s*¢[-1,1] such
that Aj{s*) = Gj{s*,s*) = 0, we conclude immediately from equation {5.62)
that gj . +1{s*}) = 0. However from equation {5.60), we see that this
would require gj,L{s*} = 0, Clearly this is not possible, otherwise from
equation (5.8) we would have g3 p(s*}) = 0 for all &, We must then
cenclude that there 15 no such s*,

In order to obtain an alternative farmula for ¢4 o{v/oy), vel-1,11,

we let s approach the branch cut to find that equation (5,55} yields, for

UE['I:I:]!
L
¥ ajC 63 (vau)a5,0{v/aj) = 2vBj(v,v) + T o035{2)05 ¢ (v)Pe(v)
£=0
i-1 L
. - 1T (0% ogcle)ey glvfaglPy{v)  (5.63)
k=l £=0
and
1 du L
aixjlv)ey olvfaj) = wP [ wBj{w,v) — - v Togji{2)0g, (v }0g{v)
-1 by 2=0
j-1 L
#v 11 (R1)E e} alv/of)Qe{v) . (5.64)
k=1 £=0

We can use equations [5.63) and {5.64) to show that, for wel-1,1] and

Gj(w,v) =0,
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1 85(u,v]~Bi(v,v)
Ujlj[u}aj,u{u{cj} = 2vBi[w,v) + v {1 u [ } du

[TERY
L
+ v} oaii(2)Dg,e{v)Te(v)
&=l
i-1 L
v L (-DE ag(e)ey glviog)Talv) . (5.65)
k=1 g=1

where the polynomials Tp(vw) can be generated with the recursion formula

{Siewert, 1980} for & = O:

(2e+1)vrg(v) = -8g o + (2+1)Tge1{v} + 2Tg_1{v) (5.66)
wherz

To{w}) = 0 . {5.67)

Again, if we demonstrate that ij{v} and Gj(w,v} do not have common zero$
for we[-1,1] we can divide equation (5.65) by Aj{v] to obtain the desired
alternative formula for ¢5,0lv/aj), vel-1,1], when Gj{v,v) = 0. We Tet s

approach the branch cut to obtain from equation (5.59)

Ajlv) = (L*1FQLv)gg, L1 {v) - Quea(vlgj,Liv}] {5.68)
and
L+1
Gi{v,v) = (57;) [PLe1{v)gs,Liv) - PLivigj, L+t (¥ . (5.69)
J

Of course eguatien {5.51} is still valid for we[-1,1]:

(L+1)[PL41 {¥)QLiv) - PLi»)Qer(o}] =1 (5.70)




56

and equatien (5.62) yfelds
PLatlviaglv) = 95, L+1{v) = cjwQLer(v)Gi{uv) (5.71)

By contradiction, if we suppose that there exists some w*e[-1,1] such
that xj{v*) = Gj{v*,v*) = 0 we see from equation (5.71}) that we pwst haye
g4,L+1{v*) = 0. As before, the possibility that 9;,L(v*) = 0 has to e
ruled out and thus Gy{v*,w*) = 0 would require PLe1{v*) = 0 in equation
(6.69). At the same time ij{v*} = O would require M +1{v*) = 0 in
equation [5.68). But P ii(v*) and Qusp(v*) cannot be zero simultaneously
otherwise equation (5.70) would be viglated. We must then conclude that
there is no such v*. We note that this result 2iso impifes that there

are no discrete eigenvalues embedded in the contiruum.

5,3 the fi Methed

Rather than pursue exact analysis to solve the developed singular
integral equations and constraints for the exit distributions $3({L,-u)
and ¢ij(R,u}, u > 0, we prefer to use the Fy method {Siewert and Benoist,
1979) to construct a concise approximate solution. We thus let

A =R - L, Aj = vjs and write, for the itP group and u > 0,

|
wi{l,=n) = Rj{ulexp{-a¢/u) + § aj, qPal2u-1) [5.72a)
a=p
and
N
Vi(Ra} = Li(udexpl-aq/u) + I bi 4Pg(2u-1) . (5.72b)

a=0




If we now use equatians {5.3) and {5.72} in (5.5), we can deduce from

equations {5.42) and (5.44) that

M
) [af,uai,a{gj + CTEIP{‘ﬁTfE]bi_uAi,a{E}]
=
i-1
= ¢5T(&) + ) ai5145(E)
j=1
ani

N
E [b%,qBi,al8) + ciexp(-41/8)aj ohf,alE)]
a=0
i-1
= ¢jdifEY + 1 o54d;(8)
i=1

{5.73a)

(5.73b)

for all gePy = fvy U [0,11. Here vy p, m= 0,1,2,..., ®4-1, denate

the positive discrete eigenvalues relevant to group i,

1
15(E) = g wlLs{n)Gy(-8,m)5; (4,p,8)

v Ra{u)G5(E,0)0{A,p,E) Jdu
and
1
J5(5) = é RELi(RYG g, (a,0,5)
+ Ri(WYGi{-E,0)5i(4,0,5) ]du
where

l-exp{-oi&/ulexp{-o44/%)

Sf(ﬂ,u,ﬁj = u+E

[5.74a}

{5.74b)

f6.75a)
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and

exp{-aja/uj-exp(-oqa/L}
c'l{ﬁsl-l-:g] = u-E - {5‘?5b}

We have also introduced

oiL/E
e ligy(e) (5.762)

ELij(5)
and

-oiR/g
e Wij(-8) . (5.76b)

§Ji;(€)

Finally, the functions A; ,(€) and B; ,(£} required in equations (5.73)

are defined in the following way:

1 d
Aj,al8) = [ WPo{2u-1)6{(~E0) — . E4[-1,0) (5.77}
0 n+g
1 du
Bi,alf) = —Ci é wPa(2u-1}67(5.u) i £e{vi m) (5.78a)
and
1 du

Bi,alk) = 22i(E)Pa(26-1)-ciP [ wPe(20-1)G4{E,u) —mn
0 u=E
£e[0,1]) . {5.78b)

In Saction 5.5, we report some recursion relations that establish an
accurate and convenient method for evaluating the basic functions Aj o{E)
and By o(g).

Considering the right-hand sides of equaticns (5.73), we note from

equations (5.74) that the functions Ii(g) and J;{£} are immediately
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available directly from the boundary data for the jth group. The
additional terms Ij;j(&) and Jij(5) clearly represent down-scattering
contributions to the 1th group. We assume now that the constants {ﬂj,a}
and {bj_ﬂ}, j=1,2,.ss1-1, have been found sop that the approximate

results, for v » 0,

Bi{u.s) = exp(-ajL/s) {Rj{u}[exp{-aj/u)-exp{-a;j/s}]
N
+ } aj,aP{2u-1}} (6.79a}
a=0

and

Bj{-u,s) = exp{-ojL/s) (Lj{n)(i-exp(-a;/u)exp{-4;/5}]
N
- exp(-a3/s) I bj oPo(2u-1)}  (5.79b)
a=0
are available for j = 1,2,...7-1. Thus, on considering equations (5.73)

at N+l values of £eP{, say Ej g, we can solve the system of linear

algebraic equations

K
T [21,eB1,alEi,8) + ciexp{-8i/Ei, gIbi,ohi,albt:p)]
a=0
i-1
= cili{Ei,g} +  wijlijEt,p)  (5.802)
j=1
and
N
I [bi,eBi,alfi,s) * crexp(-44/61,8)35, 4R ,alE1,8}]
a=0
i=1
= cidi{&j,p} + I 9ijdijisi,p) -  (5-80m)
Jj=1

e i ——— e e oo A ——
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for 8 = 0,1,2,...,H, to find the desired constants for the ith group
{2,q) and {by ol provided we first express I;j{£} and Jij(£) in terms of
known quantities. We therefore proceed to use equations (5.76) and the
various results developed in the previous section in order to deduce
expressions that can be used in a convenient manner to compute the
desired Tjj(€) and Jjj{£). To be spacific, we note that far 1 = 1 the
right-hend sides of eguatfons (5.80) are known since I{f) and Jy{E) are
given by equations [5,74). we thus can solve the system of iinear
algebraic equations to find {a) 4} and {b] 4}. Considering equations
{5.80) for 1 » 2, we see that we must compute Ij;(§)} and Jj;(%) for

i = 1,2,.0.1-1, along with Ii{€) and J{(£) as given by equations {5.74),

before we can solve the linear system to find {aj 5} and {by 4}. Me

find
L +
T3348) = 1 (-1} Bi3(e)85 s{E/wi)ai,elE) (5,81}
2=0
whare
+ +
45,008/} = (-1}% g3, 0(51j6)8; ol€/aq)}
+
- {-1)}% Dy ,,(s778)  (5.82)
with
+ -1 +
¥,0(E/04) = 6§ {sij&.5ij8) [Xj5(555¢€)

L
+ 1 EjjKEJD;,£[51jE]P1{51jE}] . (5.83)
g=1

+ + '
Here Dy g(s438}, with Dj s(s5;€) = 0, are available from
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+ +
si36h1,205,005138) = (8+1)D3 pep{si4%)

+ +
+ 205 g 1(s55€) + My olsi35)  (5.84)
where

+ ZE+1
Hj’g{ﬁijﬁ] = -;;— {Kj,gfﬁijﬁ}

E+]
v 1 Tag,a + (-1} exp(-24/E)by oITq 4}
a={

5 Uj gl8/o5) . (5.89)
a5 !

In equation {5.8%) we have used the definitions

1
€Ki e{8) = é wPp (R (i) [exp{-a;/u)-exp{-45/5}]

- (=10 Ljlu}li-expl-ay/m)exp{-a5/8) Nde ,  {5-86}

1
Ta,g = g uPo{2n-1)Py (1 }du (5.87)
and
i-1 '
Uy, 008707 = {-11% § oq {8}y g2(8/05) . {5.88)
k=1

We note that Devaux, Siewert, and Yuan [1982) have reported 2 recursion
ralation that provides an efficient way to compute the numbers Ty g {see
Section 5.5). Also we point out that Uj g(£/e4) is considered known

+
since all ¢ o(5/oi) required in eguation {5.88) have, by necessity, been
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+ - -
computed in previous steps. Finally for sijEE[ﬂ,I], xjj{sjjzj is given

by
+ 1 N
Xjj{5155) =1;; (Ii{si58) + [2-R3 o(s4;E)}] Eﬂﬂj,qpaf251j5-13
a:
N
+ E [&J .qu ,u[s‘ijgj'exp{'ﬁ'ifﬁ}hj ,u.Aj ’E{Sijﬁ.)]
L
t 53§ ) Uj,z(EIUi}EJ,LiﬁijE}} {5.89}
£=1
where

Puizu-l}-Pu{EE-l}]
du
u=£

|
Gj,=z{E) = é MGy (& ,m) [ {5.90)

¢can be computed effectively from a recursion relation {see Saction 5.5).

Far SfJE#[D,l] we find

+ 1 =1
ij{s-ijg} =T:| J"Lj {Sjjﬁj {Tj{S-ijE}
L
- sj585(5458) I Uy, p{8/05)Pg(s;5)
=0
L
+ 555 L Uj,4(8/07)E; glsq58)  (5.91)
=1
where

N
Ti(8) = 15{8) + T [a3,4hy,al-5)-exp(-25/E)bj ahj,a(8)] - {5.92)
a=0




In a similar way we find

L -,
Jis8) = I B33(0)95 ¢ (8709091 u(8)
£=0
wherez
6 p{6/03) = g5 a(515E)8F olE704) = (-1)% 05 alsiz8)
with

- -1 -
®5.o(6/05) = Gj (5458,54358) [Xj5{s1;%)

L -
+ 1 (-1} Ejj{i]ﬂj'gfsij}Pg[SijE]] R
=]

Here 55,5{51j51, with DE’Q{Efjﬁ} = 0, are available from

—sijEh; 2042 (s{38) = (241305 pa1{5158)

+ 1D},1.1{5fj5} + My glsq38]
where

- 2E+1
Mi,2(sq38) = LF 4,2 (51552
£+l
- I L(-1)F by,q + exp{-2i/8)a5 o 1T 0}
o=l

3
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(5.93)

(5.94)

{5.95)

{5.96)

(5.97)
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In equation (5.97} we have used the definitions

1
N3,z (%) 'é wPg (R (k) [1-exp{-a;/u)exp(-8;/£)]

- (-1} Ly{u)Lexp(-aj/u)-exp(-8;/E) Tk du (5.98)
and
i-1 ]
Vi, efel05) = I o5 (2)9y g (8/94) (5.99)
k=1 :
which, as discussed before, s available from previous steps. Finally,

for s138e[0,1], KEj{sijE} is given by

N
- 1
X35(8938) =— {Jj(si38) + [2-Aj,0(s458}] L bj aPal2si;5-1)
1 a=0
N
* 1 [bj,aB),alsigt) - ep(-04/8)a5,ah5,al5456)]
a=0
L
v o553 L Vi p(E/09)Ej plsi8)t . (5.100)
%=1
For 57jE¢[0.,1] we find
- 1 -1 i
Kiglsgg8) = — Ay (i) {55{s456)
1
L
- ijﬁj{Sij] : Vi, ¢{6/04)Pg{5;k)
£=0)
L
+ 531 L V3, al8/0i)Es alsi50)t  (5.101)
=1

et ik P ———— = %
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where

N
25(5) = J5(€) + I [bj,ahj,al-E)-exp(-85/E)a),ahy,a(6)] -  (5.102)

a={]
Having developed the Fy method to find the surface fluxes, we now
demonstrate how a slight modification of the aralysis of Section 2.2 and
the Fy method can be used to compute accurataly the angular fluxes for

a1l ze(L,R).

5.4 The Interior Angular Fluxes

If we change u to -p in equation (5.1), multiply the resulting
equation by exp{-vjz/s) and integrate over z from 2] to 23, with

L€z]<zg<R, we obtain an equation similar to equation {5.4), viz.

