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ABSTRACT 

GARCIA, ROBERTO DAVID MARTINEZ. The FM Method Appl ied to Mul t igroup 

T ranspor t Theory in Plane Geometry. (Under the d i r e c t i o n of CHARLES 

EDWARD SIEWERT.) 

A study of mul t igroup t ranspor t theory f o r the specia l case of 

slowing-down in plane geometry i s r epo r t ed . An iso t rop i c sca t te r i ng 

e f f e c t s are included by using an L'*̂ '̂  o rder Legendre expansion of the 

t r a n s f e r cross sec t i on . The theory reduces the c a l c u l a t i o n of the 

r e f l e c t e d and t ransmi t ted angular f l u x e s to a sequence of one-group 

problems i n v o l v i n g only angular f l u x e s at the boundar ies. The theory i s 

then extended to y i e l d the angular f l u x at any l oca t i on w i t h i n a s lab . 

The method is used to es tab l i sh p a r t i c u l a r l y accurate so lu t ions fo r 

severa l t e s t problems. The computational aspects of the method are 

s t u d i e d , and numerical r e s u l t s are g i v e n , accurate to f i v e s i g n i f i c a n t 

f i g u r e s , f o r a l l considered problems. 
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1. INTRODUCTION 

The task of so lv ing the s t e a d y - s t a t e , energy-dependent, l i n e a r 

t r anspo r t (Boltzmann) equation in plane geometry wi thout azimuthal 

dependence 

u I ' i z . P . E ) + o ( z , E ) < l ' (z ,y ,E) 
o Z 

= / / a ( z . E ' ) f ( z ; u ' . E ' - i i , E ) i | . ( z . u ' ,E ' )dM ' dE ' 

+ Q ( z , u , E ) (1.1) 

i s f r equen t l y encountered in t ranspor t problems. I t i s wel l known that 

the Boltzmann equa t ion , formulated in e a r l y s tud ies on k i n e t i c theory of 

gases (Bol tzmann, 1872), plays also an important r o l e in the f i e l d s of 

r a d i a t i v e t r a n s f e r (Chandrasekhar, 1950), neutron t ranspor t theory 

(Dav i son , 1957), r ad i a t i on sh ie ld ing ( G o l d s t e i n , 1959), and r a r e f i e d gas 

dynamics ( C e r c i g n a n i , 1969). In the context of neutron t ranspor t theory 

i | ' ( z , y , E ) , the fundamental quant i ty in equat ion ( 1 . 1 ) , i s known as the 

energy-dependent angular f l u x , a f unc t i on of the space va r i ab le ( z ) , the 

d i r e c t i o n cosine of the neutron v e l o c i t y w i th respect to the z - a x i s ( P ) , 

and the neutron energy ( E ) . In a d d i t i o n , a ( z , E ) denotes the macroscopic 

t o t a l cross s e c t i o n , f ( z ; y ' , E ' - » - Í Í , E ) the t r a n s f e r p r o b a b i l i t y (both are 

assumed t o be known expe r imen ta l l y ) and Q ( z , u , E ) represents extraneous 

sources that may be present throughout the host medium. 



In t h i s mrk the mult igroup method (Dav ison , 1957; Bel l and 

G lass tone , 1970) is employed to d i s c r e t i z e the energy dependence of 

equation (1.1) and the r esu l t i ng set of mul t igroup equations fo r a c lass 

of r ad ia t i on t ranspor t problems is so lved by an extens ion of the 

method i n i t i a l l y int roduced fo r monoenergetic neutron t ranspor t theory 

(S iewer t and Beno is t , 1979). 

In Chapter 2, a rev iew of prev ious work in mul t igroup t ranspor t 

theory is presented and app l ica t ions of the F^ method since i t s 

i n t r oduc t i on as v/ell as i t s main c h a r a c t e r i s t i c s are summarized. 

In Chapter 3 a d e r i v a t i o n of the mul t igroup equations from equation 

(1 .1) is presented in an abbreviated manner and in Chapters 4 , 5, and 6 

basic mul t igroup problems are solved and accurate numerical r e s u l t s are 

repo r ted . 



2. REVIEW OF LITERATURE 

2.1 Mul t igroup Methods 

H i s t o r i c a l l y the mul t igroup approach to the Boltzmann equation 

o r i g i n a t e d from attempts to descr ibe the phenomenon of neutron t ranspor t 

in a more r e a l i s t i c manner than that provided by one-speed t h e o r y . 

E a r l y methods fo r so lv ing the neutron t ranspor t equation (Dav ison , 

1957) include the spher ica l harmonics method, genera l i zed fo r mul t igroup 

theo ry (Mandl, 1953) some years a f t e r i t s i n t roduc t ion (Mark, 1944, 1945; 

Marshak, 1947) and the d i s c r e t e ord inates method, based on rep lac ing the 

i n t e g r a l term in the t ranspor t equation by a numerical quadrature (Wick, 

1943; Chandrasekhar, 1944). The method ( C a r l s o n , 1953), a d i f f e r e n t 

v e r s i o n of the o r i g i n a l d i s c r e t e ord inates method, proved to be ve ry 

important from a p rac t i ca l point of view due to i t s c a p a b i l i t y of 

handl ing problems wi th a high degree of comp lex i t y . In t oday ' s computer 

codes t h i s method, inc lud ing a se r i es of improvements incorporated since 

i t s i n t r o d u c t i o n , is the most w ide ly employed technique fo r so lv ing the 

one-dimensional mul t igroup t ranspor t equa t ion . Although i t s u t i l i z a t i o n 

i n p rac t i ca l ca l cu la t i ons i s evidence of i t s m e r i t s , the method i s 

known to have d i f f i c u l t i e s in deal ing w i th deep-penetrat ion problems and 

s t rong absorbing media ( e . g . , reac tor con t ro l r o d s ) . 

A n a l y t i c a l methods were a lso developed fo r s tudying the mul t igroup 

t r anspo r t equat ion . Because these methods have l i m i t a t i o n s impeding 

( N O T I T U T O D £ P E ' - C U L" . P : . £ T I G - ' - S E N U C L E A R E S 
I. P . E. N . 



t h e i r app l i ca t ion to p rac t i ca l ca l cu la t i ons they are mainly used to 

obta in h igh ly accurate so lu t i ons to basic problems which can be used as 

standards f o r accuracy assessment of numerical methods. Another 

important aspect of ana l y t i ca l methods i s the fac t that so lu t ions can be 

c a r r i e d out in a systemat ic and r igo rous way and thus a g rea te r i ns i gh t 

i n to the mathematical s t r u c t u r e of the t ranspo r t equation is ga ined. In 

the past twenty yea rs the method of s i ngu la r e igen func t ion expansions has 

been employed much more than any other a n a l y t i c a l method, espec ia l l y in 

mul t igroup t h e o r y , and f o r t h i s reason a summary of the most important 

achievements of t h i s method seems appropr ia te here . Some basic proofs 

were c a r r i e d out i n i t i a l l y by Davison (1945) but severa l aspects remained 

obscure u n t i l Case (1960) demonstrated c l e a r l y the adequacy of the method 

f o r one-speed neutron t ranspo r t t h e o r y . A l a rge number of papers devoted 

to two-group neutron t ranspo r t theory w i th i s o t r o p i c or l i n e a r l y 

an i so t rop i c sca t te r i ng is ava i l ab le in the l i t e r a t u r e (McCormick and 

Kuscer , 1973). The reader i s r e f e r r e d , f o r example, to the works of 

Ze lazny and Kusze l l (1961), Siewert and Shieh (1967), Metcalf and Zwei fe l 

(1968a, 1968b), Siewert and I sh igu ro (1972), Re i th and Siewert (1972), 

S iewe r t , Bu rn i s ton , and K r iese (1972) and Bu rn i s ton , M u l l i k i n , and 

Siewert (1972). Several papers w i th numerical r e s u l t s f o r va r ious basic 

problems in two-group theory are also ava i l ab le and some stud ies not 

r e s t r i c t e d to the two-group case have been r e p o r t e d , f o r example, by 

Yoshimura and Katsuragi (1968) and Pahor and Shu l t i s (1969a, 1969b) f o r 

i s o t r o p i c sca t t e r i ng and Leuthauser (1971) f o r l i n e a r l y an i so t rop i c 

s c a t t e r i n g . Some works based on modal expansions f o r the energy v a r i a b l e 



i n the t ranspor t equat ion that y i e l d e s s e n t i a l l y the same mul t igroup 

equations have been repor ted in the l i t e r a t u r e . Among o t h e r s , re fe rence 

can be made to the works of Bednarz and Mika (1963), Zumbrunn (1965), 

Leonard and F e r z i g e r (1966a, 1966b), Shu l t i s (1969), and S i lvenno inen and 

Zwe i fe l (1972). The method of Bowden and co -worke rs , based on the 

a n a l y t i c cont inuat ion of the u - va r i ab le in to the complex plane (Bowden, 

McCrosson, and Rhodes, 1968; Bowden and Bui l a r d , 1969), has also been 

extended to mul t igroup t ranspor t theory wi th i s o t r o p i c sca t te r i ng (Bowden 

and McCrosson, 1971). I t i s apparent from a l l these works, however, that 

an ex t rao rd ina ry computational e f f o r t would be requ i red to so lve 

mul t igroup problems w i th ve ry general sca t te r ing laws by pure ly 

a n a l y t i c a l methods. 

Several add i t iona l methods appl icable to mul t igroup theory are 

a v a i l a b l e in the l i t e r a t u r e (Wi l l i ams , 1971); a rev iew of numerical 

methods in neutron t ranspor t theory has been r e c e n t l y completed by 

Sanchez and McCormick (1981). 

2.2 The FN Method 

The Ffj method was int roduced i n i t i a l l y in one-speed neutron 

t ranspor t theory by Siewert and Benoist (1979). Some s i m i l a r i t i e s w i th 

the C^ method (Benoist and Kavenoky, 1968) were apparent but soon i t was 

r e a l i z e d that the method could be der ived in an independent and simpler 

way (Grandjean and S i e w e r t , 1979) by using the f u l l - r a n g e o r thogona l i t y 

p roper t i es of the s i ngu la r e igenfunct ions (Case and Z w e i f e l , 1967). The 

method was extended f o r so lv ing problems wi th L *̂̂  o rder an iso t rop ic 
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sca t te r i ng ( S i e w e r t , 1978), fo r problems in spher ica l geometry (S iewer t 

and Grandjean, 1979), and for mu l t i reg ion problems (Devaux, Grandjean, 

I s h i g u r o , and S iewer t , 1979). Other app l i ca t ions include p o l a r i z a t i o n 

s tud ies ( S i e w e r t , 1979; Maiorino and S iewer t , 1980), r a r e f i e d gas 

dynamics ( S i e w e r t , Ga rc i a , and Grandjean, 1980), r a d i a t i v e t r a n s f e r in 

inhomogeneous atmospheres (Mu l l i k in and S iewer t , 1980; Garcia and 

S iewer t , 1981a, 1982a), az imuthal ly-dependent problems (Devaux and 

S iewer t , 1980), t ranspor t of neutra l hydrogen in plasmas ( G a r c i a , 

Pomraning, and S iewer t , 1982) and k i n e t i c theory ( L o y a l k a , S iewer t , and 

Thomas, 1982). 

B a s i c a l l y , in plane geometry, the method s t a r t s by de r i v ing a set of 

s ingu la r i n t eg ra l equations and cons t ra in t s fo r the surface angular 

f l u x e s . By approximating the unknown sur face f l u x e s in terms of 

appropr ia te basis funct ions and using c o l l o c a t i o n , a set of l i n e a r 

a lgebra ic equations that can be solved by standard techniques is obtained 

f o r the c o e f f i c i e n t s in the approx imat ion. Once the l i nea r system i s 

so lved and the sur face f l uxes are e s t a b l i s h e d , s im i l a r ideas can be used 

t o der ive the angular f l u x at any pos i t ion ins ide the slab (Devaux, 

S iewer t , and Yuan, 1982; Garcia and S iewer t , 1982b). Computat ional ly , 

the method is easy to use and can y i e l d accurate numerical r e s u l t s . 

With regard to mul t igroup t ranspo r t t h e o r y , Siewert and Benoist 

(1981) and Garcia and Siewert (1981b) genera l i zed the method fo r 

slowing-down problems wi th i so t rop i c s c a t t e r i n g . An extens ion of the 

method to mul t igroup problems wi th L^h order an iso t rop ic sca t te r i ng was 

a lso developed (Garc ia and S iewer t , 1982c). 



3. THE MULTIGROUP EQUATIONS 

In t h i s chapter we rev iew b r i e f l y how the mul t igroup equations can 

be obtained from equation ( 1 . 1 ) . Fur ther d e t a i l s can be found in 

standard re ferences on neutron t ranspor t theory (Dav ison , 1957; Bell and 

Glass tone , 1970). 

Here we assume ro ta t i ona l symmetry f o r sca t te r i ng e v e n t s , i . e . , the 

t r a n s f e r p r o b a b i l i t y i s a func t ion of the cosine of the sca t te r i ng angle 

as viewed in the labora to ry system ( y o ) . In a d d i t i o n , we assume the 

fo l l ow ing Legendre representa t ion to be v a l i d : 

1 L 
a ( z , E ' ) f ( 2 ; E ' > E , y o ) = - I ( 2 ; i + l ) a A ( z ; E ' ^ E ) P j i ( y o ) (3.1) 

^ t.=0 

where 

1 
a j ( . { z ;E ' *E ) = / a ( z , E ' ) f ( z ; E ' * E . y o ) P i i ( y o ) d y o • (3-2) 

-1 

I f equation (3.1) is subs t i t u ted in to equation (1.1) and the add i t ion 

theorem fo r the Legendre polynomials is used, we obtain 

3 
y — t ( z , y , E ) + o ( z , E ) i | » ( z , y , E ) 

3z 

1 L 1 
= - I ( 2 A + l ) P j i ( y ) / a i ( z ; E ' ^ E ) / t ( z , y ' , E ' ) P j i ( y ' ) d y ' d E ' 

^ 1=0 -1 

+ Q ( z , y , E ) . (3 .3) 



At t h i s point the energy i n t e r v a l of i n t e r e s t is d i v ided in M 

sub in te r va l s (groups) and equation (3.3) i s i n teg ra ted over the energy 

range f o r each s u b i n t e r v a l . In g e n e r a l , the groups are numbered such 

tha t the i*"^ group contains a l l energ ies Ei ^ E E ^ . i . We o b t a i n , f o r 

i = 1 , 2 , . . . ,M , in the absence of upsca t te r i ng : 

u - * i ( z , y ) + O i ( z ) ' l ' i ( z , i i ) 

1 ' ^ 

= - I I aT j (£ , z )PA(u )< t . j , i i ( z ) + Q i ( z , u ) (3.4) 

where 

1 ' i { z , y ) = / ^ ' " ^ M z . u . E ) d E , (3.5) 
Ei 

-1 E,-_i 
a i ( z ) = ( z , u ) / a ( z , E ) i P ( z , P , E ) d E , (3.6) 