+ 29
suBifu,s)-oq(v-s} [  i(z,-u}exp{-ojz/s)dz
3
5 i L t
=3 I 1 (-1} 635{2)Pelu}ej,e{s/0i)  (5.103)
j=1 2=0
whepg
t
Bi{n,s) = yi{z1,-u)exp{-0iz1/s) = wil{zp,-ulexp{-oj22/s} (5.104)
and
t 7
@j,3(s/0i) = [ ¢y, a(2)exp(-oiz/s)dz . (5.105)
21
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We can follow the develgpment discussed ip Section 5.2 to obtain from
equation {5.103) generalizations of equations {5.42), (5.43}, and (5.34}.

Thus for the ith group and for ve[-1,1] we find

1

t 1 t dys
Aj(vIvBs{v,v) - EcivP J o ouGi (v, )85 (u,v) —

i-1
1] +
=3 Loogidyglv) {5.106}%
i
and
t t i-1 t
oieikii(v} = 2vBi(v,v) - L o55Ks5(v] (5.107)
j=1
and, for ¢; + 0,
1 t du
citi,m {_ WE§{tq,mnIBi(v,35 n)
-1 N |
i-1 N
= - ) aiiWiilsy,m)  {5.108)
J=1
where
+ t t
- )
uijlst = L {-1)% Byg{a)e5 a{s/o9)aq,a(s) 15.109)
2=0
and
1 L 1
Rijls) = 1 (-1)% eg300005 gls/og)Pels) . (5.110)
£=0

For the special case ¢ = 0, we find, for |u|e{0,1],




67

t p o1 t
Bifuw.n) = Yoeijhizlm) . (5.111)
A M g=1
We note that the expressions develgped in Section 5.2 for the computatien
1
of #j,4{s/oj} can be generaiized so that &j g{s/oi) <an be found in &
gimilar manner.

We now let 2z = z and 2z = R and then use equatiens {5.3b), (5.72b)

and the approximatiocns, fer u > Q,

N
bi{2s~u) = Rilu}expl-ot(R-2)/u] + [ c¢j,qlZ)Pel2u-1) (5.112a)
a=0
N and
N
$1{z,u) = Lilulexpl-vj(z-L}/ul + § dy o(z)Pgl{2u-1) (5.112b)
a=0

in equation (5.104) to deduce from equations {5.106) and (5,108) the
first of our Fy equations. Similariy, we can take z) = L and 23 = z and
then use equations (5.3a}, (5.72a) and (5.112) in equation (5.104) to
deduce from equations (5.106) and {5.1G68) the second of the Fy equations,

Thus, for ze(L,R) and €ePj we find

M
b [eq,a(2)Bq qlE)-cidi al2)Ai,alE)] = ¢ili{Z,5)
a=0
) i-1 N
+ T o43155{2,E) - ciexpl-0i(R-2)/5] I bi,ahi,af8)  {5.1132)
j=1 =0

ang
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|
v [dt,al{2)Bi glE)-cici,alz)Ay, 4l5)] = cidi{z,&)
a=[
i-1 K
+ I 04jdijlz.8) - cqempl-o5(z-L)/E] I i gMi,al8) (5,113b)
J=1 a=f

Here

1
Ii{z,£) = 5 w{ly{w)Gq {-£,m)expl-aq{2-L)/u]Si{R-2,u,5)

+ Ri(ulGi {5, w)Ci(R-2,u,E) du ,  [5.1l4a)

1
di{z,6} = é L ()Gs(g,m)Ci(z-Lu,E)

+ Ri(u)Gi[-E.u)expl-oi(R-2)/u]5§(z-L,n,E}}du ,  (5.114b)

oiZfE ¢
Eljj(z,E) = ¢ Wijl€) .71 =2z and zz="R , (5.115a)
and
-a4Z/E ¢
EJjjlz.E) = e Wij{-€) , 71 =1L and zp =12z . (5.115b)

Investigating the right-hand sides of eguations {5.,113), we note from
equations (5.114) that Ij{z,€) and dJj(z,E} are available, for any
zefL,R), directly from the boundary data for the ith group. The terms
Iij{z,t) and Jjj(z,£) represent, as before, down-scattering contributions
to the itP group, and at this point the constants {aj g} and {bj ,} have

already been established, Thus on considering equations {5.113) at the
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same N+l values of ¢ePy used in equation (5.80), namely &5 g, we can

solve the system of linear algebraic eguations

!
r [¢1,u{z]BT,a{Ei,B}'C1di ,u{z]-ﬂ"f ,"-‘l{i"l,ﬁ}] = C-ili'[I,Ei’B]
a=l]
i=l
+ 1 9i3li5(z.65,8)
j=1
N
- cjexpl-05{R-2)/54 g]1 I bj ahi,alfi,g)  (5.116a)
a={]
and
N
. L Ldj,al2)By al8q,p)-ci0i,alz)Rj alts,8)] = ¢idi(2,65,5)
a=()
i-1
- + 1 o33955(2,64,8)
i=1
N
- ciexp[-ail[z-LHE-i*E] E Elf,qpti ’Q(Ei’ﬁ} {5.11&!)
a=0

for 8 = 0,1,2,...,N, to find {Cf’u{Z}} and {dq,u{z}} far selected values
of ze{L,R) provided we first express 143(z,8) and Jyj(2,8) in terms of
known quantities. We observe that the functions A; o{E) and B (&)
appearing in equatigns (5.116) are the same as used in equaticns {5.20),
and thus the onTy new quantitites to be evaluated are Ii{z,5), Jj(2.48},
I43(z,£), and Jj5{z,5}. Further we note that the matrix of coefficients
in equations {5.118) is independent of z so that the sglutions to thase

equations for many values of z can be accomplished with one matrix

.. - " L
[ LA i
s TR . e g E AL, LaRED

roee
W L vt
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inversion. We niw summarize the equations that can be used to compute

the desired Iqjiz,E} ahd Jij{z,E}. We fing

L
Iijlz,e) = ¢ (1P ﬂijfi}ﬁgji{zsﬁfﬂi}gi,E{E} (5.117)
=0

where

+ +
‘?:I‘,f,{E:E."Gi} E-l)i gjizl:sijgjilj*ﬂ{z,gja.i]

- {-1)* Dg,iiz,sijal {5.118)

with

+
*jju(zngfﬂ'-i}

-1 +
Gy (s338.5458) [Xj5lz.8458)
L

+ 2 Bidf£3ﬂg,1fzr51j£}PgisijEJ] . (5.119)
2=1

+ -
Here ﬂ}lz{z,sijﬁ}, with D o(z.5758), are avafiable from

+ +
s15Eh,405,0 (281580 = (141)05 241 (2,543

+ +
+ D5 g 1(2,5458) « My ofzss958)  {5.120)

where

£+l
+ 28+1 .
Hj,zfl.ﬁijil e {ijﬁiz!5ijgj + L [ejel2) - (-1}% dj,a{Z}
1 u:D
. 2
« {-1)% expl-04(R-2}/E1b5 o5 0} ~— Uj elz.8/eq) +  (3-12)
a4
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In equation {5.121) we have used the definftions

1
t5,002,6) = L wPe({RjluNeml-cj(R-2) uT-expl-04(R-2) /4
0
- (1) Lj{u}exD[-Uj{I-L]fU]

x {1-expl-cj (R-z}/ulexpl-o; {R-2)/% ]}] du {5.122)

and
3= .
Uj,z(z,8/07) = (F1)F ] og(2)9y g(2,8/05) . {5.121)
k=1

+ a -
Finally faor $1jEEED,1], Ijj[z,sijE} is given by

N
+ 1
%j3{z.51;E) =-;—{Ij{z,sij£} + [2-A5 (513801 L cj,a(2)Pal2s435-1)
i a=0
N
) [?j,u{z}Gj,a{sijﬁj * {dj*u(z)-exp{-ﬂi{R«z}f%]bj1ﬂ]Aj,u{sijEﬂ
a={)
L
+ 837 L Uj,LEZ.EIaﬂEj,E[sHEj} . (5.124)
i=1
For s;15¢(0,1] we find
¥l (2,8748) = —AT (5545 {T5(z,54:E)
JJrerT) _F‘]_ J 1] JhEem]
L
- sj984(s98) I Vj,e{z.8/97)Pelsq3E)
i=0
L
tsg4 L Uyelz,5/00)E5 e(s58))  (5.125)
2=1




where

N
Tj{Z,E] = Ij<2l£] t E [cj,u(z}ﬂj,n{'gl + [dj,u[z]

a=(]

- Exp[-ﬂj{ﬁ-zlfﬁjbj,u}ﬁjiu(E)]

In a similar way we Tind

Jijz.6) = 1 8i5(2)95 4 (2.E/a1)94,¢(8)
E=(

where
55,1{I-Ef01] = gj’E{Sij}¢E’D{Z,Efﬂf}

- (~1)* Dj,1{2.5445)
with
P 1 ¥ . .
ij_ﬂ[z.ﬁfai} = Ej IS{jE,SijE] E jj{z,51J§}
L

s 1 (-1)% 85302105 4 (2,518)Pp(sq58)] -
2=l

Here DE,E{z,siji}. with DE,UEI,STjgl = ¢, are available from

‘5ithJ,ED3,E{zf51jE] = {£+1}Dj,£+l{z’51j£}

+ EDE,E-lersijE} + ME,E{Z*SijE}

where
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(5.126)

(5.127)

(5.128)

(5.129)

(5.130)
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_ 2241 E+l
Mj,elz,8455) = - [ijlcstTjE} v 1 Loy alz) - (1P djalz)

a=0
g
- Ex'p[-u-i'[I-L:UE]aj ,u}TQ,E] + {-1}1: Uj‘g(z.ﬁfﬂi] . {5.131)
1

In equation {5.131) we have used the definitians
Ny oo(2,€)
1
= JuuPE(u} [Rj[u}exp[-uj{R-z]!u]{l-exp[-uj[z-L}fu]exp[-uj{z-L}fE}}

- -1y¢ Lj{u}{exp[-aj{z-L}fu] - exp[-aj{z-L}!E]}] du {5.132)

and
j-1 -
Vi alz,8/05) = Ioog (0¥ g{z,8/03) - {5.133)
k=1
Finally, for sj;5[0,17, ng{z,sﬁjﬁ] is given hy
- 1 N
Ijj{Z,S{jE] = ;[Jj{Z.Sijf} + [z'Aj,nis'ijE}] ED dj’qu}Pu{251jE-l]
o=
N
+ ] [dj,aiz}ﬁj,a[51j£]+{cj_u{z}-exp[-ui[z-L}fE]aj,g}Aj_q{SijE}]
asl]
L
oS54 ) Vj,f,{z,ﬁfﬂi]Ej,g{S-ijE}] . {5.134}
£=1

Far S«]j&#[ﬂ,l] we find
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- 1 -1 .
ljj{Z,EijE} :Ti f‘nj {Sfjﬁ} [-:jl:Z,S-]jﬁj

. L
- syigsigh) b Vgatatienialese)

L
+5qp 1 Vg 2{Z.E/09)E; 4 (594600 (5.135)
9-1

where

=

1
]

H
i{2.8) = J5(z2.8) + ) [dj,u[z:'ﬁj,ur:'g} + 1¢j (2
a=0

- expl-o§(z-1)/€Tay odAg ()] . (5.136)

5.5 Computational Aspects and Numerical Results

Initially we would like to show how several of the basic functlons
introduced in Section 5.3 can be computed efficiently by recursive

relations.

The functions A4 o(E) defined by equation (5.77) can be shown to

satisfy, for « » 0, the recursive relation

afj g 1(E) + {2u41}{2E41)A5 (8] + (at1)A§ o4 ()

L
) = 2(2a+1} § (-D)* 83i(2)g5 g5} Ta (5.137)
k=M
. where for forward recursion the required initial value can be computed

from

- — e e msmaas ot mmpesem e s e e e e —
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L
Aiol8) = L (-1)% 8yy(2)gy p(8)Ce(E) - (5.138)
£=0

Here the functions Cp(E) can be found from

2Cp-1(8) + {20+41)ECH{8) + (R+1)Cpup(E) = (22+1)Tp 4 (5.139)
with
Ca{E) = 1 - € log (1+1/8) {5.140)

We recall from Sections 5.3 and 5.4 that the functions Aj o{§) are
required for real £¢0-1,0%, We have found that the use of equation
{5.127) in the forward direction is stable only for £¢(-1,0], and thus an
alternative pracedure is desired. Using the Christoffel-Darboux formula
{8bramowitz and Stequn, 1964) for the Legendre polynomials, we have

deduced the alternative recursion relation
Pos1 [25410A; al5) + Pol28+1)A4 ae1(5)
-{1“(2)P (€} (5.141)
= {-1) ;:T i,a -

whera

L
LoD ey(0)gs 1 (E)Ton (5.142)
L=()

ri,ﬂ{E]

and, for 1 € o < L+1,

Fi,al&) = T§, a-1(8)
L
¢ {-1)0(2as1)P 264} T (-1)% Byq(8)gi 0 (6)Ta,e - (5.143)
E=0
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Since Ty g =0 for > $+1, we see that equation {5.143} yields
Tiol8) = Ty, Lals) vad> L1 {5.144)

We have found that backward recursion of equation {5.141) in the manner
suggested by Miller {1952) fs stable for real £4[-1,0). Howaver, as
discussed before (Rarcia and Stewert, 1981b), such a scheme can be time-
consuming for £ close to the transftion points -1 and 0, and for this
reason we have actually used forward recursion of equation (5.137) for
£e[-1,001, -1)w [0, 0.001) without Tosing too many significant figures.
For other £ we used backward recursion of equation (5.141). The
functions By (%) defined by equations (5.78) and required for £ePy can

be deduyced from tha recursive relation

-aBj o 1(E) * {20+1)(26-1)B3 4(E) = {a+1)Bi,qu1(€)

L
= 2(2atl)ei 1 Biifeley 2 (E)Tan ,  (5.145)
1=0

with
By ol€) = 2{1-cq) + e3A4 ofE} . (5.146)

Forward recursion of equation (5.145) can be used efficiently to gemerate
Bi,al8) for £e[0,1]. For & = vj g it is not difficult to see that
Bi,alvi,m} = =€iAj ol{-vj m)» and thus the recursion relations develaped
for Aj (8} can be readily used to establfsh By o{vi m). We note that
the strategy adopted here yielded A; o(£) and By (%) accurate to at
least 13 significant figures for o up to 40 {working in double precision

with an IBM 370/1685 machine).
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We now turn our attention to the constants Tajg defined by eguation
(5.87). We note that the Ty ¢ are a special case {m = @) of the more

m
generzl Ty g considered by Devaux, Sfewert, and Yuan {1982) and thus we

write for o # 0 and & = f:

e = (gry) () et + e (5i) o
ak+l < ETE:iT Farl z-1,2 t la,2 * et o+l R

2
JN e | . h.147
(£+1) ®,i-1 ( )

In this equation « runs from a=0 to R+2 (note that Tg n = 0 for & > n+l)

for each £, from £=0 to L-1. To initiate gur c¢algulation we use

(5.148}

i

Tu‘n =
and

(5.149)

Ea B

Tl,u

Finally, the poiynomials Gi o(&) defined by equation {5.90) and
required for £e[0,1] can be computed efficiently by forward recursion

from

a6i,q () - (20+1}(22-1)64 o{€) + (a+1)64 g1 (2)

L
= 2{2a+l} I 8y4(%)95,0(E)Ta e . (5.150)
k=0

U S

AT IS DF Eerl - E I R NL-CLEA'-":F:HJ
| I
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with
Gﬁ.utgj =0 . fh.151}

In order to demonstrate the computational merit of our solution we
now consider a 20-group albedo problem with a 10t order Legendre
expansion of the scattering law. A 20-cm thick slab has an isctropically
incident distribution of radiation anly in the first group and only on

the surface at z = L, i.e., foruw > 0

[ 1§

L:,{u‘_i 51’1 (5.152a)

and

1l
[ ]

R; (1) (5.152b)

Ta facilitate the data handling we use a fictitious cross-section set {in

units of emlY defined, for ¥ = 1,2,...,20, by

i
u’.i :(ﬁ) - U,IE 61,5 - 0-15- 61110 {5-1533}
and
J . )
g3i(B} = [2261) | ——— - 4 = caas
'II]1-r } l: * ] [1UU{T-J+1}] {g'EJ] » 11 2: 1,
£ =0,1, ..., 10, {5.153b)
wherea
i+
rxo=2 0.7 | — . 5.153
%13 (zun) ( <)

The scattering law defined by equations [5.153b) and (5.153c} corresponds

to a truncated (L = 10) Henyey-fireenstein phase function introduced in
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the field of radiative transfer {Henyey and Greenstein, 1941}, The
Henyey-Greenstein phase function is characterized by one parameter g
which 5 a measure of the degree of anisotropy, i.e2., g + 1 implies
farward scattering while g + -1 implies backward scattering, For a
moncenergetic problem, g corresponds te the average cosine of the
scattering angle. In our problem the values of g9 given by equation
{5.153¢) correspond to moderate forward scattering and were chosen in
order to avoid negative values in the scattering law {with L = 10},

In solving the systems of linear algebraic equations given by
equations (6.80) and [5.116) we have used, for various arders of the Fy

approximation, the ¢ollocation scheme

Ei,p=vi,s » B =0, 1 2y «vay xi-1 {5.154a)
and
11 2B-2x4+1
fi,p = 5 + 3 CUS[EEEIT::;E%] s Bo= i, witl, s N (5.164bH)

The points given by equation (5.154b} are the zeros of the Chebyshev
pelynomiagl of the first kind TH+1-:T{E“'1]- Based on the results of our
computations which followed closely the technique discussed hy Siewert
{1980}, we have concluded that there is unly.une pair of discrete
eigenvalues relevant te each group of the considered prablem and thus we

Tist in Table 5.1 the positive eigenvalue for each group.




Table 5.1

The positive discrete eigenvalues vi g
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i,0

1 Vi.o

L ¥1,0

i Vi g

1 1.014675230187
2 1.013564030621
3 1.012702645157
4 1,011789497866
5 1.024569285561

6 1.010101983620
7 1.0093Z4801731
8 1.008590208601
9 1.007896906406

10 1.0112011112487

Il 1.006629121797
12 1.00605216136%
13 1.005511523631
14 1.005005991723
15 1.004534348940

16 1.004095374943
17 1.003687842667
18 1.003310515972
19 1.002962148042
20 1.002641480534

We 1ist our converged results for the exit angular fluxes in Tables 5.2

to 5.9,

positions inside the slab are reported in Tables 5.10 to %.21.

Further converged results for the angular fluxes at various

We note

that to compute the anguiar fluxes accurately for all w we used 2

recently proposed technique {Garcia and Siewert, 1982b).

First the

functions By (%) defined by equation {5.78) are expressed as

Ei,uEE} = 2P, (2E-1) - 51{[2'A1,D{E}] Pa{25-1) + Gj (£)}

(5.155)

and this relztion can be used in equations {5.73) for £ = we[0,1] to

find the foliowing 2lternative expressions for the emerging fluxes:

vl

pilly-u} = Ry{u)exp(-a;/u)+ %Ci{li{u) + [2-A4 ()] [ ay gPa{2u-1)

N

a=0

i-1

+ 1 (24,61 alb)-expl-{/u}bs ahy ofm) T + ; Loaijliziv)

i=1

o=

(5.156a)
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Table 5.2 The exit angular fluxes ¢i(L,-u} for i = 1165
u i=1 i=2 i=3 i=4 i=5
0 5.0885({-2) 1.2999(-2) 5.8860(-1) 3.3641(-3) 3.1535(-3)
.1 2.8195(-2) 8.6681{-3) 4,2785{-3) 2,5789(-3) 2.4685{-3)
1.2 1.8568{-2} 6.2371{-3}  3.2310(-3) 2.0122(-3) 1.9565(-3)
0.3 1.3061(-2)  4.6596{-3)  2.4996{-3)  1.5956(-3) 1.5724(-3)
0.4 9.6343(-3)  3.5983(-3)  1.9835(-3)  1.2812(-3)  1.2862{-3)
0.5 7.3636(-3)  2.8516(-3)  1.6080{-3)  1.0640{-3)  1.0690({-3)
Q.6 5. 7554{-3) 2.3033(-3) 1.3241(-3; 8.8871(~4) 8.9923(-4)
0.7 4,6063{-3) 1.8921(-3) 1.1055{-3) 7.5096{-4) 7-6454( -4}
0.8 3.7653(-3)  1.5818(-3)  9.3667(-4)  6.4282(-4)  6.5749(-4}
0.9 3.1192(-3) 1.3378(-3) 8.0287(-4) 5.5637(-4) 5.7091(-4}
l 2.6287(-3) 1.1453(-3) 6.9424( -4} 4.8472(-4) 4.9900(-4)
Table 5.3 The exft angular fluxes ¢;{L,~-u) for 1 = 6 to 10
W i=46 i=7 i=8 i=9 7 =10
D 1.5457(-3)  1.1467(-3)  8.8628(-4)  7.0652{-4)  6.8284({-)
.1 1.2701(-3)  9.6248(-4)  7.5717(-4)  6.1275{(-4)  £.0047(-4)
.2 1.0397(-3) 7.9986(-4) 6.3758{-4) F.2196{-4) 5.1654{-4)
.2 B.5661{-4) 6.6715(-4}) £.3764(-4) 4.,4447(-4) 4.4359( -4}
0.4 7.1511(-4} 5.6261(-4) 4.5766(-4) 3.8138(-4) 3.8336{-4)
0.5 6.0504(-4)  £,8015(-4)  3.9355(-4)  3.3036{-3)  3.3407(-4)
0.6 5.1717(-4)  4.1361(-4)  3.4138{-4)]  2.8839{-4) 2.9317{-3)
0.7 4.4586(-4}  3.5904(-4)  2.9821({-4) 2.5337(-4)  2.5882{-4)
0.2 3.8823{-4)  3.1451(-4)  2.6267(-4)  2.2431(-4)  2.3009(-4)
0.9 3.4135(-4)  2.7806(-4)  2.3339(-4)  2.0022(-4)  2.0608(-4}
1 3.0128(-4) 2.4661(-14) 2.0793(-4) 1.7914(-4) 1.8504( -4}




Table 5.4 The exit angular fluxes w;(L,-u)} for i = 11 to 15
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M i=11 i= 12 i =13 i= 14 i=15
a 4.8221(-1) 4,.0797(-4) 3.4993(-4) 3.03668(-4) 2.6619(-4)
0.1 2,2027(-3)  3.6660(-4)}  3.1721(-4) 2.7747(-4})  7.4499(.-4)
.2 3.7243(-4) 3.2144(-4) 2.2019(-3) Z2.4677(-4) 2.1926(-4)
0.3 3.2384(-4) Z2.B070(-4} 2.4627(-4) 2.1823(-4} 1.9501¢-4}
0.4 2.8225{-4) 2.4611{-4) 2.1718(-4) 1.9345(-4) 1.7374{-4}
0.5 2.4783(-4) z2.1722(-4) 1.9262(-4) 1.7240(-4) 1.5552(-4)
N.6 2.1900(-4) 1.9286{-4) 1.7179(-4) 1.5442(-4)  1,3987¢-4)
Q.7 1.9457(-4) 1.7210{-4) 1.5394(-4) 1.3892(-4) 1.2630(-4)
0.8 1.7397(-4) 1.5448(-4} 1.3870(-4) 1.2563(-4) 1.1461(-4)
0.9 1.5668(-4) 1.3962(-4) 1.2578(-4) 1.1429(-4) 1.0459{-4)
1 1.4137(-4) 1.2641(-4) 1.1426(-4) 1.0416(-4) 9,5611(-5}

Table 5.5 The exit angular fluxes ¥;({L,-u} for i = 16 to 20

u i =16 i =17 i = 18 T = 1% i= 20
4] 2.3537{-4) 2.0970(-4) 1.8810(-4) 1.6974(-4) 1.5400(-4)
J.1 2.1806(-4) 1.9547(-4) 1.7632(-4) 1.5994{.4) 1.4582( -4}
0.2 1.9631(-4)  1.7694{-4)  1.6043(-4) 1.4623{-4)  1.3393(-4)
0.3 1.7554(-4) 1.5902(-4) 1.4487(-4) 1.3264(-4) 1.2199(-4}
0.4 1.5714(-4} 1.42689(-4) 1.3082(-4) 1.2026({-4) 1.1103(-4)
0.5 1.4125(-4) 1,2905{-4) 1.1851(-4) 1.0934(-4) 1.0129(-4)
0.6 1,2752{-4) 1.1692(-4) 1.0775(-4) 9.9742(-5)  9.2697(-5)
0.7 1.1657{-4) 1,0633{-4} 9.8307(-5) 9.1283(-5) B.5089(-5)
0.8 1.0521{-4) 9,7107(-5) 9.0051(-5) 8.3859(-5)  7.8385{-5)
0.9 9,6301(-5) 8.9134(-5) 8.2832(-5%) 7.73R4(-5} 7.2514(-5)
1 8.8290(-5)  $.1949(-5)  7.8408(-5)} 7.1525(-5)  6.7193{-5)
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Table 5.6 The exit angular fluxes 9;(R,u) for i =1 to 5
m i=1 i=2 ] =3 i=4 i =5

0 1.1146{-3}  3.4317{-4) 1.7392{~4) 1.0772(-4) 1.1525(-4)
0.1 1.5864(-3}  4.5301{-4) 2.2419{-4) 1.3714{(-4) 1.4787{-4}

- 0.2 2.4017{-3)  5.9970(-4) 2.8704(-4) 1.7251(-4) 1.8%5656(-4)
0.3 4,9489(-3}  B.0657(-4)  3.7054{-4) 2.1B06{-4) 2.3354(-4}
0.4 1.2386(-2}  1.0994{-3) 4.8210(-4) 2.7724(-4)  2.9545(-4)
g.5 2.6436{-2) 1.5012(-3) 6.2888(-4)  3.5321(-4) 3.7448(-4}
.6 4.6527(-2)  2.Q197(-3)  8.1612{-4)  A4.4840{-4) A.7327(-4)
0.7 7.1061(-2) 2.6424{-3) 1.0452(-3) 5.638h{-4) 5.9301{-4)
0.8 9,8380{-2)  3.2420{-3) 1.312%{-3) 6.9894(-4) 7.3295(-4)
0.9 1.2713(-1)  A.0868{-3) 1.6124(-3) 8.518%{-4)  82.9074(-4)
1 1.5630(-1)  4.8463(-3) 1.9351{(-3} 1.0191{-3) 1.0630-3)

Table 5.7 The exit anqular fluxes $;{R,u) for i = 6 to 10

u i=656 T=7 i =8 i=9 i=10

0 6.8073(-B)  4.4676(-5)  3.5756(-5)  2.5444(-5)  2.9886(-5)
0.1 7.2858{-5)  5.5¥63{-5)  4.4432(-5)  3.6442(-%)  3.7031(-5%)
0.2 8.9704{-5})  6.8195{-5)  5.4026{-5)  4.4088(-5) 4.45666(-5)
0.3 1.1050{-4)  B.3362(-5) 6.5611(-5) 5.3236(-5] 5.3710{-5)
0.4 1.2656(-4)  1.0217(-4)  7.9843{-5%) 6£.4390(-5] &.4659{-5)
0.5 1.6903(-4)  1.2541{-4} 9,730%-5)  7.7979(-%) 7.7929(-5)
0.6 2.0877(-4) 1.5366(-4) 1.1842(-4) 9.4328(-5} 9.3832(-%)
0.7 2.5621{-4) 1.8722{-4) 1.4328(-4) 1.135%9(-4} 1.1253(-4)
0.8 2.1124(-4)  2.2e03(-4} 1.7218{-4) 1.3876(-4) 1.3303(-3)
.9 3.7331{-2)  2.6973(-4} 2.0456(-4) 1.6065(-4} 1.5817(-4}
1 4.4168{-4)  3.1785(-4} 2.4019(-4) 1.8803(-4) 1.8473(-4)




g4
. Table 5.8 The exit angular fluxes yi(R,u) for 1 =11 to 15
u i=11 =12 i=13 i =14 i=15