Ei 

- P j - . A ^ ^ ) = ^\ 1 ' j(z, i i )Pj i (u)d»i , (3.7) 

and 

O i j ( ^ , z ) 

= (2i l+l)<|.j^(z) /^^"^ * j i ( z , E ' ) / ^ ' " ^ a j i ( z ; E ' - E ) d E dE' (3.8) 

w i th 

<l'£(z,E) = 1'(z ,P ,E)P£(y)dp . (3.9) 
-1 



In a d d i t i o n , 

E i -1 
Q i ( z . M ) = / Q(2 , u ,E )dE . (3.10) 

Ei 

S t r i c t l y speaking, equations (3.4) through (3.9) de f ine a system of 

coupled non l inear equations and one could argue that ve ry l i t t l e was 

accomplished in t h i s s tep . Furthermore the r i gh t -hand -s ide of equation 

(3 .6 ) depends on u and thus i t would be l og i ca l t o expect a^{z) a lso to 

be dependent on p. One simple way to avoid t h i s unpleasant s i t u a t i o n is 

to postu la te that the energy-dependent angular f l u x can be represented by 

a separable func t ion ins ide each energy group j = 1 , 2 , . . . , i : 

Hz,u,E) = F j ( z , y ) G j ( E ) , E e [ E j , E j _ i ] , (3.11) 

w i t h the a r b i t r a r y normal iza t ion 

E j - l 
/ ^ G i ( E ) dE = 1 . (3.12) 

With these assumptions the non l inear system reduces to equation (3.4) 

p lus 

E i -1 
a i ( z ) = / a ( z , E ) G i ( E ) dE (3.13) 

Ei 
and 

E j - l E i . i 
a i j ( £ , z ) = (2il+l) / G j { E ' ) / a i ( z ; E ' * E ) d E dE' . (3.14) 

Ej El 

( M O T I T U T O . L L PL ^ O U . f r ; R : :T iC- - .S E N U C L E A R E 8 
I. r . 
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We cannot expect to c a r r y out an exact approach any f u r t h e r . A 

reasonable procedure i s to choose e x p l i c i t rep resen ta t ions f o r G j ( E ) , 

j = 1 ,2 , . . . , i — i n f i n i t e medium so lu t ions are usua l l y the best choice—and 

use a i ( z ) and a^^{z,z) from equations (3.13) and (3.14) as g iven inputs 

f o r so l v ing equation ( 3 . 4 ) . Once ^ - j í z . u ) i s ava i l ab le f o r i = 1,2 M, 

a be t te r rep resen ta t i on f o r ' I ' ( Z , M , E ) in terms of energy may be a v a i l a b l e 

and improved group-averaged cross sec t ions may be computed from equations 

(3.13) and (3 .14 ) . I f any s i g n i f i c a n t d i f f e rence i s found in the 

so lu t i on of equation (3 .4) w i th t h i s improved c r o s s - s e c t i o n set an 

i t e r a t i v e procedure may be used un t i l the agreement is s a t i s f a c t o r y . 

A l t e r n a t i v e approaches to the problem have been repor ted in the 

l i t e r a t u r e (Be l l and G lass tone , 1970). 

We note that so f a r no s p e c i f i c a t i o n concerning the nature of the 

i n t e rac t i ng p a r t i c l e s has been made. Since we are i n te res ted in 

app l i ca t ions f o r r a d i a t i o n s h i e l d i n g , equat ion (3 .4) can be considered 

s p e c i f i c a l l y f o r neutrons and gamma r a y s . Of course the appropr ia te 

slowing-down mechanisms must be considered f o r each case when de f in ing 

the group-averaged cross sect ions by equations (3.13) and (3 .14) . T h u s , 

f o r neutrons in the absence of f i s s i o n a b l e m a t e r i a l , absorpt ion and 

sca t te r i ng are the dominant i n te rac t i ons (Dav ison , 1957) w h i l e , f o r gamma 

r a y s , pho toe lec t r i c e f f e c t , Compton sca t t e r i ng and pa i r product ion ( f o r 

energ ies above 1.022 MeV) must be considered ( G o l d s t e i n , 1959). 
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4. A SINGLE SLAB WITH ISOTROPIC SCATTERING^ 

4.1 In t roduc t ion 

In t h i s chapter we consider the problem of so lv ing equation (3.4) 

f o r the case of a homogeneous, s o u r c e - f r e e , non-mul t ip ly ing s l a b , 

z e [ L , R ] , in the i s o t r o p i c sca t te r i ng model. We thus w r i t e , f o r 

i = 1 ,2 , . . . ,M , 

9 1 ^ 
y — i | ) i ( z , y ) + ai t i ( z . u ) = - I a i j ( |) j(z) (4.1) 

^ j = l 

subject to the boundary condi t ions 

i j^i (L , j i ) = L i ( y ) , y > 0 , (4.2a) 

and 

i | » i (R , -y ) = R i ( y ) , y > 0 , (4.2b) 

where L i ( y ) and R i ( y ) are considered s p e c i f i e d . Here we fo l low the 

analysi is of Siewert and Benoist (1981) to reduce the problem of f ind ing 

the emerging angular f l uxes re levant to equations (4.1) and (4.2) to a 

sequence of one-group problems i nvo l v i ng only the boundary data and 

es tab l i shed emerging f l uxes fo r preceding groups. 

^ Th i s chapter is p a r t i a l l y based on a paper publ ished in Nuclear Science 
and Engineer ing (Garc ia and S iewer t , 1981b). 
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4.2 Ana l ys i s 

We note tha t a Wiener-Hopf f a c t o r i z a t i o n f o r the d ispers ion mat r ix 

i n the case of a t r i a n g u l a r t r a n s f e r mat r i x has been i nves t i ga ted by 

Larsen and Zwe i fe l (1976). Our approach, however, i s based on so l v ing a 

sequence of one-group problems. We thus begin by express ing the so l u t i on 

f o r the f i r s t group in terms of the elementary so lu t ions (Case and 

Z w e i f e l , 1967): 

- a i z / v ^ aiz/^i 
^l{z,v) = A(vi)(|)i(vi,p) e + A(-vi ) ( i)i ( -v ;^ ,y) e 

1 - a ^ z / v 
+ A i ( v ) ( t ) i ( v , y ) e dv (4 .3) 

where , in g e n e r a l , 

<(.i(vi,u) = 1 Ci v i(-i_-) (4.4a) 

<t>i(v.y) = ^ c^v Pv^--i--^+ (1 - Civ tanh-1 v)6(v - u) . (4.4b) 

Here c-j = cji-j/oi and is the p o s i t i v e ze ro of the d ispers ion func t i on 

A i ( z ) = 1 + J Ci z / . (4 .5) 
2 _i y - z 

I f we use the f u l l - r a n g e o r t hogona l i t y cond i t i on (Case and Z w e i f e l , 

1967), 

and 
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-1 
(4.6) 

where ±C, ±5'ePi = v ^ u C C l ] , we can deduce from equation (4.3) the 

f o l l ow ing s ingu la r i n t eg ra l equations and c o n s t r a i n t s f o r the emerging 

f l u x e s ^ ^ ( L . - u ) and i | ' i ( R , u ) , P > 0: 

1 ±Ai / C 
/ u 'l>i(±5,y) [ I ' l d . u ) -e ^ ( R ' l ' ) ^ = ^ > 
-1 

CePi . (4.7) 

where, in gene ra l , = a i ( R - L ) . We can r e w r i t e equation (4.7) as 

/ w <t)i(5,y) 1 ' I ( L , - M ) du 
0 

-Ai /C 1 
+ e J P <|)i(-C,u) ' l ' i (R ,p ) dy 

0 
= U i (5 ) (4.8a) 

and 

1 
/ y <t)i(c,ii)i|'i(R,y) dy 
0 

- A i / S 1 
+ e / y <(. i ( -^.^) n(L.-i^) dy = V i ( ? ) (4.8b) 

0 

where CePj and the known inhomogeneous terms a r e , in g e n e r a l . 

1 
Ui (5 ) = / y <t)i(-5,y) L i ( y ) dy 

0 

-A i /5 1 
+ e / y <|)i(5,y) R i ( y ) dy (4.9a) 

0 

- S £ N U C L E A R E S 
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\ 

and 

1 1 
V i ( 5 ) = / y<|>i ( -?,y)Ri(u)dy + e / u * i ( 5 , y ) L i ( p ) d y . (4.9b) 

0 0 

Equations (4.8) can be s o l v e d , f o r example, by the Ff̂  method 

(S iewer t and Beno is t , 1979), and thus we now consider the second group. 

We w r i t e 

- 0 2 2 / ^ 2 a2Z/v2 

t 2 ( z , y ) = A(v2)(t)2(v2.y) e + A( -V2) ( t )2 ( -V2>^ ' ) ^ 

1 -a2Z/v I I 
+ / A2(v)<t'2(^»'^)e dv + - 021 t 2 i ( z , y ) (4.10) 

-1 2 

where i | ' 2 i ( z ,u ) denotes a p a r t i c u l a r so lu t i on of 

3 1 1 
M — i | ' ( z , u ) + 02 1 ' (z ,y ) = r 022 / 'i>{z,v') dp' + <|>i(z) . (4.11) 

3z 2 _l 

We can use equations (4.6) and (4.10) to deduce, f o r CeP2. 

1 ±¿2/5 
p <j)2(±5,p) [1'2(L .P) - e 1'2(R.i^)]dP 

= I «21 W2l(±5) (4.12) 

where 

1 t ^ 2 / ^ t 
W2i(5) = / P *2(5 ,P) [ l ' 2 l ( L . i ' ) - e 1'2l(R.i^)] dp . (4.13) 
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Noting that ^21^Z,M) can be expressed i n terms of the in f in i te -medium 

Green 's f unc t i on (Case and Z w e i f e l , 1967) basic to equation (4 .11 ) , we 

w r i t e 

^lli^'^) = / '^ '^^2(^0 * ^) "t'l(zo) dzQ (4.14) 

where, in g e n e r a l , f o r z > Z Q . 

I - a i ( z - z o ) / V i 
Gi (zo^z i i ^ ) = j ^ - f ^ * i ( v i . y ) e 

1 1 - a i ( z - z o ) / v 
+ / ' < i , i (v ,y) e dv (4.15a) 

0 N i ( v ) 

and, f o r z < Z Q . 

1 , , a i ( z - z o ) / V i 
S i ( Z O - Z ; I I ) = - ^ • ( - V i . P ) E 

1 1 0 - I ( z - Z N ) / v 
. J _ I _ <t, i (-v.u) e ' dv . (4.15b) 

0 N i ( - v ) 

In a d d i t i o n . 

N 

and 

N i ( v ) = v [ ( l - Ci V tanh-1 v ) 2 + I Tr2v2c^-2] . (4.16b) 
4 
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A f t e r using equations (4.14) and (4.15) in equation (4.13) we f i nd 

-a2L/5 R oizll 
W2l(0 = - e / +1(2) e dz (4.17) 

L 

and thus we can w r i t e equation (4 .12 ) , fo r CeP2, as 

1 
/ u (|)2(C,y) ' l ' 2 (L . - y ) du 
0 

-A2/C 1 1 
+ e / u <|)2(-C,ii)i|<2(R.y) dy = U2(0 + - «215121(0 (4.18a) 

0 2 

and 

1 -A2/5 1 
/ y *2(5>n)' l '2(R»y) dy + e / y <))2(-5,y)i |»2(L,-y) dy 
0 0 

= V2(0 + \ a2i5J2l(0 (4.18b) 

where 

and 

a2L/C R -a2Z/5 
5l2l(0 = e / <|.i(z) e dz (4.19a) 

L 

-a2R/? R ozzll 
CJ2 i (C) = e / <|.i(z) e dz . (4.19b) 

L 

Because ¡21(5) and J 2 l ( C ) are g iven in terms of i^\{z) i t i s c l ea r that 

the r ight -hand sides of equations (4.18) can be determined once the 

so lu t i on fo r the f i r s t group is ava i l ab le fo r a l l z . However, i f the 

pr imary i n t e r e s t i s in the so lu t ion at the boundar ies, a theory that 
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deals e x c l u s i v e l y w i th the so lu t ion at the boundaries can be developed. 

C l e a r l y , to accomplish t h i s we need to express l2l(5) and J2l(5) in terms 

o f t lCL,!! ) and i^iCR,!!), i i e [ - l , l ] . We can w r i t e equation (4.1) f o r the 

f i r s t group as 

3 a iz /y 1 aiz/ii 
u — [n(z.M) e ] = - o n e <|.i(z) (4.20) 

and i n teg ra te equation (4.20) to f i n d , fo r 5eC0,02/01], 

2 <s\ -A2/5 
l2l(5) = — — [n(l-.-ai5/o2) - Rl{oiC/o2) e ] (4.21a) 

o n 02 

and 

2 a i -A2/5 
J2 l (5 ) = — — Ct l (R.ai5 /<'2) - Li(n5/02) e ] . (4 .21b) 

<̂ 11 «̂ 2 

I t i s c lear that equations (4.21) express l2l(C) and J2l(C) in terms of 

the boundary f l u x e s ; however these equations are not s u f f i c i e n t since 

121(C) and J2i(5) are requi red f o r a l l CeP2 i n equations ( 4 . 1 8 ) . In 

a d d i t i o n , equations (4.21) cannot be used i f o\\ = 0 and a l t e r n a t i v e 

express ions needed for t h i s special case w i l l be provided l a t e r . We can 

fo rma l l y so lve equation (4.20) and in teg ra te the resu l t i ng equation to 

f i n d 

1 R 

= K l ( z ) + ^ '^ll / * l(2') El(<^l|z - z ' l ) dz' . (4 .22) 

where E i ( x ) i s one of the exponent ia l i n t eg ra l funct ions and, in g e n e r a l . 
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1 -adz-D/v - o , - ( R - z ) / M 
K j ( z ) = / aj(y)e ^ + Rj(y)e ]dy . (4.23) 

I f we mu l t i p l y equation (4.22) by e x p ( - z / s ) , i n t eg ra te over z and use 

equat ions (4.19) and (4 .21 ) , we f i n d that 

A i ( a i 5 / a 2 ) l 2 l ( 5 ) 

1 -^2/5 dy 
= / v i [ ' l ' l ( L , y ) - i | ' i ( R , y ) e ] (4.24a) 

- 1 02 y + C 

and 

A i ( o i 5 / a 2 ) J 2 l ( 5 ) . 

1 -^2/5 dy 
= / y[n(R.i^) - n (L .u ) e ] — — (4.24b) 

- 1 2 - 1 ^ 

f o r C^C -c2 /a i , 02/01] . Equations (4.24) can t h e r e f o r e be used to compute 

the l 2 l ( 5 ) and J2 i (5 ) requ i red in equations (4.18) f o r 5^[0, 02 /01] , 

except i f oi5/o2 = ^ i . T h i s special case w i l l be discussed l a t e r . 

We now consider the ex tens ion of the forego ing ana lys i s to the î *̂  

group. As be fo re , we w r i t e 

- o ^z / v i o^z / v i 
' i ' i ( z , y ) = A ( v i ) <t>i(vi,y) e + A ( - v i ) < j ) i ( -v i ,y ) e 

1 - o ^z / v 1 i - l t 
+ / A i ( v ) <t)i{v,y) e dv + - I o^j i | ' i i ( z , y ) (4.25) 

-1 2 j = l 

where 

R 
l ' i j ( z . p ) = / Gi (Zo - z ; y ) ' l>j(Zo)dZo. (4.26) 

I. P . b . N . 
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The appropr ia te gene ra l i za t i ons of equations (4.18) a re , f o r 5eP i , 

1 - A i A 1 
/ y <l>i(5,y) ^ i ( L , - y ) dy + e J y <t)i(-5,y) 1 ' i (R,y) dy 
0 0 

1 '̂-1 
= Ui(0 + - C l o i j l i j ( 0 (4.27a) 

^ j = l 
and 

1 - A i / 5 1 
/ y (t>i(5,y) * i ( R , y ) dy + e J y <t>i(-?,y) 1 ' i ( L , - y ) dy 
0 0 

1 
= Vi(0 + ; e I Oij Jij ( C ) (4.27b) 

where 

2 j = i 

O i l / ? R -OiZ / e 
5 I i j ( 5 ) = e / * j ( z ) e dz (4.28a) 

and 

-a iR /5 R O i z / C 
5 J i j ( C ) = e / <|)j(z) e dz . (4.28b) 

• • « 

We now w r i t e equation (4.1) f o r the j * ^ group as 

y - [ ' i ' i ( z , y ) e ' ] = ; e ' I o^^ ^ ( z ) (4.29) 
9z 2 

and i n t e g r a t e to f i n d the gene ra l i za t i ons of equations (4.21) t o be, f o r 

S e [ 0,l/Sij]. 

1 
l i j ( 0 = — [ X i j ( 5 ) - I ojk l i k (0 ] (4-30a) 

k=i 
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and 

1 
J^ . j (5 ) = — [ Y i j ( C ) - I J i k ( 0 ] (4.30b) ' ' J J k=l 

where s-j j = » 

X i j ( 5 ) = 2 S i j [ t j ( L , - S i j O - R j ( S i j C ) e ] (4.31a) 

Y i j ( ? ) = 2 S i j [ ^ j ( R . S i j O - L j(Sij5) e ] . (4.31b) 

We can mu l t i p l y the g e n e r a l i z a t i o n of equation (4 .22 ) , 

and 

* i ( z ) = K j ( z ) + - I / * k ( z ' ) E i ( a j | z - z ' l ) dz ' . 
^ k=l L 

by e x p ( - z / s ) and i n t eg ra te over z to f i n d , f o r 5 ^ C - l / s - j j , l / s - j j ] , 

1 -Ai /5 dy 
A j ( s i j O l i j ( 5 ) = / y C l ' j ( L , y ) - t j ( R . y ) e ] — 

(4.32) 

and 

.1 J J oiu+aj? 

1 
- - ^ ( s i j O I Iik (5) (4.33a) 

k=l 

1 dy 
Aj (s i j 5)Jio ( 0 = y C l ' j (R .w) - *j (L.y) e ] 

1 
. _ A ( s i j C ) I Jik(0 (4.33b) 

°j k=l 

where 
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A(z) = i z — . (4.34) 
2 .1 y - z 

Equations (4.30) and (4.33) can be used to compute the l i j ( C ) and J i j ( 5 ) 

requ i red in equat ions (4 .27 ) , provided that o j j j 0 in equations (4.30) 

and s-jjC ^ Vj i n equations (4.33)^ The fo l l ow ing a l t e r n a t i v e s to 

equations (4.30) f o r o j j = 0 can be de r i ved by l e t t i n g 5 approach the cut 

i n equations (4 .33 ) , using the Plemel j formulas ( M u s k h e l i s h v i l i , 1953), 

and cons ider ing equations (4 .30) : 

1 -^ i /5 dy 
I i - ( 5 ) = P / y [ 1 ' i ( L , y ) - ' J / i (R ,y ) e ] 

1 1 dy 

2 -1 ^ - S i jC 

and 

1 - A i /C dy 
Oi J i j ( 0 = P / y [ ^ j ( R . y ) - ' P j d . y ) e ] 

- \ 5 Y i j ( 0 P / ^ - 3 ^ . - 0 . (4.35b) 

In the case that S i j 5 = ^j a l i m i t i n g procedure may be used as shown in 

the fo l l ow ing sec t ion to f i n d a l t e r n a t i v e express ions to equations 

(4 .33 ) . 

4.3 The FN Method 

In the prev ious s e c t i o n , exact ana l ys i s was used to reduce the 

problem of f i nd ing the sur face angular d i s t r i b u t i o n s re levan t to 
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equations (4.1) and (4.2) to a system of one-group problems, each of 

which i s based on ly on sur face r e s u l t s . We now wish to demonstrate that 

the Ffj method (S iewer t and Beno is t , 1979) can be used to e s t a b l i s h 

accurate numerical r e s u l t s f o r the considered mul t igroup model and 

e s p e c i a l l y f o r the cha l leng ing d e e p -pene t ra t ion problem. 

I t i s ev ident that the H- funct ion (Chandrasekhar, 1950), f o r 

example, can be used to conver t equations (4.8) t o a system of Fredholm 

i n t e g r a l equat ions which can, of course , be so lved by an i t e r a t i v e 

numerical method to y i e l d 1^1(1,-11) and ' P i ( R , u ) , u > 0. I t f o l l ows that 

equations (4.27) can , in a l i k e manner, be so lved f o r i = 2, then i = 3 

and so on. Rather than pursue t h i s exact a n a l y s i s , we p re fe r here t o use 

the F|\| method to develop a concise approximate s o l u t i o n . We t h e r e f o r e 

i n t roduce , f o r the group and u > 0, 

N 
t i ( L , - i i ) = R i ( u ) e x p ( - A i / u ) + I ai ,aPa(2P - D (4.36a) 

a=0 

and 

N 
iPi (R,p) = L i ( u ) e x p ( - A i / y ) + I bi^aPa(2y - D (4.36b) 

a=0 

i n t o equations (4.27) to f i n d 

N 
1 { a i , a B i , a ( 5 ) + C i e x p ( - A i / C ) b i ^ ^ A a ( C ) } = c^l^iK) 

a=0 
i-1 

+ I ' ' i j l i j ( 0 (4.37a) 
M 

and 
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N 
I t b i , a B i . a ( 5 ) + C i e x p ( - A i / 5 ) a i , a A a ( 5 ) > = C i J i ( C ) 

a=0 
i-1 

+ I « i j J i j ( ? ) (4.37b) 
j = l 

f o r a l l CePi. Here, f o r a > 1, 

/ 2 a - l \ / a - l \ 
Bi ,a(0 = ( — } (25 - l )B i , a - l (n " ( — ) h ,a.zi^) 

- I Ci«a,2 - C i S a . l (4.38a) 

wi th 

B i , o ( 5 ) = 2 - Ci [1 + Un{l + 1/0] (4.38b) 

and 

/ 2 a - l \ / a - l \ 
Aa(5) = - [—j (25 + l ) / \ a - l ( 5 ) - (—j Aa .2(5) 

+ ^ ^a,2 + ^«,1 (^ -^Qa) 

w i th 

AQ(5) = 1 - CAn| l + l/K\ . (4.39b) 

In equations (4.36) we use a Legendre basis Pa (2y-1) that is orthogonal 

on the ha l f range ue[n,l] i n order t o a v o i d , in subsequent systems of 

l i n e a r a lgebra ic equat ions, the i n v e r s i o n of i l l - c o n d i t i o n e d matr ices 

that have been encountered, f o r l a rge N, w i th the use (S iewer t and 

Beno is t , 1979; Grandjean and S iewer t , 1979) of the simple basis func t ions 

u^*. The func t ions and J i ( C ) requ i red in equations (4.37) are g iven 

in terms of the boundary data f o r the î ^̂  group, i . e . . 
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and 

1 

J i ( 5 ) = / ^ C L i ( p ) C i ( i i , 0 + R i (p )S i ( y , 0 ] d P (4.40b) 
0 

where 

and 

1 - e x p ( - A , - / y ) expC-A^/C) 
S i ( p . C ) = (4.41a) 

M + 5 

e x p ( - A i / y ) - e x p ( - A i / C ) 
C i (u , 0 = . (4.41b) 

u - K 

The add i t iona l known terms i n equations (4.37) represent "s lowing-down" 

con t r i bu t i ons to the group. Thus f o r 5 e [ 0 , l / s i j ] we w r i t e equations 

(4.30) as 

N j -1 
ajjlij(?) = 2Si j 1 a j ,cxPa(2si jC-l) - I o^^l^^i^) (4.42a) 

a=0 I<=1 

and 

N j -1 
ajjJij (C) = 2Si j I bj^ctPa(2Sij5-l) - I ' ^ j k J i k (5 ) • (4.42b) 

a=0 k=l 

For C ^ [ 0,l / S i j ] we deduce from equations (4.33) tha t 

^ j ( s i j O o i I i j ( c ) = T j ( s i j O + C t^"*^'^(;^j^^^°JkIik(0 ( ^ - ^^a ) 

and 

l i(0 = / y C L i ( u ) S i ( y , 0 + R i ( u ) C i ( y , 0 ] d i i (4.40a) 
0 
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^ j ( s i j O c ^ i J i j ( 0 = 5 j ( S i j 5 ) + 5 tanh- l^-i-^Vl a jkJ ik (0 (4.43b) 

where 

N 
T j ( 5 ) = l j ( 0 + I { a j , „ A a ( - 5 ) - e x p ( - A j / 0 b j , a A a ( 5 ) > (4.44a) 

a=0 

and 

N 
H j ( C ) = J j (0 + I t b j ^ „Aa ( -5 ) - e x p ( - A j / C ) a j ^ „ A „ ( 5 ) } . (4.44b) 

a=0 

I t i s c l ea r that equations (4.42) and (4.43) es tab l i sh the requ i red 

I - j j (5) and J i j ( 5 ) except when o j j = 0 and thus a l t e r n a t i v e s to equations 

(4.42) are r e q u i r e d . For t h i s case, we f i n d from equations (4 .35 ) , f o r 

C e [ 0 , l / S i j ] . 

N 
o i l i j ( C ) = I j ( S i j 5 ) + C l + S T j C £ n ( l + l / S i j 5 ) ] I aj ,ctPa(2Si jC -1 ) + 

a=0 
N 

+ I t a j , a S a ( s i j 5 ) - e x p ( - A j / s i j C ) b j ^ < , A a ( s i j 5 ) } (4.45a) 
a=0 

and 
N 

a i J i j ( 0 = J j ( S i j O + [ l + S i j a n ( l + l / S i j C ) ] I b j , a P a ( 2 S i j 5 - l ) + 
a=0 

N 
+ I { b j y 3 „ ( S i j O - e x p ( - A j / S i j O a j , a A a ( s i j O > . (4.45b) 

a=0 

where Go(5) = 0 and, f o r a > 1, 
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3 a ( 0 = ( ^ ) (2? - l ) G a . i ( Ç ) - ( ~ ) 6 a . 2 ( 0 

We also note that a l t e r n a t i v e s to equations (4.43) are requ i red i f 

s^jÇ = V j . C l e a r l y i f ç = ' ^ j / S i j happens to be a c o l l o c a t i o n point in 

the continuum [ 0 ,1 ] we can avoid the d i f f i c u l t y simply by choosing a 

d i f f e r e n t po in t . However, i f ç = v^ = V j / s - j j , such a simple remedy i s 

not poss ib le . We note t h a t , from the p o i n t - o f - v i e w of a matr ix 

fo rmula t ion of t h i s mu l t i -g roup model, the phenomenon v.j = Vj / s - j j appears 

as a degenerate e i genva lue , i . e . , a double zero of the d ispers ion 

f u n c t i o n . On the other hand, i f we view the problem as a sequence of 

one-group problems, t h i s phenomenon i s c l e a r l y equ iva lent to seeking a 

p a r t i c u l a r so lu t i on corresponding to an inhomogeneous source of the form 

exp( -x /T io ) where 1s the e igenvalue f o r the homogeneous equat ion. To 

f i n d the des i red p a r t i c u l a r so lu t ion r e q u i r e s , as noted p r e v i o u s l y , 

specia l a t t en t i on (S i ewe r t , 1975). For our purpose here we f i n d we can 

use 1 'Hosp i ta l ' s r u l e to obta in the fo l l ow ing a l t e r n a t i v e s to equat ions 

(4.43) f o r Ç = v j / s i j - : 

« i l i j ( 5 ) = ; C j ( s i j 0 2 N j \ s i j Ç ) [ r j ( s i j O 

+ _ I _ I - I i k ( 5 ) ] - — I « j k l i k ( 5 ) (4.47a) 
S i j ° j j k=l k=l 

and 
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j - 1 

i j ° j j k=l d5 JJ k=l 

(4.47b) 

Here 

a=0 
N A . 

+ e x p ( - A j / C ) I b j ,c t [Fa (5 ) - Aa(0] (4.48a) 
cx=0 5 

and 

a=0 

+ exp ( -A j / 0 I aj,a CFa (5 ) - p Aa(0] . (4.48b) 
a=0 

We have found that the func t ions Fa(5) = - — A a ( 5 ) appearing in 
dC 

equations (4.48) can be expressed as 

F ^ ( 5 ) = ^ ^ ^ ^ { - [ 2 ( C + 1 ) + c t ( 25 + l ) ] A a ( 0 - « A a . l ( 5 ) 

+ 26„,o + « a . l > (4.49) 

and thus no add i t iona l r e c u r s i v e r e l a t i o n s are requ i red to deduce Fa(c). 

We note tha t equations (4.47) r e q u i r e , f o r j > 1, the d e r i v a t i v e s of 

and J i k ( 5 ) foi^ ^ < j . 

N U C L E A R E S 

-1/1 
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C l e a r l y there e x i s t p o s s i b i l i t i e s f o r h igher -o rde r degenerac ies; 

however, from a p rac t i ca l point of view the p o s s i b i l i t y of even a 

f i r s t - o r d e r degeneracy is s l i g h t . Neve r the less , a g iven data set should 

be reviewed w i th regard to t h i s matter before an c a l c u l a t i o n is 

i n i t i a t e d . 

I f the constants { a j ^ a } and { b j ^ a } have been es tab l i shed fo r a l l 

j < i , then c l e a r l y the r igh t -hand sides of equations (4.37) are known. 

Thus on cons ider ing equations (4.37) at (N + 1) values of CeP i , say C i , g , 

we generate 2(N + 1) l i nea r a lgebra ic equations to be solved fo r the 

2(N + 1) unknowns ai ^„ and bi^ct* « = 0 , 1 , 2 , . . . N . 