- 0 2.1534{-5)  1.8639(-5) 1.6352(-5)  1.4499(-5) 1.2971(-5)

0.1 2.6462({-5) 2.2831{-5) 1.9968{-5) 1.7653(-5) 1.5748(-5)

0.2 3.1729(-5) 2.7274(-5) 2.3770{-5) 2.0946{-5) 1.8627{-5)

0.3 3.7922(-5) 3.2465{-5) Z.8187(-5) 2.4748(-5)  2.1934({-5)

0.4 4,5360(-5)  3.B664(-5)  3.3432(-5)  2.9242{-5)}  2.5823({-5)

0.5 5.4309({-5) 4.6087(-5)  3.9685(-5) 3.4574{-5) 3.0419(-5}

0.6 6.4972{-5) f.4898(-5) 4.707%{-5)  4.0898(-5) 3.5817(-5)

: 0.7 7.7453(-5) 6.5183(-5)  5.9688(-%) 4.8158(-5) 4.2073{-5}

| 0.8 9.1751(-5)  7.6946(-5) 6.5518(-5) 5.6478{-5)  4.9192(-5)

0.9 1.0777(-4} 9.0113(-%)  7.6512(-5) 6.5776({-95) 5.7142(-5}

1 1.2538(-4) 1.0453(-4})  B.8584(-5) 7.5982(-5)  6.58650(-5)
|
|

| ’ Table 5.9 The exit angular fluxes ¢;{R,u) for i = 16 to 20
B i=16 i=17 i=18 i =19 i =20

0 1.1692{-5) 1.0610{-5) 9.6829(-6} 8.8825(-6) 8.1854(-6)

0.1 1.4157(-5) 1.2812(-5) 1.1662(-5) 1.0671(-5)  9.B8099%-6)

J.2 [.6695(-5) 1. 5066( - 5) 1.3677(-5} 1.2482({-5) 1.1446(-5)

0.3 1.9596{-5}  1.7630(-5} 1.5958{-5)  1.4523{~5) 1.3282{-5)

0.4 2.2992(-8}  2.0618{-5) 1.8605{(-5} 1.6882(=5) 1.5395{-5)

0.5 2.6989(-5)  2.4122(-5)  2.1698(-5) 1.9629(-5) 1.7847{-5)

0.6 3.1670(-5} 2.8212(-5) 2.5298(-5} 2.2B17(-5) 2.0686{-5)}

0.7 3.7080(-5)  3.2930{-5) 2.9441{-5} 2.6477{-5)  2.393(-5)

ot 0.8 4,3228{-5) 3.8284{-5) 3.4138{-5) 3.0620{-5) 2.761G(-5)

0.9 5.0089{ -5) 4.4252(-5)  3.3365(-5) 3.5232(-5)  3.1704{-5)

1 S5.7615(-5) 5.0797(-5)  4.5098(-3) 4.0285(-9)  3.6183(-5&)

e




Table 5.10 The angular fluxes wi{z,.n) for z

2H

L+a/dandi=1105

i f=1 =2 i=23 i=4 i =5
-1 1.0471(-3)  &.7532(-4)  2.9442(-4)  2.0836(-4)  2.2548(-4)
-0.8 1.4632(-3)  6.3596{-4)  3.8406(-4) 2.6721{-4)  2.8216(-4)
-0.6 2.1471{-3) &8.8218(-4) 5.1690{-4) 3.5252(-4)  3.8060(-4)
0.4 3.3761{-2)  1,2884{-3)  7.270%-4)  4.8356(-4)  5.1900(-4)
-0.2 5. 7980(-3) 1.9934{-3) 1.0739%(-3) 6.9193(-4} 7.3619(-4)

0 1.1621(-2) 3.3843(-2) 1.6919(-3) 1.0444{-3} 1,0971(-3)
0.7 1.0604{-1}  6.130%(-3) 2.7893(-3) 1.6302(-3) 1.6888{-3)
0.4 2.1493(-1)  8.5005(-3)  4.1886{-3)  2.4158(-3)  2.4442(-3)
0.6 4.6327(-1) 1.0270{-2) 5.2044(-2)  3.1081(-3)  3.0428(-3)
0.8 £.6269(-1)  1.0647(-2) 5.7110{-2)  3.5443(-3)  3.3742(-3)
1 6.3224{-1) 1.0504(-2) 5.8661(-3)  3.7561(-3)  3.4995{-3)
Table 5.11 The angular fluxes ¢i{z.w) forz = L+ a/4 and i = & to 10

" i=6 i=7 i=8 i=49 i= 10
-1 1.3465(-4)  1.1058{-4)  9.3621(-5) &.1008(-5)  B.3882(-5)
-0.8 1.6854{-4)  1.3719{-4} 1.1526(-4)  9.9037(-5)  1.0339{-4}
-0.6 2.1598(-4)  1.7403{-4}  1.4490(-4)  1.2351(-4)  1.2833(-4)
-0.4 2.8588{-4)  2.2731(-4) 1.8728{-4) 1.5808{-4)  1.6323(-4)
0.2 3.9049(-4)  3.0636{-4)  2.4921(-4)  2.0807(-4}  2.1325{-4)

0 5.5598(-4)  4.2861(-4)  3.4339(-4)  2.8201(-4)  2.8730{-4)
0.2 8.1014{-4) B.1246(-4) 4.8257(-4)  3.9185{-4)  3.0406(-4)
0.4 1.1457(-3)  2.5297(-4)  6.6300{-4) 5.3192{-4)}  5.3084({-4)
0.6 1.4886{-3) 1.1061{-3)  B.5588(-4) 6.8292(-4) 6&.7815(-4)
0.8 1.7593{-3)  1.3184{-3) 1.0257{-3) 8.1908(-4) 8.1111{-4)
1 1.9369(-3)  1.4720{-3)  1.1550{~3} 9.2922(-4) 9.1575(-4)
:-F':—.T.J'-T i TFL |_, :_5 I::F_IU;_FHI-\-;-EEE

—— —— ————
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. Table 5.12 The angular fluxes wi(z,e) forz = L + 4/4 and 1 = 11 to 15
“ i=11 i=12 i-13 i =14 { =16
) -1 6.4895(-5)  5.8213(-5) 6.2615(-5) 4.8333(-5)  4.4547(~5)
0.8 7.8313(-5)  6.9873(-5) 6.3073(-5) 5.7483(-5)  5.2700{-5)
~0.6  0.6221(-5) 8.5338{-5)  7.6580(-5)  6.9376(-5)  6.3321(-5)
0.4 1.2098(-4)  1.0654{-4)  9.4989(-5)  B8.5506(-5)  7.7585({-5)
0,2 1.5600(-4)  1.3629(-4) 1.2060(-4) 1.0779(-4)  9.7152(-5)
0 2,0702(-4)  1.7916(-4)  L.5715(-4} 1.3931(-4)  1.2459{-4)
0.2 2.7932(-4)  2.3930(-4)  2.0792{-4) 1.8270(-4)  1.6205{-4)
0.4  3.7090(-4)  3.1505(-8)  2.7158({-4)  2,3679(-4)  2.0854(-4)
0.6  4,7021{-4)  3.9743(-4)  3.4080(-4) 2.9574(-4)  2.,5922({-4)
0.8  5.6385(-4) 4.7583(-4)  4.0728(-4)  3.5271(-4)  3.0848(-4) |
1 6.4306(-4)  5.4362(-8)  A4.6572(-4)  4.0342(-4)  3.5278(-4)

- r
. ![
Table 5.13 The anguiar fluxes ¢i{z,u) for z = L + 4/4 and 1 = 16 ta 20
u i=16 i=17 i =18 i=19 i =20
-1 4.1304{-5)  3.B496(-5)  3.6043(-5)  3.3881(-5)  3.1962(-5)
0.8 4.8650(-5) 4.5153(-5)  4.2105(-5)  3.9427(-5)  2.7055{-5)
0.6  5.8170(-5) 5.3738(-5)  4.9888(-5)  4.6514{-5)  4.3537{-5)
0.4 7.0875(-5)  6.5128(-5)  6.0156{-5)  5.5817(-5)  5,2003{-5)
0.2 8.8181{-5) B8.0555{-5)  7.3982(-5)  6.8278{-5)  6.3278(-5)
0 1.1228(-4)  1.0185(-4}  9.2930{-5)}  8.5228(-5)  7.85624(-5)
0.2 1.4801{-4)  1.3089(-4) 1.1823{-4) 1.0772(-4}  9.8623(-5)

_ 0.4 1.8522(-4) 1.6572(-4) 1.4924(-4)  1.3518(-4)  1.2307(-4)
0.6  2.2918(-4)  2,0416(-4)  1,8308(-4) 1.6515(-4)  1.4977(-4)
0.8 2.7212(-4)  2.4185(-4)  2.1638(-4)  1.9474(-4)  1.7619(-4)
| 3.1106(-4)  2.7628(-4)  2.4699(-4)  2.2208(-4)  2.0073(-3)
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Table 5.14 The angular fluxes ¢i{z,u) for z = L + 4/2 and i 1 toh

u i=1 f=2 i=23 i=4 i=25
-1 4.6637(-4)  2.2300(-4) 1.4098{-4) 1.0055{-4) 1.0980(-4}
-0.8 5.5719(-4)  3.0006{-4) 1.8405{-4) 1.2860{-4) 1.4081(-4)
-C.6 9.7087(-4)  4.1608(-4)  2.4616{-4) 1.6813(-4) 1.8419(-4)
-0.4 1.6206(-3) 5.9792(-4) 3.3951(-4) 2.2623(-4) 2.4721{-4)
-0.2 2.5630{-3) 9.0213(-4) 4.887%-4) 3.1638(-4)  3.4365(-4)
4 4.7967(-2) 1.4586(-3} 7.436B{-4) 4.64C6{-4) 4.9928({-4)}
0.2 1.7611(-2}  2.5687{-3) 1.2010(-3) 7.1509(-4)  7.599%-4)
0.4 1,0153(-1)  4.5595(-3) 1.9722(-3) 1.1178(-3) 1.1748{-3)
0.6 2.1428(-1) B.8622(-3) 2.9949{-3) 1.6625{-3) 1.7253{-2)
0.8 3.1513(-1) 8.7448(-3Y 4.0077(-3) 2.2513(-3) 2.2971(-3)
1 3.9787(-1)  1.0026(-2) 4.8357{-3) 2.7862{-3) 2.7919(-3)

Tatle 5.15 The angular fluxes ¢i{z,u) for z =

+ Af2 and i = 6 to 10

! i=6 i=7 i=8 i=g i =10
-1 6.5688{-5)  5.3896(-5) 4.5600(-5)  3.9433(-5)  4.1400(-5)
-0.8 8.1781(-5)  6.6465(-5)  5.5781(-5) 4.7897(-5)  5.0105(-5)
-0.6 1.0381{-4)  8.3510{-5)} 6.9474{-5)}  5.9192(-5)  6.1650(-5)
-0.4 1.3507(-4)  1,0783(-4}  8.8500{-5) 7.4746{-5)  7.7431{-5)
-0.2 1.8139(-4)  1.4239(-4)  1.1596{-4)  9.6954{-5)  9.9770{-5)

0 2.5304(-4)  1.9558(-4)  1.5716(-4) 1.2986(-4)  1.3254(-4)
0.2 3.6685(-4)  2.7848(-4}  2.2033(-4}  1.796L{-4)  1.B8155(-4)
0.4 5.3863(-4)  4.0154{-4)  3.1281{-4) 2.5157(-4}  2.5190(-4)
0.6 7.6632(-4)  5.6338(-4)  4.3358(-4)  3,4496(-4)  3.4299(-4)
0.8 1.0242(-3)  7.4781{-4)  5.7151{-4)  4.5170(-4)  4.4733(-4)
1 1.2807({-3)  9.3504(-4)  7.1320{-4) 5.6215(-4)} 5.5567(-4)




e Table 5.16 The angular fluxes wi{z,u) for z =

&8

L+ 4&/2 and i = 11 to 15

u i=11 i=12 i=13 i=14 i =15

-1 3.1587(-5) 2.8323(-5) 2.5691(-5) 2.3508({-5] 2.16P4(-5)
-0.8 3,7875(-5)  3.3784{-5) 3.0493(-5) 2.7771{-5) 2.5480(-5)
-0.6 4.6145(-5)  4,0023{-5)} 3.6736(-5)  3.3286(-5)  3.0392(-5)
-0.4 5.7338{-5) 5.0525{-5) 4.6082(-5)  4.0615{-5)  3.6885({-5)
-0.2 7.3005(-6)  6.3863(-5) £.6592(-5) RLOB57(-5)  4.5725(-5)
0 9.5688(-5) 8.3007{-5) 7.2978(-5) 6.4843{-5) 5.8122{-5)
0.2 1.2911{-4) 1,1084(-4) 9.66R8(-8)  B.5174(-5) 7.5748(-5)
0.4 1,7643(-4)  1.5016{-4) 1.2967{-4) 1.1329{-4)  9.9953(-5)
0.6 2.3717(-4Y  2.0027{-%) 1.7167{-4) 1.4894(-4}  1.3063(-4)
0.8 1.0662{-4) 2.5757{-4)  2,1968({-4) 1.8068{-4)  1.6548(-4)

1 3.7912(-4) 3.1754(-4) 2.70068(-4)  2.3251(-4) 2.0278(-4}

Table 5.17 The angular fluxes ¢;(z,u) for z = L + &4/2 and i = 16 to 20
b i =16 i=17 i=18 i=19 i =20