4.4 Computational Aspects and Numerical Resul ts 

In order to es tab l i sh the constants {a^ ̂ a) ( b i ^ a ) requ i red in 

equat ions (4.36) we f i r s t must def ine a s t r a tegy fo r se lec t ing the 

c o l l o c a t i o n points C i , g . We then must compute the known matr ix elements 

and inhomogeneous terms in the system of l i n e a r a lgebra ic equations 

N 
I { a i , a B i , a ( 5 i , 0 ) + C i e x p ( - A i / 5 i . g ) b i , a A a ( C i . g ) ) 

a=0 
i-1 

= C T l i { 5 i , 0 ) + I a i j l i j ( 5 i , s ) (4.50a) 
j = l 

and 

N 
I t b i , „ B i , a ( 5 i , 0 ) + C i e x p ( - A i / 5 i . g ) a i , a A a ( 5 i . g ) ! 

a=0 
i-1 

= C i J i ( 5 i , 8 ) + I o i j J i j ( 5 i , 0 ) . (4.50b) 
j = l 
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In t h i s work we have used, fo r va r ious orders of the FN approx imat ion , 

the co l l oca t i on scheme given by 

5 i ,0 = a l l N , (4.51a) 

and 

1 1 /2S-1 \ 
S i , 3 = - + - cos irj , 8 = 1, 2 N , N M • (4.51b) 

The points g iven by equation (4.51b) are the zeros of the Chebyshev 

polynomial of the f i r s t kind TN(2x - 1 ) . The use of these points to 

de f ine a co l l oca t i on s t r a tegy was suggested by the work of Sloan and Burn 

(1979). We now discuss the methods we have used to compute the funct ions 

A a ( 5 ) . ^i,aU) and Ga(5) requ i red to def ine equations (4 .50 ) . The 

func t ions Aa(?) and Bi^ot(5) are def ined by 

2 1 
A a ( C ) = — / yPa(2p - l)<|>i(-5.ji)dy (4.52a) 

Ci5 0 

and 

2 1 
B i , a ( 0 = - / yPa(2y - l ) * i ( 5 . M ) d u . (4.52b) 

5 0 

We note from the prev ious sec t ion that the func t ions Aa(c) are requ i red 

f o r a l l C^[ -1,0) and B i , a (5 ) only fo r KeP\. Equations (4.38) and (4.39) 

c l e a r l y are r e c u r s i v e r e l a t i ons that are eas ie r to use, from a 

computational s tandpoint , than the d e f i n i t i o n s g iven by equations (4 .52 ) . 

However, some care must be taken to avoid a loss of accuracy when using 

the r e c u r s i v e equations (4.38) and (4 .39 ) . Here we note the s t ra tegy 
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used to compute (working in double p rec is ion w i th an IBM 370/165 machine) 

the requi red func t ions accurate to at leas t t h i r t e e n s i g n i f i c a n t f i gu res 

f o r a up to 40. For the func t ions Aa(5) we have found that forward 

recu rs ion i s s table on ly fo r 5 e ( - l , 0 ] and that backward recurs ion is 

s tab le fo r a l l 5^C -1 .0 ] . For the funct ions B-j,(j,(C) forward recurs ion i s 

s tab le for C e C O . l ] , and thus backward recurs ion must be used when 5 = \ » i . 

In p rac t i ce the use of backward r e c u r s i o n , in the manner of M i l l e r 

(1952), can be very time-consuming fo r C c lose to the t r a n s i t i o n po in t s , 

i . e . , points that def ine the regions of forward and backward s t a b i l i t y . 

For t h i s reason we do not always use the def ined regions of s t a b i l i t y ; 

e . g . , in computing Aa (C) we have a c t u a l l y used forward recurs ion fo r 

5s[0,0.001] wi thout los ing too many s i g n i f i c a n t f i g u r e s . 

The polynomials Go,(5) int roduced in equation (4.46) and requi red fo r 

? e [ 0 , l ] are def ined by 

MO = / u [Pa (2u - l ) - Pa(25-1) ] ~ . (4.53) 
0 v-^ 

These polynomials s a t i s f y the same recu rs i ve r e l a t i o n as the Legendre 

polynomials and we can use forward recurs ion to obtain accurate r e s u l t s . 

In order to demonstrate the computational mer i t of the foregoing 

so lu t i on we now consider a specia l 16-group albedo problem. A slab of 1 

cm th ickness has an i s o t r o p i c inc ident d i s t r i b u t i o n of neutrons only in 

the f i r s t group and on ly on the sur face at z = L, i . e . , fo r y > 0 

L i ( y ) = 6 i , i (4.54a) 
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and 

R i ( u ) = 0 . (4.54b) 

The macroscopic t o t a l c ross -sec t i ons (cm'^ ) are g iven by = 11, 

a-j = 10 + i / 14, i = 2 , 3 , . . . , 1 4 , 0^5 = 10^ and 016 = 20. In a d d i t i o n , 

the macroscopic t r a n s f e r c ross -sec t i ons are g iven by o-j+̂ -̂j = 3 / ( k + l ) , 

i = 1 ,2, . . . ,14 and k = 0 , 1 , . . . , ( 1 6 - i ) ; 0 1 5 , 1 5 = 0, 0 1 5 ^ 5 = 10"^ and 

"16,16 ~ ^' ^^^^ sample problem was designed to be a severe t es t of the 

es tab l i shed s o l u t i o n . Note, f o r example, the ve ry strong absorpt ion in 

group 15; i n f a c t , the in-group sca t te r i ng i s zero f o r t h i s group. 

For t h i s data set we also have a degenerate case, in other words, 

"14^1 ~ *^1^14' °̂ ^'^at we must use the a l t e r n a t i v e s to equations (4.43) 

g i ven by equations (4 .47) . We seek the e x i t d i s t r i b u t i o n s I | ; - J ( L , - P ) and 

ij;-j(R,ii), ji > 0, the group albedos 

1 
A i * = 2 / u, | ; i (L , -u)dy (4.55a) 

0 

and the group t ransmiss ion fac to rs 

1 
B i * = 2 / m|; i(R,p)dy . (4.55b) 

0 

I f we use the so lu t i ons g iven by equations (4.36) in equations (4.55) we 

f i n d 

A i * = a i , o - 3 - a i , i (4.56a) 

( N Q T I T U T O D L I - ' cSv jU i 
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and 

B i * = 2 6 i , i E 3 { A i ) + bi,o + ^ b i , i (4.56b) 

where E3(x) denotes one of the exponent ia l i n t eg ra l f unc t i ons . In Tables 

4.1 to 4.4 we l i s t converged r e s u l t s fo r the e x i t d i s t r i b u t i o n s . In 

Table 4.5 we l i s t f i n a l r esu l t s fo r the group albedos and t ransmiss ion 

f a c t o r s . A l s o , in Table 4.5 we compare our Ffj r e s u l t s to a c a l c u l a t i o n 

o f Renken (1981) who used DTF69, a d i sc re te ord inates code (Renken and 

Adams, 1969), w i th 100 space points and 8 d i r e c t i o n s fo r each of the ha l f 

ranges of y . The Ffi r e s u l t s g iven in Tables 4.1 to 4.5 are co r rec t to 

w i t h i n ±1 in the f i f t h s i g n i f i c a n t f i g u r e . We note t h a t , in g e n e r a l , the 

albedos computed by Renken agree to four or f i v e s i g n i f i c a n t f i gu res w i th 

our r e s u l t s . The t ransmiss ion f a c t o r s , however, agree only to two or 

t h ree s i g n i f i c a n t f i g u r e s . An except ion is found in group 15 where the 

DTF69 resu l t s c l e a r l y show a loss of accuracy . F i n a l l y , we note that the 

c o l l o c a t i o n s t r a t e g y def ined by equations (4.51) y i e l d e d resu l t s that 

represented a s i g n i f i c a n t improvement over the ones i n i t i a l l y deduced 

from e i t h e r of the equal ly-spaced schemes used p rev ious l y (Grandjean and 

S iewer t , 1979; S iewer t , Maior ino, and O z i § i k , 1980). 

We now consider a second problem suggested and solved by Renken 

(1981). Here an i ron (N = 8.466 x 1022 atoms/cm3) s l a b , of 10 cm 

t h i c k n e s s , has an i s o t r o p i c source of gamma rays inc ident at z = L in the 

f i r s t of 19 groups that span the energy i n t e r v a l 50 kev to 1 Mev. The 

c ross - sec t i on repor ted by Garcia and Siewert (1981b) was generated by 

Renken (1981), based on the pho toe lec t r i c e f f e c t and the PQ component of 



Tab le 4.1 The e x i t angular f l u x e s ip-j(L,-M) f o r i = 1 t o 8 

y i = l i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 

0.05 1.2813(- l )a 7.7362(-2) 5.6265(-2) 4.5317(-2) 3.8517(-2) 3.3837(-2) 3.0396(-2) 2.7746(-2) 
0.1 1.1660(-1) 7.1154(-2) 5.2400(-2) 4.2624{-2) 3.6527{-2) 3.2315{-2) 2.9207(-2) 2.6806(-2) 
0.2 1.0041(-1) 6.2123(-2) 4.6539(-2) 3.8381(-2) 3.3271(-2) 2.9729(-2) 2.7105(-2) 2.5072(-2) 
0.3 8.8866(-2) 5.5490(-2) 4.2071(-2) 3.5035(-2) 3.0621(-2) 2.7556(-2) 2.5284(-2) 2.3521(-2) 
0.4 7.9986(-2) 5.0281(-2) 3.8471(-2) 3.2276(-2) 2.8389(-2) 2.5689(-2) 2.3687(-2) 2.2134(-2) 
0.5 7.2858(-2) 4.6037(-2) 3.5481(-2) 2.9946(-2) 2.6473(-2) 2.4062(-2) 2.2276(-2) 2.0891(-2) 
0.6 6.6973(-2) 4.2493(-2) 3.2946(-2) 2.7943(-2) 2.4806(-2) 2.2631(-2) 2.1021(-2) 1.9773(-2) 
0.7 6.2013(-2) 3.9480(-2) 3.0763(-2) 2.6199(-2) 2.3341(-2) 2.1361(-2) 1.9897(-2) 1.8764(-2) 
0.8 5.7767(-2) 3.6881(-2) 2.8861(-2) 2.4666(-2) 2.2042(-2) 2.0226(-2) 1.8886(-2) 1.7850(-2) 
0.9 5.4084(-2) 3.4613(-2) 2.7186{-2) 2.3306(-2) 2.0881(-2) 1.9206(-2) 1.7971(-2) 1.7019(-2) 
1 5.0857(-2) 3.2615(-2) 2.5699(-2) 2.2090(-2) 1.9838(-2) 1.8284(-2) 1.7140(-2) 1.6260(-2) 

a Read as 1.2813x10-1. 

CO 
OJ 



Table 4.2 The e x i t angular f l u x e s iPiCL.-M) f o r i = 9 t o 16 

O i i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15 i = 15 
- i i 

0.05 2.5634(-2) 2.3904(-•2) 2.2458(-•2) 2.1228(-•2 ) 2.0166(-2) 1.9238(-2) 1.7897(-•5) 9.1192(-3) 
O i 0.1 2.4886(-2) 2.3310(-•2) 2.1988(--2) 2.0861(-•2) 1.9885(-2) 1.9031(-2) 1.7897(-•5) 9.1021(-3) 

;̂  1 0.2 2.3442(-2) 2.2099(-•2) 2.0970(--2) 2.0004(-•2) 1.9166(-2) 1.8430(-2) 1.7897(-•5) 8.9941(-3) 

C j 0.3 2.2106(-2) 2.0939(--2) 1.9957(--2) 1.9116(-•2) 1.8385(-2) 1.7743(-2) 1.7896(-•5) 8.8398(-3) 

0.4 2.0887(-2) 1.9859(--2) 1.8994(. -2) 1.8253(-•2) 1.7609(-2) 1.7042(-2) 1.7896(. •5) 8.6638(-3) 
i 0.5 1.9779(-2) 1.8864{--2) 1.8094(--2) 1.7435{--2) 1.6862{-2) 1.6359(-2) 1.7895(. •5) 8.4777(-3) 

m. • 
0.6 1.8773(-2) 1.7951(-•2) 1.7260(--2) 1.6669(-•2) 1.6156(-2) 1.5705(-2) 1.7895(-•5) 8.2880(-3) 

^ 0.7 1.7858(-2) 1.7113(-•2) 1.6488(--2) 1.5954(-•2) 1.5492(-2) 1.5086(-2) 1.7895(--5) 8.0982(-3) 

rr, • 0.8 1.7023(-2) 1.6344(--2) 1.5775(-•2) 1.5290(--2) 1.4871(-2) 1.4503{-2) 1.7894(-•5) 7.9110{-3) 
2 • 
c • 
o ; 

0.9 1.6259(-2) 1.5637{ -2) 1.5116( -2) 1.4673(--2) 1.4291(-2) 1.3956(-2) 1.7894(-•5) 7.7276(-3) 

> '• 1 1.5558(-2) 1.4985( -2) 1.4506( -2) 1.4100(. -2) 1.3749(-2) 1.3442(-2) 1.7893(-•5) 7.5490(-3) 



Tab le 4.3 The e x i t angular f l u x e s ' l ' i (R ,u ) f o r i = 1 t o 8 

M i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 

0.05 4.5701(--7) 7.3831(-7) 9.6077(-7) 1.1809(--6) 1.4023(-•6) 1.6263(--6) 1.8529(--6) 2.0822(-6) 
0.1 4.8998(--7) 7.9750(-7) 1.0392(-6) 1.2788(-•6) 1.5200(--6) 1.7641{. -6) 2.0112(--6) 2.2612(-6) 
0.2 5.6471(--7) 9.2983(-7) 1.2115(-6) 1.4910(--6) 1.7726(--6) 2.0575(--6) 2.3460(-•6) 2.6377(-6) 
0.3 6.5894(--7) 1.0958(-6) 1.4230{-6) 1.7477(--6) 2.0744(-•6) 2.4046{--6) 2.7385(-•6) 3.0759(-6) 
0.4 7.8516(-•7) 1.3185(-6) 1.7003(-6) 2.0786(. -6) 2.4585(--6) 2.8416(. -6) 3.2281(--6) 3.6177(-6) 
0.5 9.6666(--7) 1.6409(-6) 2.0893(-6) 2.5330(--6) 2.9771(-•6) 3.4235(--6) 3.8724(. .6) 4.3236(-6) 
0.6 1.2644(. -6) 2.1567(-6) 2.6827(-6) 3.2046(. •6) 3.7257(--6) 4.2475{--6) 4.7704(--6) 5.2938(-6) 
0.7 1.9188(--6) 3.0745(-6) 3.6719(-6) 4.2769(-•6) 4.8834(-•6) 5.4902(. •6) 6.0965(--6) 6.7014(-6) 
0.8 3.8488(--6) 4.7969(-6) 5.4072(-6) 6.0732(--6) 6.7563(-•6) 7.4451(. -6) 8.1350(. -6) 8.8230(-6) 
0.9 9.6935(--6) 7.9539(-6) 8.4198(-6) 9.0719(--6) 9.7887(--6) 1.0532(. -5) 1.1287(--5) 1.2045(-5) 
1 2.5162(--5) 1.3354(-5) 1.3377(-5) 1.3866(--5) 1.4525(. •5) 1.5262{--5) 1.6036(--5) 1.6828{-5) 

CO 
tn 



Tab le 4.4 The e x i t angular f l u x e s t i ( R , u ) f o r i = 9 t o 16 

y i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15 i = 16 

0.05 2.3135(. .6) 2.5465(--6) 2.7806(. •6) 3.0152(-6) 3.2497(-6) 3.4835(-•6) 2.3397(-•9) 1.2655(-6) 
0.1 2.5137(--6) 2,7679(--6) 3.0234(--6) 3.2794(-6) 3.5354(-6) 3.7908(--6) 2.3401(--9) 1.3423(-6) 
0.2 2.9322(--6) 3.2287(-•6) 3.5265(. -6) 3.8250(-6) 4.1232(-6) 4.4206(--6) 2.3409(. •9) 1.4865(-6) 
0.3 3.4160( -6) 3.7581(--6) 4.1013(--6) 4.4449(-6) 4.7880(-6) 5.1297(--6) 2.3417(--9) 1.6302(-6) 
0.4 4.0098(--6) 4.4034(. -6) 4.7976(-•6) 5.1916(-6) 5.5843(-6) 5.9749(-•6) 2.3425(. -9) 1.7799(-6) 
0.5 4.7762(--6) 5.2293( -6) 5.6820{--6) 6.1333(-6) 6.5821(-6) 7.0275(. -6) 2.3433(--9) 1.9399(-6) 
0.6 5.8170(. -6) 6.3390(--6) 6.8589(--6) 7.3754(-6) 7.8876(-6) 8.3944(--6) 2.3441(. -9) 2.1142(-6) 
0.7 7.3039(. -6) 7.9030(. -6) 8.4974(--6) 9.0859(-6) 9.6676(-6) 1.0241(--5) 2.3449(. -9) 2.3070(-6) 
0.8 9.5070(. -6) 1.0185(. •5) 1.0857(. •5) 1.1519(-5) 1.2172(-5) 1.2813(--5) 2.3457(. -9) 2.5235(-6) 
0.9 1.2799(--5) 1.3548( -5) 1.4288(--5) 1.5018(-5) 1.5734(-5) 1.6437(--5) 2.3465(. -9) 2.7700(-6) 
1 1.7625(--5) 1.8421( -5) 1.9209{. •5) 1.9985(-5) 2.0749(-5) 2.1495(--5) 2.3473( -9) 3.0545{-6) 

CO 
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Table 4.5 A-j* and B i * f o r the 16-group problem 

Present Work nTF69 

i A i B i * A i * B i * 

1 6.6351(-2) 5.1058(-6) 6.6339(-2) 5.0413(-6) 

2 4.2002(-2) 4.4781(-6) 4.1996(-2) 4.4362(-6) 

3 3.2483(-2) 4.9308(-6) 3.2480(-2) 4.8877(-6) 

4 2.7501(-2) 5.4649(-6) 2.7499(-2) 5.4197{-6) 

5 2.4382(-2) 6.0283(-6) 2.4380(-2) 5.9806(-6) 

6 2.2221(-2) 6.6050(-6) 2.2220(-2) 6.5547(-6) 

7 2.0624(-2) 7.1879(-6) 2.0623(-2) 7.1349(-6) 

8 1.9388(-2) 7.7730(-6) 1.9387(-2) 7.7175(-6) 

9 1.8399(-2) 8.3577(-6) 1.8398(-2) 8.2996(-6) 

10 1.7586(-2) 8.9399(-6) 1.7586(-2) 8.8792(-6) 

11 1.6904(-2) 9.5178(-6) 1.6903(-2) 9.4547(-6) 

12 1.6321(-2) 1.0090(-5) 1.6321(-2) 1.0025(-5) 

13 1.5816(-2) 1.0655(-5) 1.5816(-2) 1.0587{-5) 

14 1.5373(-2) 1.1212(-5) 1.5373(-2) 1.1140(-5) 

15 1.7895(-5) 2.3446(-9) 1.7702(-5) 0.0 

16 8.1585(-3) 2.2968(-6) 8.1578(-3) 2.2805(-6) 
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the K le i n -N i sh i na d i f f e r e n t i a l sca t te r i ng c r o s s - s e c t i o n f o r photons 

( K l e i n and N i sh ina , 1929). In Table 4.6 we repor t our f i n a l r e s u l t s f o r 

A-j* and B^* along w i th those found by Renken w i th DTF69 (again w i th 100 

space points and 8 d i s c r e t e d i r e c t i o n s f o r each ha l f range of u ) . Here 

our Ffj r e s u l t s are also co r rec t to w i t h i n ±1 i n the f i f t h s i g n i f i c a n t 

f i g u r e . F u r t h e r , the degree of agreement w i th the r e s u l t s of Renken is 

e s s e n t i a l l y the same as f o r the 16-group problem. F i n a l l y , we note what 

we be l i eve to be a s l i g h t d e t e r i o r a t i o n in the DTF69 r e s u l t s when t he re 

i s strong absorp t ion . 
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Tab le 4.6 A,-* and R i * f o r the 19-group problem 

Present Work DTF69 

i A i * B i * A i * B i * 

1 1.3060{-2) 2.4188(-3) 1.3059(-2) 2.4154(-3) 
2 2.6476(-2) 3.9163(-4) 2.6475(-2) 3.9124(-4) 
3 2.0013(-2) 2.9446(-4) 2.0013(-2) 2.9415(-4) 
4 2.0420(-2) 3.0057(-4) 2.0420(-2) 3.0026(-4) 
5 2.1216(-2) 3.1339(-4) 2.1216(-2) 3.1306(-4) 
6 2.2650(-2) 3.3596(-4) 2.2650(-2) 3.3560(-4) 
7 1.6399(-2) 2.4287(-4) 1.6398(-2) 2.4260(-4) 
8 1.8059(-2) 2.6601{-4) 1.8059(-2) 2.6572(-4) 

9 2.0613(-2) 2.9930(-4) 2.0612(-2) 2.9896(-4) 
10 2.4717(-2) 3.4873(-4) 2.4717(-2) 3.4834(-4) 

11 3.1745(-2) 4.2569(-4) 3.1744(-2) 4.2519(-4) 
12 4.4141{-2) 5.5031(-4) 4.4140(-2) 5.4965(-4) 

13 1.8729(-2) 3.1938(-4) 1.8729(-2) 3.1901(-4) 
14 1.7023(-2) 2.8604(-4) 1.7024(-2) 2.8570(-4) 
15 1.2201(-2) 1.9924(-4) 1.2201(-2) 1.9901(-4) 
16 3.5378(-3) 5.9937(-5) 3.5379(-3) 5.9867(-5) 
17 9.0059(-4) 1.4905(-5) 9.0062(-4) 1.4888(-5) 
18 6.2046(-5) 1.0301(-6) ..; 6.2049(-5) 1.0289(-6) 
19 9.1048(-6) 1.5020(-7) 9.1123(-6) 1.5013(-7) 



40 

5. A SINGLE SLAB WITH L-TH ORDER ANISOTROPIC SCATTERING^ 

5.1 In t roduc t ion 

In Chapter 4 a so lu t i on f o r the case of i s o t r o p i c sca t t e r i ng and a 

t r i a n g u l a r t r a n s f e r mat r ix was developed, and numerical r e s u l t s were 

r epo r t ed . Here we extend the prev ious ana lys i s to inc lude the important 

e f f e c t s of an i so t rop i c s c a t t e r i n g . We thus cons ide r , f o r i = 1,2 M, 

3 1 i ^ 
u - ^ i ( z , u ) + o^^i>^{z,M) = - I I a i j ( ^ ) P j i ( u ) ' t ' j , i i ( z ) (5 .1) 

^ j = l £=0 

where i s the t o t a l cross sec t ion f o r group 1 and o^^{z) = a i j e i j ( £ ) , 

w i th S-jj(O) = 1, denote c o e f f i c i e n t s in Legendre expansions of the 

t r a n s f e r cross sec t i ons . In a d d i t i o n , ' l ' i ( z , i i ) represents the angular 

f l u x i n the i*^ group and 

1 
í - j . i l í z ) = ^ j ( z , i i ) P j i ( y ) d y . (5.2) 

We are concerned here w i th a non-mul t ip ly ing homogeneous f i n i t e s l a b , 

z e C L . R ] , and thus we seek so lu t ions to equation (5.1) subject to the 

boundary cond i t ions 

^ T h i s chapter is based on a paper accepted f o r pub l i ca t i on in Journa l of 
Computational Phys ics (Garc ia and S iewer t , 1982c). 
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t i ( L , y ) = L i ( y ) , y > 0 , (5.3a) 

and 

i | ; i ( R , - y ) = R i ( y ) , y > 0 , (5.3b) 

where L- j (y) and R i ( y ) are considered s p e c i f i e d . 

5.2 Ana lys is 

In Chapter 4, f u l l - r a n g e o r thogona l i t y p roper t i es of appropr iate 

elementary so lu t ions and Green's funct ions were used to deduce a system 

of s ingu la r i n teg ra l equations and cons t ra i n t s fo r the boundary f l u x e s . 

Here we develop the equ iva len t exp ress ions , gene ra l i zed to include the 

e f f e c t s of an i so t rop i c s c a t t e r i n g , in a more d i r e c t manner. We f i r s t 

change y to - y in equation ( 5 . 1 ) , mu l t i p l y the r e s u l t i n g equation by 

e x p ( - a - j z / s ) and i n teg ra te over a l l z to obtain 

R 
syBi ( y , s ) - a i ( y - s ) / t|)i ( z , - y ) e x p ( - a i z / s ) d z 

L 

s ' L 
= X I I ( - 1 ) ^ a i j ( £ ) P j i ( y ) * j , j i ( s / a i ) (5.4) 

j = l 1=0 

where 

B i ( y , s ) = < P i ( L , - y ) e x p ( - a i L / s ) - t i ( R , - y ) e x p ( - a i R / s ) (5.5) 

and 

R 
* j , J l ( s / o i ) = / $ j , A ( z ) e x p ( - ( T i z / s ) d z . - (5.6) 

We can now mu l t i p l y equation (5,4) by ( y - s ) - l P n { y ) . s ^ [ - l , l ] , and 

i n t eg ra te over a l l y to f i nd 

iMLi I 1 I U 1 G L-C .••C S A U I - ' - - -
I. P - fr. N . 
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/ 

( - 1 ) " o i * i , n ( s / o i ) 

s i ^ 1 du 
+ - I I ( - 1 ) ' <^ i j (0 * j . i ( s /o i ) / P n ( y ) P £ ( y ) — 

^ j = l A=0 -1 ^"^ 

= s uPn ( M )B i ( y . s ) — . (5.7) 

We l e t g i , n ( 5 ) denote f o r the i^^ group the polynomials in t roduced f o r 

one-group theory by Chandrasekhar (1950), i . e . , 

h i ,n5gi ,n (0 = (n+l )g i .n+l (0+ng i ,n . i (0 (5.8) 

w i t h g i , o ( 5 ) = 1 and 

h i , n = 2n+l -CiB i i (n ) (5.9) 

> where c, = o^^/a^j. On mu l t i p l y i ng equation (5.7) by 3 i i ( n )g - j ^n ( s ) and 

summing over n from 0 to L, we f i n d 

L 
ai I ( - 1 ) ^ e i i ( & ) $ i , j l ( s / a i ) F i , ; i ( s ) 

¿=0 

1 
+ - I I ( - 1 ) ^ o i j ( £ ) * j , , ( s / a i ) 

j = l ¡1=0 

1 du 
X C F i , j i ( s ) - g i , j i ( s ) ] = s u G i ( s . u ) B i ( u . s ) — (5.10) 

where 
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2 n=0 -1 ^ 

and 

(5.11) 

L 
G i ( s , u ) = I 3 i i ( £ ) g i . j i ( s ) P A ( u ) . 

£=0 
(5.12) 

I t i s not d i f f i c u l t t o show that 

F i . £ ( s ) = A i ( s ) P £ ( s ) (5.13) 

where 

f 1 du 
A i ( s ) = 1 + s il-i(u) — , (5.14) 

w i t h 

i | ; i (u) = ^ C i G i ( u . u ) , (5.15) 

i s the one-group d ispers ion func t ion (Mika, 1961). We f i n d we can w r i t e 

equation (5.10) as 

s 1 du 
A i ( s ) X i i ( s ) = — / u G i ( s , u ) B i ( u , s ) 

1 
+ _ I o i j C Y i j ( s ) - A i ( s ) X i j ( s ) ] 

j = l 

(5.16) 

where 
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L 

and 

A i { s ) = I / G i ( v . p ) — . (5.19) 

Here the polynomials E i , £ ( s ) are def ined by 

E i , £ ( s ) = — C g i . A ( s ) - Pz{s)l , (5.20) 
Ci 

and w i th E i , o ( s ) = °» ^^^^ r e a d i l y computed from 

(2 i l + l ) sET , j i ( s ) = s B T i ( £ ) g i , j i ( s ) + ( A + l ) E i ,¿+1 ( s ) 

+ J i E i , £ - l ( s ) • (5.21) 

We note that the func t ions * j , j i ( s / a i ) can have essent ia l s i n g u l a r i t i e s at 

the o r i g i n , but o therwise they are a n a l y t i c in the complex s -p lane. The 

func t ions X i j ( s ) and Y i - j ( s ) t h e r e f o r e a r e , w i th the except ion of the 

o r i g i n , a lso a n a l y t i c in the complex s -p lane. Thus on i n v e s t i g a t i n g 

equat ion (5.16) f o r the f i r s t group, i = 1, and assuming that c i ^ 0, we 

see tha t 

/ uGi(q ,ni .^)Bi(u,?i ,J = 0 (5.22) 
- 1 »^-^l,m 

I. P n. H. 

X i j { s ) = I ( - 1 ) ^ e i j ( i l ) $ j , £ ( s / a i ) P , ( s ) . (5.17) 
¿=0 

L 
Y i j ( s ) = I ( - 1 ) ^ e i j ( £ ) * j , ^ ( s / a T ) E T , ^ ( s ) , (5.18) 
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where, i n g e n e r a l , ? i ,n i . m = 0,1,2 2<T -1 are the zeros of A i ( s ) . 

The l e f t - and r igh t -hand sides of equation (5.16) are a n a l y t i c in the 

complex s-plane cut from -1 t o 1 along the real a x i s . Thus on l e t t i n g s 

approach the branch cut and using the Plemel j formulas ( M u s k h e l i s h v i l i , 

1953), we f i n d that equation (5.16) y i e l d s , f o r v e [ - l , l ] . 

a i [ X i ( v ) ± Triv ia l (v) ]Xi i (v) = 

vP y G i ( v , u ) B i ( u , v ) ^ ± Tr iv2Gi (v ,v )Bi (v ,v ) (5.23) 

where, i n g e n e r a l , 

,1 du 
X . ( v ) = 1 + V P / ^^{u) — . (5.24) 

-1 u-v 

T h u s , f o r v e [ - l , l ] , i t f o l l ows that 

a i C i X i i ( v ) = 2vRi (v ,v ) (5.25) 

and 

1 1 du 
X i ( v ) v B i ( v , v ) - - civp l i G i ( v , u ) B i ( u , v ) = 0 . (5.26) 

Equations (5.22) and (5 .26) can be seen to be the system of s ingu la r 

i n t e g r a l equations and cons t ra i n t s (Bowden, McCrosson, and Rhodes, 1968; 

S i e w e r t , 1978) that de f ine the e x i t f l u x e s f o r the f i r s t group i | ' i ( L , - u ) 

and ' P i ( R , u ) , u > 0, i n terms of the inc ident d i s t r i b u t i o n s L i ( u ) and 

R l ( u ) . Thus , equations (5.22) and (5.26) can be solved numer ica l l y o r . 
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f o r example by the method, to es tab l i sh B i ( y , s ) . In the event that 

c i = 0, equation (5.25) y i e l d s B i ( y , p ) = 0, | y | e ( 0 , l ] . 