-1 2.0087(-5) 1.8722{-5}  1.7530{-5) 1.6480{-5)  1.5549(-5)
-0.8 2.3525(-5)  2.1839(-5) 2.0369{-5) 1.5079{-5) 1.7937({-5)
-0.6 2.7931(-5)  2,5B15(-5)  2.2977{-5}  2.2368(-B)  2.0947(-5)
-0.4 3.3726(-58)  3.1018({-5) 2.8677{-B) 2.6633(-B) 2Z.4B35(-5)
0.2 4,1568{-5)  3.8023{-5)  13.4969{-5)  3.2315{-5)  2.9990(-5)
0 5.2492(-5) A.7716(-5) 4.3624{.5) 4.0085(-5)  3.7000(-5)
0.2 A.7903{-8Y 6.1293(-5} 5.5663{-5) 5.0823{-5) 4.6628(-5)

. 0.4 2.8631(-5) 7,9705(-5) 7.1895(-5)  6.5220({-5) G5.9467(-5)
0.6 1.1841(-4}  1.0281(-4) 92,2203(-5) 2.3179(-6) 7.6437(-5)
0.8 1.4666 (-4}  1,2921(-4} 1,1540(-4) 1.0369(-4)  9.3668(-5)

, 1 1.7757(-4)  1.5710(~4)  1.3994{-4) 1.2542(-4)  1.1302{-4)
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Table 5.18 The angular fluxes wi{z,r) for z = L + 34/8 and i =1 ta &
" i=1 j=2 t =3 i=4 i=5
-1 1.7860(-4)  9.3645(-5) 6.2715({-5) 4.6495(-5)  4.9553(-5)
-0.8 2,.5800(-4}  1.3050{-4) 8.4778{-5) 6.1291{-5) 6.5936(-5}
-0.6 3.9570(-4)  1.2908{-4) 1.1763(-4) B8.2318(-5) 8.9400(-5)
=04 6.5510(-4)  2.8481{-4) 1.6683(-4) 1.1233{-4) 1.2293({-4}
-0.2 1.1985(-3}  4.4257{-4) 2.4142{-4) 1.5663(-4) 1.7143(-4}
¢! 2.2618(-3)  7.0354(-4) 3.6161(-4) 2.2667(-4) Z.4631(-4}
0.2 5.4530(-31 1.2001(-3) 5.7458{-4} 3.4520{-4} 3.7092(-4}
0.4 3.4292(-2) 2.2024(-3) 9,5455(-4) 5,4892(-4) 5.7968(-4}
0.6 9,8505(-2)  3.7912(-3} 1.5682(-3) 8.5481(-4) 8,9957(-4)
0.8 1.7614(-1}  5.6253(-3} 2.3367(-3) 1.2609(-3) 1.3156{-3)
1 2.4965(-1)  7.3271(-3) 3.1650(-3) 1.7184(-3) 1.7754({-3)
Table 5.19 The angular fluxes yi{z,n) for z = L + 344 and 1 = 6 to 10
1 i=58 i=7 i=8 i=29 i=10
-1 3.1722(-5}  2.6391{-h) 2.2549{-5) 1.9639{.5) 2.0604(-5}
-0.8 4.0308(-5)  2.3082(-5) 2.7903({-%) 2.4057(-B) 2.5181(.5}
-0.8 5.1863{-5) 4.1893(-h) 3.4944(-5) 2.9829(-5) 3.1112(-%)
-0.4 6.7677(-5)  5.3904(-5) 4,4458(-5} 3.7%91{-5)}) 3.9017(-5}
-0.2 9.0429(-5) 7.1062(-5) 5.7945(-5) 4.851n{-5)  5.0N33(-5}
0 1.2494(-4}  G.6756(-%) 7.7905(-5) 65.449%{-5)}) 6.6012(-%)
0.2 1.7989{-4) 1.3697(-4) 1.0R69{-4) 8.8R46(-5} 9.0085{-5)
0.4 2.6734{-4)  1.9988(-4}) 1.h61K(-4}) 1.2590(-4} 1.2636{-4)
0.6 3.96068¢(-4)  2.9133(-4Y} 2.2431(-4) 1,7871(-4) 1.7778{-4)
0.8 0.6366(-4)  4.0973(-4) 3.1239{-4) 2.46R2(-4) 2.4372(-4)
1 7.5725(-4%  5,4699({-4) 4.1448(-4) 3.2522(-4) 3.2042({-4)
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Table 5,20 The angular fluxes wi{z,u} for z =L+ 3a/8 and 1 = 11 to 15

u i =11 i =17 i=13 i=14 j =15

- -1 1,6874(-5)  1.4278(-5) 1.2082{~5) 1.1902(-5)  1.0986(-5)

-0.8 1.9123{-5) 1,.7087(-5) 1.5444{-5) 1.8082(-5) 1.2934{-5}

~0.6 2.3322(-5) 2.0708(-5) 1.8603(-5) 1.6870(-5) 1.5416(-5}

-0.4 2.8907(-5)  2.5495(-5)  2,2768(-5) 2.0530{-5) 1.8660{-5)

“h2 3.6635(-5)  3.2082(-5) 2.8460(-5)  2.5502(-5)  2.3043(-5)

0 4.7726(-5)  4.1465{-5)  3.6510(-5) 3.2488(-5)  2.9161(-5)

0.7 6.4217(-5)  5.5201{-5) 4.8272(-5) 4.2612(-5)  3.7962(-5)

0.4 8.8735(-5)  7.5661(-5) 6.5454(-5) 5.7283{-5)  5.0621{-5)

0.6 1.2312(-4)  1.0805{-4) 5.9261(-5)  7.7488(-5)  6.7959(-5)

0.8 1.6695(-4)  1.4013(-4)  1.1943(-2) 1.0304{-4)  8.9839(-5)

] 2.1784(-4)  1.8202(-4}  1.5445(-4)  1.3271(-4)  1.1524(-4)

’ Table 5.21 The arqular fluxes wj{z,w) for z = L + 38/8 and i = 16 to 20
i i=16 1= 17 i =18 i=19 i =20

-1 1.0189(-5)  9.5172(-6) 8.9201(-6) 8.3934(-6}  7.9254({-6)

_0.8 1.1952(-5)  1.1105(-5) 1.0365{-5) 9.7154(-6)  9.1398(-6)

-0.6 1.4178(-8}  1.3113(-5)  1.2188(-5) 1.1377{-5)  1.0662{-5)

-0.4 1.7075(-5)  1.571%{-5)  1.4542(-5) 1.3515(-5)  1.2612(-5)

0.2 2.0969{-5)  1.919%-5) 1.7674(-5) 1.6347(-5) 1.51£4(-5)

0 2.6371(-5)  2.4003(-5)  2.1971{-5}  2.021%-5) 1.8678(-5)

0.2 3.4087(-5)  3.0817(-5) 2.8029(-5) 2.5628(-5)  2.3544({-5)

0.4 4.5106(-5) 4.0483(-5}  3.5565(-5)  3.3212(-5)  3.0318(-5)

) .6 6.0122{-5) h.3691(-5) 4.8087(-9) 4.3403(-5) 3.9382(-5)

0.8 7.9028(-5) 7.0060{-5) 6.2534(-5) h.6156{-5) . D702(-5}

1 1.0098(-4)  8.9177(-5)  7.9305(-5)  7.0960(-5)  6.3842{-5)
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and
1 N
b(Ry) = Ly{xlexp(-di/n) + seitdifn) + [2-A1,o(u)] L b aPal2u-1)
a=[)
N p 1-1
+ } [by b olm)-exp{-aj/u)ay ohi ol e = L oyjdijle) o (5.156D)
a=() 2 j=1
In a similar way we find for the interior fluxes:
1
vilz,-u} = Ri{u)expl-oj{R-z}fu] + Eci{Ii(z,uJ
N i}
b T2-A7,o00] § e aledPalzu-t) + 1 [eq a(2)6 ale)
o=} a=0)

+ {di af2) - EKD[-Ui{R-z}fu]bi,q}niiﬂ{uj]}

1 i-1
+ é ~E1 cijle[j{z,u} (%.157a)
j=

and
yifz,n) = Li{n)expl-o3fz-L)/u] + %ci{ditz.u}
N

M
¢ 1281001 L dga2ial2ec) + 1 [ag a(2)65,at0)

U.=|:| u,:l:l

+leg qfz) - Exp[-ai{z-L}fu]aiiﬁ]Af,u{u]]}

L oog3drjlzay . (5.157h)

Gt oot Mo CAITES
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We have found that these expressions are significant improvements,
especially as y + 0, over the usuzl (and simpler} expressions given by
equations (5.72) and (5.112).

In addttion, we report in Table 5.22 converged results for the group

fluxes
1
pifz) = Il $i (Z,n)dy {5.158)

which, for z = L and z = R, can be expressed by using equations {5.72)

and (%.152) as

#i(L) = &§,1 + a{,0 {5.15%a)

and

$i(R) = &5, 1F2(4§) + b0 {5.159b]

where, in general, E,{x) denotes exponential integral functions. For

ze{L,R) we use equations ({5.112) amd (5,152} in (5.158) to obtain
pi{z) = & 18200i(z-L)] + ¢ olz) + di ofz) . {5.159¢)
In Table 5.23 we show our converged results for the group albedos

1
AT = 2 ] wpi{l,-p)du {5.160a)
i)

and the group transmission factors

1
B, = 2] wei{Radde . (5.160b)
0




Table 5.22 The group fluxes 45(z)
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i z oL 7 = L+afi z = L+afe z = L+3a/4 z =R
1 1.0117 3.6694(-1) 1.7050(-1) 8.7855(-2) 4.6716(-2)
2 3.9657(-3)  9.9306{-3) 6.2916({-3) 3.6317{-3) 1.9091{-3)
3 2.0883(-3) 5.0739{-3} 2.9221({-3) 1,5888(-3) 7.Bl03(-4)
4 1.3228(-3} 3.1027(-3) 1.6910{-3) 2.9818(-4) 4.2724{-4)
5 1.3007(-3} 3.0869(-3) 1,7578(-3) 9.4748(-4) 4.5042(-4}
6 7.0807{-4)} 1.5694{-3) 8.2100{-4) 4.3208({-4) 1.9734(-4)
7 5.5203(-4}  1.1895(-3) 6.1336(-4) 3.2196(-4) 1.4496{-4)
8 4.4575(-4)  9.3681{-4) 4.7874(-4) 2.5096{-4) 1.1154{-&)
g 3.6946(-4)  7.5937(-4) 3.8576(-4) 2.0207(-4} B.8744{-5)
10 3.6961(-4}  7.6078{-4) 3.8710{-4) 2.0269(-4) 8.8221(-5)
11 2.7104{-4}  5,384n{-4) 2.7184{-4) 1.4228(-4) 6.1011(-5)
12 2.38038(-4) 4.6029(-4) 2.3188({-4) 1.2133(-4) 5.1520(-5)
13 2.07480-4) 3.9910(-4) 2.0072{-4} 1.0%00{-4} 4.4159(-5)
14 1.8450{-4}  3.5000{-4) 1.7580({-4)}) G8.1954{-0}  3.830B(-5)
15 1.6545(-4}  3.0989(-4) 1.5550({-4)  8.1325(-5) 3.3563{-5)
16 1.4946(-4) 2.7a66{-4) 1.3871(-4} 7.2537(-5) 2.9673(-h)
17 1.3588(-4) 2.4877{(-4) 1.2465{-4) 6.5175(-5} 2.6427(-5)
18 1.2423(-4} 2.2511(-4) 1.1273(-4) 5.2941(-5) 2.3692(.5)
19 1.1416(-4} 2.048k{-4) 1.0264{-4) 5.3609{-5) 2.1365{-5)
20 1.0536{-4)  1.8737(-4) 9.3748(-5) 4.90n8{-5) 1.9367(-5)




Table 5.23 A;* and R;* for the 20-group problem
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Present Work PTF6S

i A" Bs™ A" ry*

1 £.4394({-3} 7.3100{-2) 6.4399(-1) 7.2983({-2)
i 2.4468(-3) 2.6667{=3) 2.4467(-3) 2.6646(-3)
3 1.3718(-3) 1.0693{-3) 1.3719(-3) 1.0678({-13)
4 9.0655(-4} 5.7560(-4} 9.0668(-4} 5.7472(-4)
5 9.1002(-4) 5.0465(-4) 9.1011(-4) 6.0380(-4}
6 5.1696{-4) 2.5976(-4) 5.1708(-4} 2.5935(-4)
? 4.1123(-4) 1.8942{-43} 4.1134(-4) 1.8912(-4}
8 3.3795(-4) 1.4482(-4} 3.3805(-4) 1.4458(-4}
9 2.8449(-4) 1,1456(-4) 2.8459(.4) 1.1437(-4)
10 2.8836(-4) 1.1340{-4) 2.8844(-4) 1.1221(-4)
11 2,1483(-4) 7.7912(-5) 2.1492(-4) 7.7785(-1)
12 1.8886(-4) 6.5506(-5) 1.8894(-4) 6.5399(-5}
13 1.6797(-4) 5.5914(-5) 1.6805(-4) 5.5822(-5)
14 1.5080(-4) 4.8312{-5) 1.5088(-4) 4.8233(-5)
15 1.3645(-4) 4.2175{-5} 1.3652{-4) 4.2106(-5)
16 1.2430(-4) 3.7144{-5) 1.2437{-4) 3.7082(-5)
17 1.1390(-4) 3.2964(-5) 1.1397(-4) 3.2909(-5)
18 1.0491(-4) 2,9452(-5} 1.0497(-4) 2.9402(-5)
19 9.7071(-5) 2.6472(-5) 9.7135(-5) 2.6427(-5)
20 9.0188(-%) 2.3920(-5) 9.0250({-5} 2.3879(-5)
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If we use equations (5.72} and {5,152} in (5.16Q), we find

1

*

it

A
L 3

and

*

Bi

M1 our numerical results are accurate to within £l in the last digit

shown, In Table 5.23 we show also the results of a calculatien by Renken

{1981) who used the ¢pde DTF69 {Remken and Adams, 1969}, with 40 space
points and eight directions for each half-range of u. we observe here,
a5 in the isotropic scattering case, what we believe to be 2 slight
deterioration in the DTFBY results for increasing absorption [as the
group number increases).