Consider ing now that B i ( y , s ) i s known, we note that equation (5.16) 

y i e l d s , fo r i = 2, 

s 1 dy 
A2(s)X22(s) = — / y G 2 ( s , y ) B 2 ( y . s ) 

02 -1 y - s 

+ — a 2 i C Y 2 l ( s)-A2 ( s ) X 2 i ( s ) ] (5.27) 
02 

o r , fo r v e [ - l , l ] . 

1 1 dy 
X 2 ( v ) v B 2 ( v , v ) - - C2vP / y G 2 ( v , y ) B 2 ( y , v ) 

2 _i y - v 

= \ a 2 l C c 2 Y 2 l ( v ) + X 2 l ( v ) ] (5.28) 

and 

02C2X22 ( v ) = 2vB2(v ,v ) - a2lX2l ( v ) . (5.29) 

For C2 f 0 equation (5.27) y i e l d s 

1 dy 
C2?2,m / yG2(C2,m.i ')B2(i ' .?2,m) 

-1 ' ' v-C2,m 

= -02 i [c2Y2i (52.m)+X2l (?2,m)] • (5-30) 

For C2 = 0 equation (5.29) y i e l d s , fo r | y | E ( 0 , l ] , 
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B2(w,u) 0 2 I X 2 I ( M ) , C2 = 0 , (5.31) 

whereas f o r C2 ^ 0 we can solve equations (5.28) and (5.30) to f i n d 

B 2 ( y . s ) ; of course f o r e i t h e r case we must f i r s t compute 

W2i (s) = C2Y2 i (s ) + X 2 i ( s ) (5.32) 

which can also be w r i t t e n by using equations (5.17) and (5.18) as 

L 
W2i(s) = 1 ( - 1 ) ^ 3 2 l ( ^ ) * l . £ ( s / " 2 ) 9 2 . i l ( s ) • (^-33) 

1=0 

I f we now mu l t i p l y equat ion (5.4) by Pn(u) and in teg ra te over a l l u the re 

r e s u l t s , f o r i = 1, 

s f i l , n * l , n ( s / o i ) + ( n + l ) * i , n + l ( s / o i ) + n$i ,„-1 ( s / o i ) 

s 1 
= - ( - l ) n ( 2 n + l ) — / y P n ( y ) B i ( y , s ) d y , (5.34) 

"1 -1 

which y i e l d s 

* l , n ( s /<^ l ) = ( - 1 ) " g i ,n(s )n ,o (s /n ) " ("D" D l , n ( s ) (5.35) 

where D i , o ( s ) = 0 and 

s ^ ' l . n D l , n ( s ) = ( n + l ) D i , n + i ( s ) + n D i , n . i ( s ) 

+ ( 2 n + l ) — / \ p n ( i ' ) B i ( y , s ) d y . (5.36) 
n -1 
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Subs t i t u t i ng equat ion (5.35) in to equation (5 .17 ) , w i th i = j = 1, we 

f i n d 

n . o ( s / « l ) 
.1 L 

= Gl ( s , s ) [ X i i ( s ) + I B i i ( A ) D i , j i ( s ) P ^ ( s ) ] . (5.37) 
1=1 

An express ion a l t e r n a t i v e to equation (5.37) that al lows the c a l c u l a t i o n 

of $ i , o ( s / a i ) 1n the event that G i ( s , s ) = 0 w i l l be provided l a t e r . We 

see from equations (5.25) and (5.26) t h a t , f o r v e [ - l , l ] . 

X i i ( v ) = — {2vBi(v,v) 

1 dy 
+ V / y G i ( v , y ) [ B i ( y , v ) - B i ( v , v ) ] — } (5.38) 

_l y-v 

and from equat ion (5.16) t h a t , f o r s ^ [ - l , l ] . 

s -1 1 dy 
X i i ( s ) = — A l ( s ) / y G i ( s , y ) B i ( y , s ) — . (5.39) 

01 _i y - s 

I t i s apparent from equations (5.22) and (5.39) that a l i m i t i n g procedure 

must be used i f X i i ( ? i , n i ) i s r e q u i r e d . For the case c i = 0 we note , 

s ince B i ( v , v ) = 0, | v | e ( 0 , l ] , tha t equations (5.38) and (5.39) reduce to 

the fo l l ow ing equat ion f o r a l l s : 

X i i ( s ) = — / \ G i ( s , y ) B i ( y , s ) ~ , Ci = 0 . (5.40) 
01 .1 y - s 
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F i n a l l y , we use equation (5.35) t o conclude tha t 

L 
W2l (s) = * l , o ( s / o 2 ) I e2i (Ä)gi , j i (s2is)g2 , i i (s) 

£=0 

L 
- I e2i(Ä)Di,£(s2is)g2 ,£(s) . (5 .41) 

Ä=l 

where *i,0(5/^^2) ava i l ab le from equation (5.37) and, in g e n e r a l , 

= a j / o ^ . Equations (5.28) and (5.30) can now be so lved to y i e l d the 

e x i t d i s t r i b u t i o n s f o r the second group 'i'2(L,-u) and 'l'2(R.w). u > 0, i n 

terms of the inc ident d i s t r i b u t i o n s Izi^) and R2(y) and the p r e v i o u s l y 

es tab l i shed B i ( y , s ) . Note tha t in t h i s way we are able to deduce the 

e x i t f l u x e s fo r the second group d i r e c t l y from the inc ident d i s t r i b u t i o n s 

f o r that group and the boundary f l uxed of the f i r s t group. 

We now wish to gene ra l i ze the forego ing and consider the i^h group. 

We assume that the B j ( u , s ) , j = 1,2 i - 1, have been es tab l i shed , and 

we deduce from equation (5.16) t h a t , f o r v e [ - l , l ] , 

1 1 dy 
X i ( v ) v B i ( v , v ) - - CivP / y G i ( v , y ) B i ( y , v ) 

2 ' li ' ' - ' ' y-v 

1 
= 5 I -ijWij(̂ ') (5.42) 

^ J=l 

and 

i-1 

OiCiXii(v) = 2vBi(v.v) - I aijXij(v) (5.43) 

j=l 



and, f o r c-j f 0, 
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1 dy 

-1 
i-1 

= - I < ' i jWi j (C i .m) 
j = l 

(5.44) 

where 

W i j ( s ) = I ( - 1 ) ^ e i j ( i i ) * j , £ ( s / o i ) g i , £ ( s ) 
£=0 

(5.45) 

For the specia l case = 0, we see from equation (5.43) t h a t , f o r 

| p | e ( 0 , l ] . 

1 
B i ( p , y ) = — I a i j X i j ( y ) . Ci = 0 , 

'̂ ^ j = l 

(5.46) 

whereas f o r c^ ^ 0, the func t ions W i j ( s ) r a the r than j u s t X T j ( y ) , 

| y | E : ( 0 , l ] , c l e a r l y are requ i red before we can so lve equations (5.42) and 

(5.44) to f i n d B - j ( y , s ) . In analogy w i th equations (5 .34 ) , (5.35) and 

(5.36) we now f i n d , f o r j = 1 , 2 , . . . , i - 1 . 

s h j . n * j . n ( s / " j ) + ( " + l ) * j , n + l ( s / « j ) + n*j , n - l ( s / < ' j ) 

= - ( - 1 ) " M j , n ( s ) (5.47) 

where 

s 1 
M j , n ( s ) = ( 2 n + l ) - - y P n ( y ) B j ( y , s ) d y 

j -1 
- ( - 1 ) " - I o j k ( n ) * k , n ( s / " j ) • (5.48) 

' J k=l 

( N O T I T U T O D E P E S Q U i C A S F. • ' • R R . ^ T i ^•••S E N U C L E A R E S 
1. P . E. N. 
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I* 

I t i s c l ea r that we can w r i t e 

9 * j . n ( s / a j ) - g j , n ( s ) * j . o ( s / < ^ j ) " ( " D " D j , n ( s ) (5.49) 

where D j , o ( s ) = 0 and 

s h j , n D j , n ( s ) = ( n + l ) D j + n D j , n - l ( s ) + ^^^„(5) . (5.50) 

On subs t i t u t i ng equat ion (5.49) in to equation (5 .17 ) , w i th i = j , we 

f i n d 

1 L 
^ j , o ( s / < ' j ) = Gj ( s . s ) C X j j - ( s ) + I e j j ( M D j . £ ( s ) P £ ( s ) ] . 

1=1 
(5.51) 

F u r t h e r , we can deduce from equation (5.16) that f o r V E [ - 1 , 1 ] 

1 1 
X j j ( v ) { 2 v B j ( v , v ) + V y G j ( v , u ) [ B j ( u , v ) 

dp 
- B j ( v . v ) ] _ + I a j k Y j k ( v ) > 

^-"^ k=l 
(5.52) 

and f o r s ^ [ - l , i ] 

X ^ W s ) = — A ^ ^ s ) is / u G j ( s , u ) R i ( u , s ) ^ 
j j « j -1 ^ ' ^ 

j -1 
+ I " j k i : Y j k ( s ) - A j ( s ) X j k ( s ) ] } . 

k=l 
(5.53) 
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Again i t is apparent that a l im i t i ng procedure must be used in the event 

tha t Xj j (cj ,n , ) i s r e q u i r e d . F i n a l l y , i f we use equation (5.49) in 

equat ion (5 .45 ) , we conclude that 

L 
W i j ( s ) = * j , o ( s/<Ti) I 6 i j ( A ) g j , i ( s i j s ) g i , j i ( s ) 

L 
- I e i j ( & ) D j , £ ( s i j s ) g i , £ ( s ) (5.54) 

il=l 

where * j , o ( s/<Ji) i s ava i l ab le from equation (5 .51 ) . We reca l l that 

W i j ( y ) = X i j ( u ) fo r Ci = 0, and thus f o r t h i s case equation (5.54) can be 

used in equation (5.46) to es tab l i sh the des i red r e s u l t . 

We have mentioned before that an a l t e r n a t i v e express ion to equation 

(5.37) is needed to compute * i , o ( s/<Jl) in the event that G i ( s , s ) = 0 fo r 

some s . The same is t r u e , in g e n e r a l , fo r the * j , o ( s / a j ) g iven by 

equat ion (5.51) when G j ( s , s ) = 0. I t i s c lea r that equation (5.37) is 

on ly a special case of equation (5 .51 ) , and thus we now proceed to de r i ve 

an a l t e r n a t i v e express ion to the l a t t e r . I f we set n = 0 in equation 

(5 .7) and use equation (5.49) we ob ta i n , fo r s^[- l , l ] , 

1 dy 
" j ^ j ( s ) * j , o ( s / o j ) = S / y B j ( y , s ) — - - s I a j j ( £ ) D j , £ ( s ) Q j i ( s ) 

-1 ^'^ 1=0 

j - 1 L 
+ s I I ( - 1 ) * a j k ( £ ) * k , i ( s / a j ) Q £ ( s ) (5.55) 

k=l Z=0 

where Q£(s) denote the Legendre func t ions of second kind (Abramowitz and 

Stegun, 1964), i . e . . 
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(2£+l )sQ; i (s) = (A+ l )Q£+ i (s ) + ZQi.iis) + 6ji,o (5.56) 

w i t h 

Qo(s) = i log . s ^ C - 1 , 1 ] . (5.57) 

or 

Qo(v ) = \ log ( 1 ^ ) , v e [ - l . l ] . ( 5 . 5 8 ) 

I f we demonstrate that A j ( s ) and G j ( s , s ) do not have common zeros fo r 

s ^ C - l . l ] > i t is c lear that we can d i v i de equation ( 5 . 5 5 ) by A j ( s ) to 

ob ta in the des i red a l t e r n a t i v e formula f o r * j , o ( s / o j ) , s ^ [ - l , l ] , in the 

event that G j ( s , s ) = 0 . F i r s t we use the- summation formulas g iven by 

Inonii ( 1 9 7 0 ) to w r i t e A j ( s ) and G j ( s , s ) in the convenient forms 

A j ( s ) = ( L + l ) [ q L ( s ) g j , L + l ( s ) - Q L + l ( s ) g j . L ( S ) ] ( 5 . 5 9 ) 

and 

G j ( s . s ) = ( ~ ) c P L + l ( s ) g j . L ( s ) - P L ( s ) g j . L + l ( s ) ] . ( 5 . 6 0 ) 

I t i s easy to show that the fo l low ing i d e n t i t y ho lds: 

( L + l ) [ P L + l ( s ) q L ( s ) - P L ( S ) Q L + 1 ( S ) ] = 1 . ( 5 . 6 1 ) 

We now mu l t i p l y equation ( 5 . 5 9 ) by P L + I ( S ) and use equations ( 5 . 6 0 ) and 

( 5 . 6 1 ) to obtain 

P L + I ( S ) A J ( S ) = g j . L + l ( s ) - CjSqL + i ( s ) G j ( s , s ) . ( 5 . 6 2 ) 
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By c o n t r a d i c t i o n , i f we suppose that there e x i s t s some s * ^ [ - l , l ] such 

tha t A j ( s * ) = G j ( s * , s * ) = 0, we conclude immediately from equation (5.62) 

t ha t g j , L + l ( s * ) = 0' However from equation ( 5 . 6 0 ) , we see that t h i s 

would requ i re g j , L ( s * ) = 0. C l e a r l y t h i s i s not poss i b l e , o therwise from 

equat ion (5 .8) we would have g j , j i ( s * ) = 0 f o r a l l %, Vte must then 

conclude that there i s no such s * . 

In order to obta in an a l t e r n a t i v e formula fo r * j , o ( v / a j ) , v e [ - l , l ] , 

we l e t s approach the branch cut to f i nd that equation (5.55) y i e l d s , f o r 

v e C - 1 , 1 ] , 

L 
a j C j G j ( v , v ) * j , o ( v / a j ) = 2vBj (v ,v ) + I Ojj (£)Dj , j i ( v ) P , i ( v ) 

£=0 

j - 1 L 
- I I ( - 1 ) * cTjk(il)*k,il(^'/<^j)Pz(v) (5.63) 

k=l Jl=0 

and 

1 dy 

° j ^ j ( ^ ) * j . o ( ^ / o j ) = p B j ( y , v ) - V I a j j ( J l ) D j , £ ( v ) Q ) i ( v ) 

j - 1 L 

+ V I I ( - l ) A a j k ( £ ) « k , ) l ( v / a j ) q £ ( v ) . (5.64) 
k=l £=0 

We can use equations (5,63) and (5.64) to show t h a t , fo r v e [ - l , l ] and 

G j ( v , v ) = 0, 

( N G T n ' U l O Db P E S Q U ' r - . , . S F. R C E T I C A S E N U C L E A R e 8 
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1 r B j { u , v ) - B j ( v , v ) 1 
<^j^ j (W*j ,o(v/<^ j ) = 2 v B j ( v . v ) + V 4 J du 

L 

j i=l 

j - 1 L 
- V I I ( - 1 ) * <Jjk (0*k .J i {v /<^ j ) r£(v) . 

k= l )i=l 
(5.65) 

where the polynomials r j i ( v ) can be generated w i th the recurs ion formula 

( S i e w e r t , 1980) fo r Jl > 0: 

(2J l+ l ) v r ) i ( v ) = -6ji,o + ( ^ + l ) r j i + i ( v ) + ITi.iiv) (5.66) 

where 

r o ( v ) = 0 . (5.67) 

- Aga in , i f we demonstrate that X j ( v ) and G j ( v , v ) do not have common zeros 

f o r v e [ - l , l ] we can d i v i de equation (5.65) by X j ( v ) to obtain the des i red 

a l t e r n a t i v e formula fo r * j , o ( v / c ' j ) » v e [ - l , l ] , when G j ( v , v ) = 0. We l e t s 

approach the branch cut to obtain from equation (5.59) 

X j ( v ) = ( L + l ) C Q L ( v ) g j , L + l ( \ ' ) - Q L + l ( ^ ' ) g j . L I ^ ) ] (5.68) 

and 

G j ( v , v ) = ( ~ ) [ P L + l ( v ) g j , L ( v ) - P L ( V ) 9 J , L + 1 ( V ) ] • (5.69) 

•> 

Of course equation (5.61) is s t i l l v a l i d fo r v e [ - l , l ] : 

* ( L + 1 ) [ P L + I ( V ) Q L ( V ) - P L ( V ) Q L + I ( V ) ] = 1 (5.70) 
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and equation (5.62) y i e l d s 

= g j , L + l ( v ) - C j v Q L + i ( v ) G j ( v , v ) . (5.71) 

By c o n t r a d i c t i o n , i f we suppose that there e x i s t s some v * e [ - l , l ] such 

that X j ( v * ) = G j ( v * , v * ) = 0 we see from equation (5.71) that we must have 

g j , L + l ( v * ) = 0. As be fo re , the p o s s i b i l i t y that gj = 0 to be 

ru led out and thus 6 j ( v * , v * ) = 0 would requ i re P L + I ( V * ) = 0 in equation 

( 5 . 6 9 ) . At the same time X j ( v * ) = 0 would requ i re Q L + I ( V * ) = 0 in 

equat ion (5 .68 ) . But P L + I ( V * ) and Q L + I ( V * ) cannot be zero s imul taneously 

o therwise equation (5.70) would be v i o l a t e d . We must then conclude that 

t he re i s no such v * . We note that t h i s r e s u l t a lso impl ies that there 

are no d i sc re te e igenvalues embedded in the continuum. 

5.3 The FN Method 

Rather than pursue exact ana l ys i s to so lve the developed s ingu la r 

i n t e g r a l equations and cons t ra in t s fo r the e x i t d i s t r i b u t i o n s t i C - . - u ) 

and t i ( R . n ) . y > 0, we p re fe r to use the F ^ method (Siewert and Beno is t , 

1979) to const ruc t a concise approximate s o l u t i o n . We thus l e t 

A = R - L, Ai = oiA and w r i t e , fo r the i^h group and y > 0, 

N 
i | » i ( L , - y ) = R i ( y ) e x p ( - A i / y ) + I a i , a P a ( 2 y - l ) (5.72a) 

a=0 

and 

N 
^ ; i ( R , y ) = L i ( y ) e x p ( - A i / y ) + I bi , c ,P „ (2y - l ) . (5.72b) 

a=0 
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I f we now use equations (5.3) and (5.72) in ( 5 . 5 ) , we can deduce from 

equations (5.42) and (5.44) that 

N 
I Ca i ,o tB i .a ( 0 + C i e x p ( - A i / 5 ) b i , c t A i , a { 5 ) ] 

a=0 
i-1 

= C i l i ( 5 ) + I c j i j l i j ( 5 ) (5.73a) 
j = l 

and 

N 
I C b i , a B i , a ( 0 + C i e x p ( - A i / 5 ) a i , a A i . a ( 0 ] 

a=0 
i-1 

= C i J i ( 5 ) + I a i j J i j ( 0 (5.73b) 
0=1 

f o r a l l C e P i = { v ^ ^ ^ } U C O , l ] . Here Vi^n, , m = 0,1,2 K ^ - I , denote 

the p o s i t i v e d i s c r e t e e igenvalues re levan t to group i , 

1 
I i ( C ) = / u [ L i ( y ) G i ( - C , i i ) S i ( A , u , 0 

0 

+ R i ( p ) G i ( 5 , p ) C i ( A , y , C ) ] d i i (5.74a) 

and 

1 
J i ( 0 = / p [ L i ( p ) G i ( 5 , p ) C i ( A , p , 0 

0 

+ R i ( p ) G i ( - 5 , p ) S i ( A , p , C ) ] d P (5.74b) 

where 

l - e x p ( - a i A / p ) e x p ( - a i A / 5 ) 
S i ( A . p , 0 = (5.75a) 
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and 

e x p ( - a i A / y ) - e x p ( - o i A / 5 ) 
C i ( A , y , 0 = - - . (5.75b) 

We have a lso introduced 

cJiL/C 

n i j ( 0 = e Wij(0 (5.76a) 
and 

- o i R A 

5 J i j ( 5 ) = e Wij(-0 . (5.76b) 

F i n a l l y , the funct ions A-j,„(5) and B i , c i ( C ) requi red in equations (5.73) 

are def ined in the fo l low ing way: 

Ai,a(0 = / w P a ( 2 y - l ) G i ( - 5 . p ) , 5^ [ - l , 0 ) . (5.77) 
0 y+C 

B i , a ( C ) = -Ci / y P a ( 2 y - l ) G i ( 5 , y ) , 5e{v i ,n , } (5.78a) 
0 y-5 

and 

Bi,a (5 ) = 2Xi(?)P«(2C-l)-CiP y P „ ( 2 y - l ) G i ( 5 . y ) 
y-5 

5e[0,l] . (5.78b) 

In Section 5.5, we repor t some recurs ion re la t i ons that es tab l i sh an 

accurate and convenient method fo r eva lua t ing the basic func t ions A-j,„(5) 

and B i , „ ( C ) . 

Consider ing the r igh t -hand sides of equations (5 .73 ) , we note from 

equat ions (5.74) that the func t ions I i ( 5 ) and J i ( ? ) are immediately 
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a v a i l a b l e d i r e c t l y from the boundary data f o r the i^^ g roup. The 

add i t i ona l terms I i j ( 5 ) and J i j ( ? ) c l e a r l y represent down-scat ter ing 

con t r i bu t i ons to the i^li g roup . We assume now that the constants { a j 

and { b j , a J , j = 1 , 2 , . . . i - 1 , have been found so that the approximate 

r e s u l t s , fo r u > 0, 

and 

B j { p , s ) = e x p ( - a j L / s ) { R j ( i i ) [ e x p ( - A j 7 y ) - e x p ( - A j / s ) ] 

N 
+ I a j , c x P a ( 2 y - l ) } (5.79a) 

a=0 

B j ( - y , s ) = e x p ( - 0 j L / s ) { L j ( y ) [ l - e x p ( - A j / M ) e x p ( - A j / s ) ] 

N 
- e x p ( - A j / s ) I b j , a P a ( 2 y - l ) } (5.79b) 

a=0 

are ava i l ab le f o r j = 1 ,2 , . . . 1 -1 . Thus , on cons ider ing equations (5.73) 

a t N+1 values of CeP i , say S i . g , we can solve the system of l i n e a r 

a lgeb ra i c equations 

N 
I [ a i , a B i . a ( C i . e ) + C i e x p ( - A i / C i , 8 ) b i , a A i , c , ( C i . 0 ) ] 

a=0 
1-1 

= C i l i ( 5 i , e ) + I o i j l i j ( 5 i , 0 ) (5.80a) 
j = l 

and 

N 
I [ b i , a B i , a ( 5 i , 8 ) + C i e x p ( - A i / C i , 8 ) a i , a A i , o ( 5 i , g ) ] 

a=0 
i-1 

= C i J i ( 5 i , 8 ) + I < ^ i j J l j ( 5 i , 8 ) ' (5-80b) 
J = l 

( N O t i T U r o DE P E S Q U . f i . ^ ^ R C E r i C A S E N U C L E A R E S 
I. P. E. N . 
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f o r e = 0,1,2,...,N, to f i nd the des i red constants fo r the i t h group 

{ a i , a } and { b i , a } provided we f i r s t express I i j ( 5 ) and J i j ( 5 ) in terms of 

known q u a n t i t i e s . We t h e r e f o r e proceed to use equations (5.76) and the 

va r ious resu l t s developed in the prev ious sect ion in order to deduce 

express ions that can be used in a convenient manner to compute the 

des i red I i j ( ? ) and J i j ( 5 ) . To be s p e c i f i c , we note that fo r i = 1 the 

r igh t -hand sides of equations (5.80) are known since I i {c) and J i ( ? ) are 

g iven by equations (5 .74 ) . We thus can so lve the system of l i n e a r 

a lgebra ic equations to f i nd { a i , ^ ^ and { b i , a } . Consider ing equations 

(5.80) fo r i > 2, we see that we must compute I i j ( 5 ) and J i j ( 5 ) f o r 

j = 1 , 2 , . . . i - 1 , along wi th I i ( 5 ) and J i (c ) as g iven by equations (5 .74 ) , 

before we can so lve the l i n e a r system to f i nd { a i , a } and { b i , o } . We 

f i n d 

L + 
I i j ( 5 ) = I ( - 1 ) * 0 i j(O * j , J i ( 5 / a i ) g i . £ ( 5 ) (5.81) 

where 

* j , £ ( 5 / « i ) = ( - 1 ) * 9 j . i i ( s i j O * j , o ( ? / c J i ) 

- ( - 1 ) ^ D j , i l ( s i j O (5.82) 

w i t h 

+ -1 + 
* j . o ( 5 / o i ) = Gj ( S i j 5 , s i j 0 [ X j j ( s i j ? ) 

+ I 8 j j(ODj,A ( s i j 5 ) P £ ( s i j C ) ] . (5.83) 
¿=1 

+ + 
Here D j , j i ( s i j C ) , w i th D j , o ( s i j 5 ) = 0, are ava i l ab le from 
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Sij5hj . £ D j , i i ( s i j 5 ) = ( £ + l ) D j , £ + i ( S i j O 

+ * D j , i l - l ( S i j O + M j , £ ( s i j 5 ) (5.84) 

where 

" i 

+ I [aj.cx + ( -1 ) ^ e x p ( - A i / ? ) b j , „ ] T « , £ > 
a=0 

- — U j , A ( 5 / o i ) . (5.85) 

In equation (5.85) we have used the d e f i n i t i o n s 

1 
K j , £ (C) = / i i P £ ( y ) { R j ( y ) [ e x p ( - A j / i i ) - e x p ( - A j / C ) ] 

- ( - 1 ) ^ L j ( y ) [ l - e x p ( - A j / p ) e x p ( - A j / 0 ] } d y . (5.86) 

1 
Ta £ = / PPa (2P - l )P£ ( l i ) du (5.87) 

0 

and 

j -1 + 
U j , £ ( 5 / o i ) = ( - 1 ) * I ajk(0*k,Jl(5/<^i) . (5-88) 

k=l 

We note tha t Devaux, S iewer t , and Yuan (1982) have repor ted a recu rs ion 

r e l a t i o n that prov ides an e f f i c i e n t way to compute the numbers la^z (see 

Sect ion 5 .5 ) . A lso we point out that U j , £ ( 5 / o i ) i s considered known 

since a l l ^^,i{K/o^) requ i red in equation (5.88) have, by n e c e s s i t y , been 



62 

+ 
computed i n prev ious s teps. F i n a l l y f o r S i j 5 e [ 0 , l ] , X J J ( S - J J 5 ) i s g iven 

by 

^ j j ^ ^ i j ^ ) = — " j ( S T j O + C2-A j ,o(Sij5)] I a j , „ P „ ( 2 s i j 5 - l ) 
a=0 

N 
+ I [ a j , a G j , a ( S i j O - e x p ( - A i / O b j , a A j . a ( S i j O ] 

a=0 

+ S j i I U j , A { 5 / o i ) E j , j i ( S i j 5 ) } (5.89) 
1=1 

where 

1 
G j , a ( 5 ) = / u G j ( 5 . y ) 

P „ (2v -1 ) -Pe , (25 -1 ) 
dy (5.90) 

can be computed e f f e c t i v e l y from a r ecu rs i on r e l a t i o n (see Sect ion 5.5). 

For S i j 5 ^ [ 0 , l ] we f i n d 

- S j i A j ( S i j 5 ) I U j , j , ( C / a i ) P ; i ( S i j 5 ) 

1=0 

+ S j i I U j , j i ( C / a i ) E j , j i ( S i j O > 

¿=1 
(5.91) 

where 

N 
Tj(0 = I j ( C ) + I C a j . a A j . „ ( - 0 - e x p ( - A j / O b j , a A j , „ ( 0 ] • 

a=0 

(5.92) 
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In a s im i l a r way we f i n d 

# L 

J i j ( 0 = I 3 i j ( M * j . £ ( 5 / a i ) g i , , ( 0 (5.93) 
1=0 

where 

- g j . J l (S i j5 ) * j ' .o (5 /<^ i ) - ( - 1 ) ' D j . ^ ( S i j 5 ) (5.94) 

w i t h 

* j , o ( 5 / < ' i ) = G j \ s i j C , S i j 5 ) [ X j j ( s i j 5 ) 

L 

+ I ( - 1 ) ^ e j j ( M D j . i t ( s i j C ) P £ { s i j O ] . (5.95) 
1=1 

Here D j , £ ( s i j S ) . w i th D j , o ( s i j C ) = 0, are ava i l ab le from 

- S i j 5 h j , j i D ^ , £ ( s i j C ) = ( J l+ l )D j , j i+ i (s i jC) 

+ * D - , , . i ( s i j ? ) + M j - , , ( S i j O (5.96) 

where 

21+1 

¿+1 
- I [ ( - 1 ) ^ b j , a + e x p ( - A i / 5 ) a j , j T a . £ } 

a=0 

+ ( - 1 ) ^ — V j , A ( 5 / o i ) . (5.97) 
" i 
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In equat ion (5.97) we have used the d e f i n i t i o n s 

Nj , i i (5) = / M P j i ( p ) { R j ( w ) C l - e x p ( - A j / y ) e x p ( - A j / 5 ) ] 

- ( - 1 ) ^ L j ( y ) [ e x p ( - A j / y ) . e x p ( - A j / 0 ] } dy (5.98) 

and 

j -1 
V j . £ ( 5 / O i ) = I a j k ( M * k . J t ( 5 / < ' i ) 

k=l 
(5.99) 

wh ich , as discussed be fo re , i s ava i l ab le from prev ious s teps . F i n a l l y , 

f o r s - i j?eCO , l ] , X j j ( s i j 5 ) i s g iven by 

1 N 
X j j ( s i j 5 ) { J j ( S i j 5 ) + [ 2 - A j , o ( s T j 5 ) ] I b j , „ P a ( 2 s i j C - l ) 

a=0 
N 

+ I [ b j , a G j , a ( S i j C ) - e x p ( - A ^ . / 5 ) a j , c t A j , a ( S i j O ] 
a=0 

+ S j i I V j ^ ^ ( C / a ^ . ) E j , A ( S i j 5 ) } . (5.100) 

For S i j 5 ^ [ 0 , l ] we f i n d 

^ J j ( s i j O = ^ A j ^ S i j 5 ) { H j ( s i j O 

- S j i A j ( s i j O I V j , ^ ( 5 / a i ) P , ( s i j O 
1=0 

I 
+ S j i I V j , j i ( 5 / a i ) E j , £ ( s i j ? ) } (5.101) 

1=1 

i w O T l T U ro O E P b S Q U i C A S E f R 3 E T 1 C A 3 E N U C L E A R E S 
I. P. E. N. 
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where 

N 

= J j ( C ) + I [ b j , „ A j , „ ( - 0 - e x p ( - A j / O a j . a A j , a ( 0 ] • (5.102) 
0=0 

Having developed the method to f i nd the sur face f l u x e s , we now 

demonstrate how a s l i g h t mod i f i ca t ion of the ana lys is of Section 5.2 and 

the Ffj method can be used to compute accura te ly the angular f l uxes fo r 

a l l z e ( L , R ) . 