Regarding the convergence of our method, we have found that to
establish #5{L,-u) and ¢j[R,u} accurate to five significent Figures for
all p required in this case N = Z0; for the interiur angular fluxes and
the integrated quantities ¢4{z), RAj", and Bi* we have found that N = 15
was sufficient to obtain five figures of accuracy.

Finally, we would 1fke to mention that we have also generated
numerical reswlts for the 19-group problem considered in Chapter 4, but
generaliized to include anfsotropic scattering effects of the
Klein-Nishira differential scattering cross section. A set of Pg
multigroup transfer cross sections was provided by Renken (1981).

However due to the truncation of the Legendre expansion of the cross

ay .0 + 7 2i,1 {5.161a)

1
281,1E3(89) + bi,o * ;b1 . {5.161b)
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section the resulting multigroup transfer cress sections turned out to be
negative for some walues of the scattering angle. Thus, the familiar and
challenging questian of how to deal with the solution of a strictly
non-physical problem was encountered {Brockmann, 1981). From a
mathematical point of view, a transport equation based on ¢ross sections
that can be negative s a perfectiy valid candidate for study and clearly
can yield a solution that can be negative. One can {as we did) solve
such a problem and accept, at least on a mathematical basis, the
solution--be it positive or otherwise. e note that in comparing our
results in Table 5.24 for the consfdered problem with Pg scattering with
those obtained by Renken {1981} with and without the use of the negative
Flux fix-up optian in the DTFH9 code we found excellent agreement with
Kenken's results only when he did not use the negative flux fix-up
optton. A separate question s what is the relationship of the solution
obtained in this way to the physically correct solution that satisfies
the transport equation for which the Klein-Nithina cross section has not

been truncated.

. - N
Lok R LARES




Table 5.24 A;* and B;* for the 19-group problem with Py scattering

Present Work DTFE9A DTFesD

i A B;¥ AT By* As* B;”

1 1.5570(-4)  3.0755(-3) 1.5608(-4)  3.0718{-3) 6.1672(-4)  3.0717(-3)
i 1.3607(-3) 1.7104(-3) 1.3612(-3)  1.7092{~3) 1.5699{-3)  1.7088(-3)
3 2.2129{-3} 1.3852(-3) 2.2131(-3)  1,3844(-3) 2.4448(-3}  1.3838(-3)
4 3.813R(-3)  1.4811({-3} 3.5137{-3) 1,4802(-3) 3.7808({-3) 1.4795(-3)
5 5.2552(-3)  1.5822(-1) .2552{-3) 1.5814(-3) 5.3582(-3}  1.5804(-3}
6 7.8082(-3)  1.6861(-3) 7.8081{-3) 1.6852(-3) 7.8424(-3}  1.6841(-3)
7 7.3321(-3)  1.1797(-3) 7.3320(-3)  1.1791{-3) 7.3781{-3) 1.1782{-3)
8 1.0003(-2)  1.2220(-3) 1,0003(-2} 1.2214{-3) 9.9918(-3)  1.2205{-3)
9 1.4220(-2) 1.26%3(-3) 1.4220(-2) 1,2587(-3) 1.4190{-2) 1.2576{-3)
10 2.1450(-2)  1.2876{-3) ?2.1450{-2) 1.2870{-3) 2.1408(-2)  1.2859{-3)
11 3.5287{-2)  1.2995{-3} 3.5286(-2)  1.2989{-3) 3.5224(-2) 1.2978{-3)
12 6.5003{-2} 1.2754(-3} 6.5003{-2) 1.2748{-3} 6.4895{-2) 1.2736{-3)
13 2.2359(-2)  7.1754{-4) 2.2359{-2)  7.1716(-4) 2.2306(-2)  7.1656(-4)
14 1.7355(-2)  §.2626(-4) 1.7355(-2)  6.2491{-4} 1.7320{-2)  6.2442(-4)
15 1.0166(-2)  4.3287(-4) 1.0196{-2) 4.3262(-4) 1.0174(-2)  4.322B(-4)
16 3.0M54{-3) 1,2458(-4) 3.0153(-3)  1.2451(-4) 3.0094(-2) 1.2441(-8)
17 7.3602(-4) 2.7272(-%) 7.3692(-4)  2.7207(-5) 7.3547(-4) 2.7185(-5)
18 4.8899(-5)  1.BT50(-6) 4,8898(-5}  1.874n{-8) 4.8800(-5) 1.8725(-6)
19 6.0834(-6)  2.3429(-7) 6.N847(-6)  2.2478(-7) 6.0725{-6)  2.3459(-N

4 No negative flux fix-up

b With negative flux fix-up

16
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6. MILTISLABS WITH L-TH ORDER ANTSOTROPIC SCATTERING

6.1 Infrodyction

In Chapter 5, & methed for solving the multigroup transport equation
with a triangular transfer matrix including Lth order anisotropic
scattering was proposed and numerical results were reported for the case
of a single slab. The purpose of this chapter is to extend the methoed to
muitislab problems. Because the previously developed analysis can be
readily applied in this case, we do not repeat here the derivation
reported in Chapter 5. We consider the following muitigroup transport
equation to be applicable in each of % regions, zelzp_1, 2.1,

r=1,2,-..,R, and for each group i = 1,2,...,M:

]
M PP ¥ilz,n) + of p ¥ilz.u}

i L
I T op3(0)Py(ndegalz) . (6.1)
j=1 =0

]
Ted | —*

Here o; y is the total crass section for group i and region r and

r roor . r . .

uij{xj = 03 ij{L), with ETJ{G] = 1, denote coefficients in Legendre
gexpansions of the transfer cross sections, As usual, ¥i{z,u) represents

the angular flux in the ith group and
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1
#j,e{2) = Il vj(z,0)Pplu)du . {6.2)

We are cencerped in this chapter with non-multiplying multislabs and

boundary conditions of the type

pi{Zg,u} = fiafk) , v >0 {6.3a)
and

bi{zga-u} = fj p(w) L w>0 , (6.3b)
where fj o{u) and fj p{n} are censidered specified.

6.2 The Fy Method

We note that z generalizatfan of the technique applied in Section
E.2 could be used here to derive singular integral equatfens and
constraints for each group, Tnvelving enly the boundary data and boundary
and interface angular fluxes established for previous groups, By using
the Fy method in a manner similar to that reported previously for
one-speed problems (Devaux, Grandjean, Ishigure, and Siewert, 1975), the
problem of finding the unknown boundary and interface amgular fluxes
could be reduced tg the solution of a system of linear algebraic
equations for each group. Since the size of each of these M systems
would be, in the present case, Z{N+1)R, it is clear that for large R the
solution of very large systems would be required. We thus prefer to
attack the problem in an alternative way: we consider one slab at &

time, solve, for =ach group, R systems of Z{(N+1) linear algebraic




ino

I gquations and iterate these solutions on adjacent slabs until convergence
is achieved.
We consider, for each r = 1,Z,....,R, the problem defined by eguation

{6.1) and boundary conditions written formally as

Pifzr-low) = Li ple} ,w2>0 , {6.4a)
and

vi{zr,-u} = Ri,r{s) ,w>0 . (6.4b)

0f course, only

Li,i{s) = fipln) s u >0 , (6,52)
’ and
Ri,r{e) = fi,g{u) >0 , (5.5b}
oA
are presently known. We now follow the analysis of Section 5.2 to
derive, for the i*h group, the system of singular integral equations and
constraints given by equations (5.42) and {5.44) where an index r shouid
be included when defining guantities that depend on the particular region
being considered., We 18t Ap = Zp - Zr.], &i,pr = 9i,r 4p and use the
approximations
Nor
9i{2r-12=n) = Ri rludexp(-aj p/u) + I 2f g PalZu-1) (6.62)
a=0
) and
H r
\ vifzrau) = Li,r(ulexp{-ai rfu) + [ bi g Po(2u-1) [6.6b)
. =0




for p > 0, to deduce from equations (5.42) and (5.44) that

and

101

N
r r r r
1 [31,aBi,q{6)} + €i,r exp{-41,r/E)b%,q Af,al8))
a=0
i1
= Cj,plf,p{8) + I oi3li5(8)  (6.7a)
i=1
N r r r r
L Iby,aBi,ql8) + ci,pr exp(-a4 r/E)ai oM ,alE)]
a={
i-1
r r
= ci,rdi,r(E) + [ o13dii(8) ,  (6.7b)
i=1

r r
for all £ePy = {vi’m}LJ[D,I], where wi m, m = 0,1,2,....¢5,p - 1,

denote the positive discrete eigenvalues relevant to group i and region

M.

A1l quantities in equations {6.7) are defined precisely in the same

way as in Chapter § {except for the inclusion of an index r as previously

noted}.

If we now consider equaticns {6.7) at M1 values of EePi p, say

r
5i,p. we obtain a system of linear algebraic equaticns which can be

written in matrix notation as

[6.8)

(6.9)

EraTATL oL Tl R PR
| S
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F r r r r F
Bi,ol%i,0) Bi,1{Ei,0) + - - Bi 81,0

r r r r r r
Bi,r = | 8i,0(8i,1) By,al&1,1) « « - By N(EGL) | (6.10a)

L] L] -

r r r r F r
By,of5i,8) Bi,108i,0) » - - Bi,n{&i K]

P r r r r r
Ay,008i,0) M, 1{Ei,6) + - - A, N{Ei,0)

r r r r r r
AvreEie | AiLel6i,1) A4,1084,1) - - AGNEELD | (6.10h)

r r r r r r
A LolE4 H) AT (BT N) « o o Aj N(E,N)

r r
Ei,r = ¢i,rlexp{-4i,r/Ei,0) Ko + &xp(-ai,r/€i,1} K1

r
T see t Eipf-hj'rfh*ﬂ:l .E_H} ¥ [6‘.11}

EJ is, in general, a square matrix cof order M1 whose elements are all

zero, except for a one in the {j+1)P diagonal position,



and

r
21,0
F
aj,1
.
ai K |,
-
bi,0
-
bi,1
-
by, N
i-1
r F F r
¢, pki rlEi,0) * I ofjligl&i,o0]
)
1-1
r For, T
ci,rli,pr(E5,1) + 1 oqjligl&i, 1)
i=l
r i-1 rr . r
ci,rli,rlEi,n) + L oijlijl&i,n)
J=1
i-1 '
r r r r
ci,rdi,rlEi,0) + I #ii0ij(%i,0])
i=1
i-1
r r r r
ci,rdi,rlEi, 1} + I o55di5(84,1)
J=1
" 1ol
r r r r
¢ rdi,r(&i,N) * L wijdijlgi,n
J=1
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(6.12)

{6.13)
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-1
IT Ci,r exists, equation (6.8) yields

-1
Sor=Ci,rKi,r sr=1,2 ..., R , (6.14)

where Ei!r’ given by egquation (6.13), is not completely known because, as
can be seen from equations {5.74}, Ly r(w) &nd Rj p{u) are required to
compute Ij (£} and Ji (%) and, as discussed before, Ly p{x) and Ri pr{n)
are only formal representations as yet undetermined, with the exceptions
of Lj,1{v) and Rj piu}. Therefore, only the summation terms
corrasponding to down-scattering contributions from previous groups are
supposed known in the right-hand $ide of equation (6.13)., From the
discussion above it is clear that an iterative solution 15 needed to
astablish fi.r and consequently the emerging angular fluxes given by
equations (6.6}, In the next section we illustrate such an iterative

solution for & specific problem.

6.3 A Test Problem

We now consider a 20-group, S-region albedo problem with a 1oih
order Legendre expansion of the scattering law. A 20-cim thick slab has
an isotrapically incident distribution of radiation only in the first

graup and only on the surface at z = 2, i.e., for u > 9

Li,1ln) = &5 1 {6.15a)
and

Ri (W) =0 . {6.15b)

T P I [ ' P - =G e

tﬁgiri';i Pl e mEELU oL 0 L Gil-3E MLESLEARES ]
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In addition, the thickness of each layer is specified by &p = (r+l) cm,
T = 1,2,...,5. By using the fictitious cross-section set that follows,
we intend to facilitate the data handling., We define, for 1 = 1,2,...,20

and r = 1,2,...,5,

| ro fee20Nl (4
| {:1 = (-51—) [(-i-a) - U.15 61,5 - ﬂ-15 61’1[]1 I:E.lﬁa}
|
' and
r r+20 h|
eij(R) = (2a+l) ( 21 ) (lﬂﬂ{1-j+1}) CTRT LN
J=1,2,.0.,1 and ¢ = 0,1,...,10, {6.16b0}
’ where
o x0.7 (“’-") {6.16c)
~ %y =07 7] 16

We note that the cross-section set proposed here is a simple medification

of that used in Chapter 5. The same c¢ollopcation scheme is also used

here, i,e,,

r f"
! i, = vi,g » B8 =0, 1,2 veeykjpr-1, {6.17a)

= -4 = (0§ | —m—— ®w| ,
ML 2(t1oxq,p)

and

B‘ = I“:"i*"';p Ki,r" + l-.. -y H ] {E-l?b)
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Based on computations which followed closely the technique discussed by
Siewert (1980), we have con¢luded that there is only one pair of discrete
aigenvalues relevant to each group in each region of the considered
problem; we 1ist in Table 6.1 the positive eigenvalue u:’D for
i=1,2,004,20 and r = 1,2,...,5.

We now discuss our iterative procadure to determine Ei-r'
Initially, for r = 1, we use eqguation {6.15a) and, as 2 first guess, we
set Ry 1{w) = 0 to compute, from equation {(6.13), a crude approximation
to Ej-l which we derote by EE?{. Accordingly, from eguation (6.14), we
compute EE?%, i.B., approximate values for {a%,q} and {b},m}. we now
note that equations [6.4a) and (6.6b) yield, for r = 2,3,...,R,

N

r-1
Li,p(0) = Li r-1{n)exp{-8i,r-1/0) + I Di,a Pgllu-l) ,
* a=0

w>0 ,  (6.18a)

which together with Rj p{v)} = 0 can be used successively to compute

o o
approximatians KE,l and 15’3 for r = 2,3,...;R. Likewlse, equatians
{6.4b) and {6.6a) yield, for r = 1,2,...,R-1,

r+l
Ri,rlu) = Ri psr{ulexpl-a4, pe1/u) + 1 &j, 4 Pef2u-1) ,
a=0

w0 . (6.18b)

r r
The approximations for {a; g} and {bi g}, r = 1.2,...R, found in the

previous step can now be used in equations (6.18), and equation [6.14)




The positive discrete sigenvalues u?hu

r =2

r =3

r=4

r==5

Table 6.1
i r=1
1 1.014675230187
2 1.013664030621
3 1.012702645157
4 1.01178%457866
= 1.024569286561
& 1.010101983620
7 1.009324801731
8 1.008590208601
9 1.007896906406
10 1.011201112487
11 1.006629121797
12 1.006052161369
13 1.005511523631
14 1.005005991723
15 1.004534348944
16 1.004095374943
17 1.003687842667
18 1.003310815972
19 1.002962148042
20 1.002641480584

1.009627226459
1.008B62135834
1.008140817000
1.007461768696
1.016300706575
1,006224775612
1.005664061769
1.005140068079
1.004651465922
1.006780184327
1.003775170108
1.003384852919
1.00302467241%
1.002693310408
1.002389442258
1.002111736239
1.001858853B19
1.001629450936
1.001422180241
1.001235694782

1.006235579588
1.005664560862
1.005131686945
1.00463548%9487
1.010733319845
1.003747380893
1.003352641311
1.00298R911056
1,002654795130
1.004002486528
1.0020696829180
1.001816186142
1.00]1586570418
1.001379580893
1.001193817737
1.001027885874
1. 000880395460
1.000749987263
1.000635298816
1.000535011145

1.0039567210B67
1.002548929674
1.003162422111
1.002809198427
1.006%8041517]
1.002188702349
1.001919496742
1.001675703263
1.001455862714
1.002286542006
1.001082218593
1.000925519124
1.NDD7BHGBEZBY
1.000665212080
1.000558800707
1.000466395680
1.000386677447
1.00031837318%
1.000260264497
1.000211194616

1.002466094533
1.002166962837
1.0018954p2297
1.001649975857
1.0G4462235734
1.001231062637
1.001054616960
1.0n08298180681
1.0007602717267
1.001254754508
1.700534201606
1.000443194621
1.000365036116
1.000298406573
1.000242042897
1.000194746410
1.000155390132
1.000122925006
1.000096384752
1.000074889135

01
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cdn be solved successively for r = R-1, R=?,...,2,]1 toc provide improved
approximations for {a?,ﬂ} and {h:,u}. This completes what we call the
first sweep of the multislab system. 3econd, third, and higher order
sweeps can be repeated tn a similar way by using the updated
approximations for {a:,u} and {bg,u} until the relative error in these
constants for two successive sweeps 15 as small as desired. In qur
problem we have found that, in general, five or six sweeps were
sufficient to achieve a relative error smaller than 10-10. Once the
converged values of {a:_ﬂ} and {bg,a} are aveailable, appropriate verstons
of equations [5,156) can be used to compute the angular fluxes emarging
from each regign, and interior fluxes can alse be computed by the method
of Section 5,4, We list our converged resuits for ¢y{2g,-u) and
vilZg,u), u > 0, i = 1,2,...,20, in Tables 6.2 to 6.9. Converged resultis
for the angular flux at the center of regfon 3, 2z = ¥ + A3/2, are

reported in Tables &,10 to &.13 and for the group fluxes

1
si{z} = Il Pi{Z,u)du (6,19)
in Table 6.14. Finally, converged results for the group albedos
. 1
A" = 2 é v ¥i(2g,-ujdu (6.20a)
and the group transmission factors

1
Bi* = 2 [ u vilzg,uidu {6,20b}
0
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are reported in Table 6.1%, along with these found by Renken {1981} with
the code DOTFRQ {Renken and Adams, 1969}, with 75 space points and efght
discrete directions for each half-range of w. A1T our numerical results
ara accurate to within *1 in the last digit and the degree of agreement
with the DTFE9 results is essentially the same as in Chapter 5.

Finally, in regard to the convergence of our method, we have found
that N = 20 was required to establish the boundary and interface fluxas
accurate tg five significant figures; for the integrated guantities
¢:{z}, By and B;" and interior amgular fluxes N = 15 was sufficient to

abtain five figures of accuracy.




Table 6,2 The exit angular fluxes ¥j{zg.,-u)} for i =11to 5
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u i=1 i =2 i=3 i=1 i=5
0 5.0856(~2) 1.2986(-2) 5.8781(-3}  3.3590(-3}  3.1468(-3)
0.1 2.7785(-2)  8.6312(-3)  4,2658(-3)  2.5715(-3)  2.4585(-3)
0.2 1.7783(-2)  6.1190(-3}  3.1971(-3) 1.9979{-3} 1.9352(-3)
0.3 1.2213(-2) 4.4866(-3)  2.4404(-3) 1.5695{-3} 1.5346(-3)
0.4 8.8379(-3)  3.4029{-3) 1.9074({-3) 1.2545(-3) 1.2351(-3)
0.5 6.6435(-3)  2.6534{-3) 1.5233(-3) 1.0202(-3) 1.0094{-3)
0.6 5.1352(-3) 2.1121(-3) 1.2366{-3) 8.4089(-4) B.3517(-4)
0.7 4,0672{~3) 1.7123(-3) 1.0186{-3) 7.0136(-4} 5.9883(-4)
0.8 3.2968(-3) 1.4145(-3) 8.5238{-4) 5.9%298{-4} 5.9203(-4}
0.9 2.7135(-3)  1.1349(-3) 7.2266{-4) 5.0750(-4) 5.0707(-4)
1 2,2726(-3) 1.0048{-3} 6.1816(-4) 4.3720(-34} A4.3734(-4)
Table 6.3 The exit angular fluxes vi(2g5.-u) for i = 6 to 10
u T=6 i=7 i=28 =9 i =10
0 1.5425(-3)  1.1443{.3) 8.8437(-4) 7.0497(-4) 6.8124{-4)
0.1 1.2658(-3)  9.5926{-4) 7.5467(-4) 6.1074{-4)  5.9839({-4}
0.2 1.0337(-3)  7.9559(-4) 6.3435(-4) 5.1942(-4) 5.1387(-4)
0.3 8.4721(-4) 6.6099(-4) 5.3325{-4) 4.4115{-4) 4.,4002{-4}
0.4 7.0147(-4)}  5.5382(-4) 4.5146({-4)  3.7693(-4)  3.7844{-4}
.5 5.8743(-4)  4.6861(-4) 3,8553(-4) 3.2454(-4) 3.2753(-4)
0.6 4,.9644(-4)  3.9966(-4) 3.3184({-4]) Z.8118{-4) 2.3501{-4}
0.7 4,2292(-4)  3,4321(-4) 2.2682(-4) Z.44%0(-4) 2.4920(-4)
0.3 3.6388{-4}  2.9734({-4) 2,5006{-4) 2.1479{-4) 2,1927(-4)
n.a 3.1630(-4) 2.5004(-4) 2.1993(-4) 1.8990{(-4} 1.9422(-4)
1 2.7596(-4)  2.2808(-4) 1.938B(-4) 1.6821(-4) 1.7260(-4)

(RPN | EA?EH-.l

J

PER—




Table 6.4 The exit angular fluxes ¢5{zy.,-¥} for i = 11 to 15
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u i=11 i=12 i =13 i =14 1t =18
0 4.8119(-4) 4.0701(-4) 3.4911{-4} 3.0296(-4)} 2.6556{-3)
0.1 4.2784(-4) 3.6639(-4) 3.1817(-4) 2.76R7(-4)  2.4420{-4)
0.2 3.7165{-4) 3.1096(-4) 2.7892(-4)  2.4568{-4)  2.1831{-4)
0.3 3.2164(-4) 2.7888(-4) 2.4475(-8) 2,1692{-4)  1.9388(-4)
0.4 2.7946{-4) 2.4386(-4) 2.1530(-4) 1.9189(-4) 1.7241(-4}
0.5  2.4428(-4) 2.1441(-4) 1.9034{-4) 1.7051(-4)  1.5393({-4)
0.6  2.1461(-8) 1.8941(-4) 1.6901(-8) 1.5213(-4)} 1.3795{-4)
Q.7 1.8934{-4) 1.,6797(-4) 1.5061(-4) 1.3620(-4)  1.2400(-3)
0.8 1.6796(-4)  1.4970{-4) 1.3484{-4) 1.2245{-4) 1.1197(.4)
0.9 1.4999(-4)  1.3426{-4) 1.2181(-4) 1.1068({-2) 1.0159(-4)
I 1.3812(-4)  1.2054(-4)  1,0044{-4) 1.0015(-4) 9.2254(-5)
Table 6.5 The exit angular fluxes ¥i{zy,-v) for i = 16 to 20
M =16 i =17 i=18 i=19 i=20
0 2.3880(-4) 2.0920{-4}) 1.8765(-4) 1.6933(-4) 1.5362(-4)
0.1 2.1736(-4)  1.9485{-2) 1.7576(-4) 1.5984{-4) 1.4536{-4)
0.2 1.9547(-4) 1.7620(-4) 1.5977(-4) 1.4564 (-4} 1.3339{-4)
0.3 1.7455(-8) 1.5816(-4) 1.4410(-4) 1.3198(-4) 1.2137(-4)
0.4  1.5508(-2) 1.4197(-8) 1.2992(-4) 1.1946{-4) 1.1032{-4)
0.5  1.3988{-4) 1.2786(-4) 1.1747(-4) 1.0842(-4)  1.0048{-4)
0.6  1.2500(-4) 1.1554{-4) 1.0655(-4) 9.8688(-5) 9,1767(-5)
0.7  1.1366(-4) 1.0470(-4) 9.6908{-5) 9.0067{-5)  8.4023{-5)
0.8 1.0299{-4) 9.5223(-%) 8.8439(-5) 8.2481(-%) 7.7165(-5)
0.9 9.3788{-9) 8.6980{-5) 8, 1036(-59) 7.5790{-8} 7.1127{-5})
1 8.5440(-5)  7.9528{-5)  7.4329(-5) 6.9729(-5)  £.5630{-5)




Table 6.6 The exit angular Fluxes yi{zg,u) for i = 1 to §
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u i=1 P =2 i=3 i=4 i=5
0 6.3366(-5) 1.7999(-53) 2,5499{-6) 5.1625{-6) 5.1734{-6)
0.1 8.7378(-5)  2.3228(-%) 1.0926(-5) h.4481(-6) £.5023{-6)
0.2 1.2533(-4)  2,0390{-5) 1.3902{-5) B.0853(-6} 8.1596{-B)
0.3 1.9871(-4) 4.0727(-5) 1.8012(-5) 1.0286{-5) 1.0373{-5)}
¢.4 4.4850(-4)  5.6122(-5)  2.3833{-5) 1.3357(-5) 1.3434(-5)
0.5 1.2050{-2)  7.9503(-5) 3.2169{.5) 1.7639(-5) 1.7691{-5)
0.6 3.4157(-3}  1.1808{-4) 4.4073{.5) 2.3613{-5) 2.3616{-5)
0.7 7.3116(-3) 1.6810(-4) 6.0800(-5) 3.1B819{(-5)  3.1758(-5)
0.8 1.3259(-2)  2.4387(-4} 8.3692(-5) 4.2B20(-B) 4.28697(-5)
g.9 2.1266(-2)  3.4652{-4) 1.1401{-4) 5.7130{-5) 5.6985(-5)
1 3.1162(-2)  4.7836(-4) 1.5281{-4) 7.5179{-5) 7.5100(-5)
Table 6.7 The exit angular fiuxes w;({zg,n) for i = 6 te 10
B i=8 i="7 i=8 i=9 i=10
a 2.5806(-6)  1.9573(-6) 1.5457({-6) 1.2575({-6) 1.2485({-6)
g.1 3.1828(-6) 2.4032(-6) 1.8%06(-6) 1.5329(-6} 1.5226(-6)
0.2 3.9238(-6)  2.94B0{-6) 2.3067(-6} 1.8626({-6) 1.8463(-6)
0.3 4.3942(-6)  3.6613{-6) 2.84133(.6) 2.2848(.8)} 2.2582{-6)
0.4 6.2000(-6)  4,5920{-8) 3.5836(-6) 2.B401(-B} 2.7967(-6)
n.5 7.9782(-6)  5.8625(-f) 4.5080(-6}  3.5797(-6) 3.5104(-5)
(.6 1.,0298{-5) 7.5780(-6&) 5.7835{-6} 4.5659(-6} 4.4577(-6)
0.7 1.3649{-5) 9.8633{-8) 7.4795(-6) 5.8685(-5) 5.7041(-F)
0.8 1.7926(-5Y  1.2865(-5) 9.6837(-8) 7.8584(-6) 7.3170({-A)
n,9 2.3405{-5%  1,6689(-5)  1.2492(-5) D.7006(-6) 9.3578(-6)
1 3.0229(-5)  2.143s6(-5}  1.5976(-5) 1.2348(-5) 1.1878(-5}




Table 6.8 The exit angular fluxes vi{2g,u) for i = 11 o 16
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B =11 i=12 =13 i= 14 i=15
0 8.9495(-T}  7.60920(-7) 6.7021(-7) 5.9049(.7) 5.2818(-7}
0.1 1.0844(-6) 9.2949(-7) 2.077%{(-7) 7.0992{-7) 6.2984(-7)
0.2 1.3080(-6) 1.1176{-6) 9.6841(-7) 8.4872(-7) 7.5102(-7)
0.3 1.5907(-6)  1.3544(-6) 1.1696{-6) 1.0218{-8) 9.M142(-7)
0.4 1.9579(-6)  1.6603{-6) 1.4282{-6} 1.2433{(-8} 1.0930{-0)
0.9 2.4410{-6) 2.n608(-8} 1.7654{-6) 1.5306(-6)  1.3404{-8}
0.6 3.0781(-6) 2.5865(-6) 2.20%52(-6) 1.9042(-8) 1.6610{-5)
0.7 3.9116(-6Y  3.271h(-8) 2.7776{-6}  2.3875(-6) 2.0740{-5)
n,8 4.9849(-6)  4.1508(-&)  3,5091(-6) 3.N0Az{-6) 2.599%{-6)
0.9 6.3381(-6) 5.2567(-6) A.4272{-6} 3.7763(-6}  3.2560{-6}
1 8.00423{-6) 6.6163(-6) 5.5841(-6} A.7226{-8) 4.059%(-&)
Table 6.9 The exit angular fluxes Y4{zg,n) for i = 16 to 20
u i=16 i=17 i =18 i=19 i=20
4, 4.7080{-7)  4.2%22{-7) 3.8636(-7)  3.5299(-7) 3.2410(-7}
1.1 5.62347{-7) 5.076B({-7) A.6026{-7) 4,1859{-7) 3.8444(-7})
0.2 6,7009{-7)  6.0222{-7) 5, 44p7(-7) 4.9540{-7) 4.5285(-7}
0.3 8.0194(-7)  7.187n{-7)} &.4826{-7) L.8B08(-7} 5.3621{-7)
n.4 a.e2n{-7y  B.6%BR(-T) 7.78B1(-7) 7.0426(-7} 6.4032{-7)
N.5 1.1243{-6)  1.05%43({-8) 9.448a{-7) 8.5185{-7} 7.7208(-7)
0.6 1.4618{-6) 1.2965{-8) 1.1577{-B) 1.0402{-B)  9.3958{-7)
. 0.7 1.2181(-6) 1.6064{-8)} 1.4793{-6) 1.2795{-6} 1.1519(-8)
0.2 2.2701{-6)  1.,9985(-6) 1.7718{-6} 1.5808(-8) 1.4133{-6)
0.9 2.8337(-6) 2.4863{-8) 2.1972{-6) 1.9541{-6} 1.7478(-F)
. 1 3,5226(-8)  3.0B18{-6) 2.7157{-6)} 2.40B85(-6) 2.1483(-6)
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Table 6.10 The anqular fluxes ¢;{z,u) for z =
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zz + 43/2 and i =1 to 5

H i=1 i=2 i=3 i=14 i=5

-1 3.6184(-4) 1.563B{-4) 9.3646({-5) 6.4533(-5) HK.6068(-5)
-0.8 5.0171{-4}  2.0930(-4) 1.2277{-4) B.3348({.5) B.G646({-5)
-0.6 7.2982{-4) 2.90B9(-4) 1.8621({-4) 1.1075(-4) 1.1320(-4)
-0.4 1.1346(-3)  4.2492{-4)} 2,3438{-4)}) 1.5236(-4} 1.575%5{-4)}
-0.2 1.9474(-3)  6.6092{-4) 3.4641(-4) 2,1809{-4) 2,2566(-4)
0 3.7995(-3)  1.0988(-3] 5.4058(-4} 3.2815{-4) 3.3914(-4)
0.2 2.1021¢{-2) 2.0301{(-3) 9.n271(-4) 5.2139{-4) 5.3497(-4}
0.4 1.2432(-1)  3.8384(-3} 1.5598{-3) B.4639(-4} 8.71”2(-4)}
0.6 2.4736(-1)  5.8053{-3) 2.4324(-3} 1.2967{-3) 1.3293(-3)
0.8 3.5123(-1)  7.2855(-3) 3.2564{-3) 1.7745{.3) 1.7904{-3)
1 4.3378{«1)  8.2115(-3) 2.8945(-3) 2.1939{-3) 2.1725(-3)
) Table 6.11 The angular fluxes ¥;{z,u) for 2 = z3 + 44/2 and 1 = 6 to 10

! i=6 i =7 i=8 i =9 i=10
-1 3.9539(-5)  3.1976{-5)} 2.8682({-5) 2.2774(-5}  2.3252{-5)
-0.8 4.9959(-5)  4.00580{-5) 3.3160{-%5) 2.810R(-5)  2.8655(.5)
-1.6 6.4587(-5) 5.1241(-5} 4.2047{-5) 23,5361{-5} 3.5967(.5)
-0.4 8.5842(-5) 6.7294({-5) 5.4664(-5) 4.5574(-5} 4,.6189(-5)
«0.2 1.1797{-4)  9.127B(-5) 7.3334(-B) 6.08B6(-5} 6.1062(-5)
0 1.6929(-4)  1.2903(-4} 1.0233{-4) 8.3552(-%} 8.3687(-5)
0,7 2.5349{-4) 1.8976({-4) 1.4822(-4) 1.1942(-4) 1.1866(-4)
0.4 3.8345{-4) 2.8147(-4} 2.1638(-4) 1.7198{-4) 1.6966(-4)
i 0.6 5.5008{-4)  4.n352(-4) 3.0587(-4) 2.4029{-4} 2.3615(-3)
0.8 7.5900{-4)  5.4334(-4) 4.0840(-4) 3.1833(-4) 3.1261(-4)
1 9.5642(-4) 6.8511(-4) 5.13B1{-4) 3.9913{-4) 3.9222({-4)
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Table 6.12 The angular fluxes ¥j{z,u) for z = 72 + &44/2 and i = 11 to 15

I i=11 i=12 i=13 i=14 i =15
-1 1.7696(~-5)  1.5718{-5) 1.4123(-5) 1.2805(-5) 1.1699(-5)
-0.8 2.1572{-5) 1.9061(-5) 1.7044(-5) 1.5335(-5) 1.3996(-5)
-0.6 2.6766(-5) 2.3519(-5) 2.0921(-5) 1.8793(-5) 1.7020{-5}
-0.4 3.3976(-5)  2.9672(-5) 2.624h(-5) 2,3481(-5)  2.1133(-5}
-0.2 4.4376(-5)  3.8491(-5) 3.3828(-5) 3.n044(-5) 2.6920(-5)
0 5.9990(-5) 5.1616{-5) 4.502n{-5)  3.9700(-5) 3.5333(-5}
0.2 8.3727(-5)  7.1365(-8)  6.1701(-5)  5.2963({-5) 4.7657(-5)
I 0.4 1.1776(-4)  9.9441{-5) 8.,5227(.5) 7.3932{(-8} K.4792(-5)
l 0.8 1.6132(-4)  1.3517{-4) 1.1502(-4) 9.9120(-5) R.8325(-5)
0.8 2.1080(-4)  1.7565(-4) 1.4871(-4) 1.2754(-4) 1.1060{-4)
1 2.6230(-4) 2.1779(-4) 1.8377(-4) 1.5713{-4) 1.3587(-4)
i
* Table 8.13 The anqular fluxes ¢i{z,u) for z = 290 + 44/2 and 1 = 18 to 20
u i=16 =17 i=18 =19 i=20
-1 1.0758{-5) 9,94B3{-6) 9.2458(-6} A.6311{-5) 8.0892(-8)
-0.8 1.7819{-5}  1.181M{-5) 1.M937(-5) 1.0175{(-5) 9.5043{-&)
-0.6 1.6522(-5)  1.4243{-5) 1.2139(-5) 1.2178(-%) 1.1336(-5)
-0.4 1.9182{-5) 1.7522(-5) 1.A095{(-5) 1.4887(-5) 1.3775{-5)
-0.2 2.4303(-5}  2.20R6({-5)  2.0188(-5) 1.B&47(-5) 1.7119(-5}
U 3.1697(-5)  2.8631(-5) 2.6020(-5) 2.3774{-5) 2.1827({-8%)
0.2 4.2440(-5)  3.2070(-5)  3.4370(-5) 3.1206{(-5) 7.B477(-5)
0.4 5.7282(-5}  B.1031(-5}  4.5769(-%) 4.1295{.5)  3.7457{-5)}
v g.6 7.5871(-%) 6.7214(-5) 5.9961(-5) 5.3822(-5) . 4.8578(-%)
0.8 9.6807(-5)  8.5428(-5) 7.5928{-%) 6.7913(-5) 6.1087(-%)}
1 1.1860{-4} 1.0440(-4) 9.2568{-5) 8.2607(-5} 7.4141(-5)
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Table 6.14 The group fluxes #5(2)
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i Z =2 zZ = 2p+hq/2 z =15
1 1.0112 1.9270(-1) 6.2131{-3}
2 3.8166(-3) 5.1851(-3) 1.3399{-4)
3 2.0235(-3) 2.3027 (-3} 4.7871{-5)
4 1.2877(-3) 1.2863(-3) 2,4981(-5)
5 1.2533(-3) 1.3082(-3) 2.4979{-5)
6 6.9222(-4) 5.8515(-4) 1.0738{-5)
7 5.4114(-4) 4,2893{-4} 7.7753(-6)
8 4,3784(-2) 3.2930(-4) 5.9019(-6)
9 3.6347{-4) 2.6157(-4) 4.6376(-6)
10 3.6290(-4) 2.5884(-4) 4.5126(-6)
11 2.6722(-4) 1,7926(-4) 3.1007{-56)
12 2.3762(-4) 1.5160(-4) 2.5970(-68}
13 2.0497(-4) 1.2999(-4} 2.2080(-5)
14 1.8241(-4) 1.1293{-4) 1.9006( -6}
15 1.636G(~4) 9.9125{-5) 1.6634{-6)
16 1.4796(-4) 3.7789(-5) 1.4514{-5)
17 1.3459(-4} 7.8364{-5) 1.2842(-8)
1B 1.2311({-4) 7.0410(=5} 1.1443(-6}
19 1.1317{-4) 6.3655(-5} 1.0259{-6)
20 1.0443{-4) 5.7858(-%) 9.2482(-7)
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Table 6,15 The group albedos A;" and the transmission factors B:*

Present Work

w

®

*

1 Ay Ry A4 B

1 5.2809(-3)  1.0453(-2) 5.9821(-3)  1.0439(-2)
2 2.2791{-3)  1.9993(-4) 2.2798(-3)  1.9965(-4)
3 1.2939(-3)  6.9012(-5) 1.2944{-3}  6.8915{-5)
4 2.6280(-4)  3.5303(-5) 8.6319(-4)  3.5345(-5)
5 8.5170(-4)  3.5350{-5) §.5202(-4)  3.5300(-5)
6 1.9662{-4)  1.4899(-5) 1.9692(-4)  1.4879(-5)
7 3.9706(-4)  1.0716(-5) 1.9733(-4)  1.0702(-5)
8 3.2763(-4)  8.0863(-6) 3.2787(-4)  8.0757(-6)
: 2.7671(-8)  6.3202(-6) 2.7693(-4)  6.3119(-6)
10 2.7956(-4)  6.1271(-6) 2,7977(-4)  6.1191(-6)
1 2.0089(-4)  4.1837(-6) 2.1007(-4)  4.1782(-6)
12 1.8491(-4)  3.4892(-6) 1.8508(-4)  3.4847(-6)
13 1.6476(-4)  2.9545(-6) 1.6491(=4)  2.9506(-5)
14 1.4814(-8)  2.5332(-6) 1.4828(-4)  2.5299(-6)
15 1.3823(-4)  2.1953(-6) 1.3035(-4)  2.1924(-6)
16 1.2242(-4)  1.,9200{-6) 1.2253(-8)  1.9174(-6)
17 1.1229(-8)  1.6927(-6) 1.1240{-4)  1.6904(-6)
18 1.0352{-4)  1.5029(-5) 1.0362(-4)  1,5009(-6)
19 9.5859(-5)  1.3428(-6) 9.5952(-5)  1.3409(-6)
20 8.9125(-5)  1.2064(-5) 8.9210{-5)  1,2047{-6)
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7. CONCLUSIONS

In this work we have successfully used the Fy method to solve basic
multigroup transport problems in plane geometry., We have concluded from
our studies that the Fy method is capable of producing accurate results
for the considered miltigroup model and that the most interesting aspect
of the method seems to be the capability of finding the angular fluxes
emerging from a slab for a given group by using only the boundary data
and established emerging fluxes for preceding groups. This feature of
the Fy method is a particularly attractive one fer shielding calculations
where frequently the interior angular fluxes are net of primary fnterest.
In a few situations where the knowledge of the interior fluxes is
important, e.g., gamma-ray heating, these can be readily computed in our
method from the previously determfned boundary fluxes.

We note that for most cases the results deduced from the methed of
dfscrate ordinates are clearly adequate--especially when we consider the
magnitude of the uncertainties normally associated with the input data,
However, for strong absorption and/for optically thick slabs, increased
computer time will be required by strictly numerical methods to achfeve a
desired degree of accuracy--a characteristic not shared by the Fy method.
In fact, we have observed that slabs with strong absorpticn and/or Jarge
optical thickness is precisely the most favorable situation for the Fy

method, in the sense that accurate results can be produced with & small N,
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The primary objective of our work on the numerical aspects of the Fy
method was to extract the maximum gbtainable agcuracy from the method
with a reasonable amount of computation time. Thus, several improvements
wera incorporated into the numerical framework of the Fy method during
the course of this research:

a. the use of the orthogonal basis P, {2u-1} instead of powers p2

b. the use of a coliocation scheme based on the zeros of Chebyshey

polynomials 1n contrast to the previously used equally spaced
schemes

¢. intreduction of a new technique for computing the angular

fluxes accurately for all .
It was not our aim to compare the computational efficiency of the Fy
method with that of existing methods in this work; clearly this is an
important aspect that needs to be studied, and topics such a3 & study of
alternative techniques for computing the required functions, the
viability of using single precision throughout the developed computer
programs and the task of optimizing the developed computer programs are
interesting aspects that deserve consideration. It is our feeling,
however, that cur methad 15 competitive, especially if only boundary
quantities are desired fn & calculation.

Additional recommendations for future research fnciude the extension
of the method for multiplying media and inclusion of upscattering in the
transfer metrix. These should be rather simple extensions but very

valuable for applications in reactor analysis., The extension of the
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method to spherical and cylindrical geometries and time-dependent

problems seems possible, at least for =imple problems.
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