5.4 The I n t e r i o r Angular Fluxes 

I f we change y to - y i n equation ( 5 . 1 ) , mu l t i p l y the resu l t i ng 

equation by e x p ( - a i z / s ) and in teg ra te over z from z i t o Z 2 , w i th 

L<z i<Z2<R, we obtain an equation s im i l a r to equation ( 5 . 4 ) , v i z . 

t ^2 
S y B i ( y , s ) - a i ( y - s ) / ( z , - y ) e x p ( - a i z / s ) d z 

z i 

s i L t 
= r I I ( - 1 ) ^ a i j ( J l ) P j i ( y ) * j , j i ( s / a i ) (5.103) 

^ j = l Jl=0 

where 

and 

B J ( P , S ) = i | ) i ( z i , - y ) e x p ( - a i z i / s ) - ( z 2 , - u ) e x p ( - a i Z 2 / s ) (5.104) 

t Z2 

* j , £ ( s / a i ) = / < | . j , £ ( z )exp ( -a i z / s )dz . (5.105) 
z i 
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We can f o l l o w the development discussed in Sect ion 5.2 to obta in from 

equation (5.103) gene ra l i za t i ons of equations ( 5 . 4 2 ) , ( 5 . 4 3 ) , and (5 .44) , 

Thus f o r the i t h group and f o r v e [ - l , l ] we f i n d 

t 1 1 t dp 
X i ( v ) v B i ( v , v ) - -CiVp / p G i ( v , p ) B i ( p , v ) 

2 • l i P-v 

and 

1 t 
= - I <JijWij(v) (5.106) 

^ j = l 

t t t 
a i C i X i i ( v ) = 2vBi (v .v ) - I a i j X i j ( v ) (5.107) 

j = l 

and, f o r c i f 0, 

,1 t dp 
C i ? i , m / '^Gi(?i,ni.»^)Bi(»^.5i,m) ,7-

-1 '^-^i,m 
i-1 t 

= - I <^ijWij(?i.m) (5.108) 
j = l 

where 

L 

W i j ( s ) = I ( - 1 ) ^ 6ij(A)$j,ii(s/ai)gi,ji(s) (5.109) 
£=0 

and 

L 
X - j ( s ) = I ( - 1 ) ^ 3 i j ( M $ j . £ ( s/ai ) P ^ ( s ) . (5.110) 

£=0 

For the specia l case Ci = 0, we f i n d , f o r | p | e ( 0 , l ] . 
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t 1 t 
Bi(y.M) = ~ I cTijXij(y) . (5.111) 

f 2^ j = l 

We note that the express ions developed in Sect ion 5.2 for the computation 

o f * j , j j , ( s / o i ) can be genera l i zed so that * j , £ ( s / f f i ) can be found in a 

s i m i l a r manner. 

We now l e t zx = z and Z2 = R and then use equations ( 5 . 3 b ) , (5.72b) 

and the approx imat ions, fo r u > 0, 

N 
, | , i ( z . - y ) = R i ( y ) e x p [ - o i ( R - z ) / y ] + I Ci , a ( z ) P a ( 2 y - l ) (5.112a) 

a=0 

* and 

N 
i |» i (z ,p) = L i ( u ) e x p [ - a i ( z - L ) / y ] + I di , „ ( z ) P „ ( 2 u - l ) (5.112b) 

a=0 

in equation (5.104) to deduce from equations (5.106) and (5.108) the 

f i r s t of our equat ions. S i m i l a r l y , we can take z^ = L and zg = z and 

then use equations ( 5 .3a ) , (5.72a) and (5.112) in equation (5.104) to 

deduce from equations (5.106) and (5.108) the second of the equat ions . 

Thus , f o r z e ( L , R ) and 5ePi we f ind 

N 
I [ C i , c x ( z )B i , a (5 ) - C i d i , c t ( z )A i . a ( 0 ] = C i l i ( z , 5 ) 

a=0 
i-1 N 

+ I a i j l i j ( z , 5 ) - c i e x p [ - a i ( R - z ) / 0 I b i , a A i , a ( 5 ) (5.113at 
j = l a=0 

and 
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N 
I [ d i , a ( z ) B i , a ( 5 ) - C i C i , „ ( z ) A i . a ( 0 ] = C i J i ( z , 5 ) 

a=0 

i-1 N 
+ o i j J i j ( z , C ) - C i e x p [ - a i ( z - L ) / 5 ] I a i , c iA i , „ ( 5 ) • (5.113b) 

j = l a=0 

Here 

1 
I i ( z , 5 ) = / u { L i ( y ) G i ( - C , y ) e x p [ - a i ( z - L ) / y ] S i ( R - z , y , 5 ) 

0 

+ R i ( y ) G i ( C , y ) C i ( R - z . y , ? ) > d p . ( 5 . 1 U a ) 

1 
J i ( z , 5 ) = / y { L i ( y ) G i ( 5 , y ) C i ( z - L , y , 5 ) 

0 

+ R i ( y ) 6 i ( - 5 . u ) e x p [ - O i ( R - z ) / y ] S i ( z . L . y . 5 ) } d y , (5.114b) 

a i z / 5 t 
C l i j ( z , 5 ) = e . W i j ( 5 ) , z i = z and Z2 = R . (5.115a) 

and 

-aiz/K t 
5 J i j ( z , 5 ) = e W i j ( - C ) , z i = L and Z2 = z . (5.115b) 

I n v e s t i g a t i n g the r igh t -hand sides of equations (5 .113) , we note from 

equat ions (5.114) that I i ( z , c ) and J i ( z , 5 ) are a v a i l a b l e , f o r any 

z e ( L , R ) , d i r e c t l y from the boundary data fo r the i^h g roup. The terms 

I i j ( z , ? ) and J i j ( z , 5 ) r ep resen t , as be fo re , down-scat ter ing con t r i bu t i ons 

t o the i t h group, and at t h i s point the constants ia^ ^g) and {b-j have 

a l ready been e s t a b l i s h e d . Thus on consider ing equations (5.113) at the 
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same N+1 va lues of 5ePi used in equation (5 .80 ) , namely S-j^g, we can 

so lve the system of l i n e a r a lgebra ic equations 

N 
I [ C i , a ( z ) B i , c . ( 5 i , 3 ) - C i d i , a { z ) A i , a ( 5 i , 3 ) ] = C i l i ( z , 5 i , 3 ) 

a=0 
i-1 

+ I a i j l i j ( z , ? i , 3 ) 
M 

N 
- C i e x p C - a i ( R - z ) / ? i , 3 ] I b i , a A i , a ( 5 i , 6 ) (5.116a) 

a=0 

and 

N 
I [ d i , a ( z ) B i , a ( 5 i , 3 ) - C i C i , a ( z ) A i , a ( 5 i , 3 ) ] = C i J i ( z , 5 i , 3 ) 

a=0 
i-1 

+ I " i j J i j ( z , 5 i , 3 ) 
j = l 

N 
- C i e x p [ - a i ( z - L ) / ? i ^ 3 ] I ai , c x A i .aC^i ,e) (5.116b) 

a=0 

f o r 3 = 0,1,2 N, to f i n d { c i , a ( z ) } and { d i , c ( ( z ) > f o r se lected values 

o f z e ( L , R ) provided we f i r s t express I i j ( z , 5 ) and J i j ( z , C ) in terms of 

known q u a n t i t i e s . We observe that the func t ions A i^c t (5) and B i , a (5 ) 

appearing in equations (5.116) are the same as used in equations (5 .80 ) , 

and thus the only new q u a n t i t i t e s to be evaluated are l\{z,K), J i ( z , 5 ) , 

I i j ( z , 5 ) , and J i j ( z , 5 ) . Fu r the r we note that the mat r ix of c o e f f i c i e n t s 

in equations (5.116) is independent of z so that the so lu t ions to these 

equations f o r many values of z can be accomplished w i th one mat r ix 

1. p . E. N. 
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i n v e r s i o n . We now summarize the equations that can be used to compute 

the des i red I i j ( z , C ) and J i j ( z , 5 ) . We f i n d 

L + 
l i j ( z , 0 = I ( - 1 ) ^ 3 i j ( 0 * j , A ( z , 5 / o i ) g i , £ ( C ) (5.117) 

£=0 

where 

* j , £ ( z . 5 / a i ) = ( - 1 ) ^ g j , £ ( S i j 5 ) * j , o ( z . 5 / < ^ i ) 

- ( - 1 ) * D j , ^ ( z . S i j C ) (5.118) 

w i t h 

* j . o ( z . 5 / a i ) = G j \ s i j 5 . S T j O [Xjj ( z . S i j C ) 

L 
+ I e j j ( O D j . £ ( z . S t j O P £ ( S i j O ] . (5.119) 

Here D j , ^ ( z , s - j j C ) , w i t h D j , o ( z . S i j C ) , are a v a i l a b l e from 

S i j 5 h j . £ D j , j i ( z . S i j 5 ) = ( A + l ) D ] , ^ + i ( z . S i j O 

+ ^ D j , £ - l ( z , S i j 5 ) + M j , A ( z . S i j C ) (5.120) 

where 

M j . i l ( z . S i j ? ) = ^ t K j , ^ ( z . S i j O + I [ C j . a ( z ) - ( - 1 ) ^ dj,cc(z) 
1 a=0 

+ ( - 1 ) ^ e x p [ - a i ( R - z ) / C ] b j , j T „ , j i } - — Uj , j i ( z . 5 / a i ) . (5.121) 
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In equat ion (5.121) we have used the d e f i n i t i o n s 

1 r 
K j , £ ( z , 0 = / u P £ ( p ) [ R j ( u ) { e x p C-aj ( R - z ) / i i ] - e x p C-aj ( R - z ) / S ] } 

- ( - 1 ) * L j ( y ) e x p [ - a j ( z - L ) / u ] 

X { l - e x p C - O j ( R - z ) / y ] e x p [ - a j ( R - z ) A ] } dp (5.122) 

and 

M 
U j , £ ( z . 5 / « i ) = ( -1 )^ I O j k ( 0 * k , J l ( z . 5 / o i ) . 

k=l 
(5.123) 

F i n a l l y f o r S i j 5 e [ 0 , l ] , x J j ( z , S i j 5 ) i s g i ven by 

>• 

N 
. S i j O = _ | l j ( z , S i j 5 ) + [ 2 - A j , o ( s i j O ] I Cj , c t ( z ) P a ( 2 s i j 5 - l ) 

N 
+ I 

a=0 
C j , a { z ) G j , c x ( S i j O + { d j , c t ( z ) - e x p [ - a i ( R . z ) A ] b j ,a>Aj,a (Sij5) 

L 
+ S j i I U j ^ j i ( z , 5 / a i ) E j , j i ( S i j 5 ) 

£=1 } • (5.124) 

For S i j €^ [0 ,1 ] we f i n d 

' ^ i j ^ ) = r - ^ j ^ 5 i j 0 t T j ( z , S i j O 

L 
- S j i A j ( S i j 5 ) I U j , ; i ( z . C/ai ) P j i ( S i j O 

£=0 

m L 
+ S j i I U j , £ ( z , 5 / o i ) E j , ^ ( S i j 5 ) > (5.125) 
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where 

N 
T j ( z . 5 ) = l j ( z , 0 + I [ c j , a ( z ) A j , „ ( - 0 + { d j , o . ( z ) 

a=0 

- e x p [ - a j ( R - z ) / O b j , c . > A j . Q i ( 0 ] • (5.126) 

In a s i m i l a r way we f i n d 

L 

J i j ( z . 5 ) = I e T j ( M * j . £ ( z . 5 / a i ) g i , A ( 5 ) (5.127) 
£=0 

where 

* j , £ ( z , 5 / a i ) = g j . £ ( S i j C ) * j , o ( z . C / a i ) 

- ( - 1 ) ^ D j . A ( z . S i j C ) (5.128) 

w i t h 

*j , o ( z . 5/«i) = Gj (SijS.SijO [ X j j ( z , S i j O 
L 

+ I ( -1 )^ ejj ( A)Dj , ^ ( z.STjOPji(SijO] . (5.129) 

Here D j , i ( z , S i j 5 ) , w i t h D j , o(Z ' S i j 5 ) = 0, are ava i l ab le from 

- S i j 5 h j , £ D j , ^ ( z . S i j O = ( A + l ) D j , £ + i ( z . S i j 5 ) 

+ ^ D j . i l - l ( z . S i j O + M j , ^ ( z . S T j C ) (5.130) 

where 
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zn+i r 
M j , £ ( z , S i j 5 ) = — [ N j , j i ( z . S i j ? ) + I { C j , a ( z ) - ( - 1 ) ^ d j , a ( z ) 

°i a=0 

- e x p [ - a i ( z - L ) / n a j + ( - 1 ) * — V j , j i ( z . 5 / a i ) . (5.131) 

In equat ion (5.131) we have used the d e f i n i t i o n s 

N j . £ ( z . O 

1 r 

= / vPiiv) [ R j ( y ) e x p [ - o j ( R - z ) / y ] { l - e x p [ - a j ( z - L ) / y ] e x p [ - a j ( z - L ) / 5 ] } 

. ( _ i ) ^ L j ( y ) { e x p [ - O j ( z - L ) / y ] - e x p [ - a j ( z - L ) / 5 ] > ] du (5.132) and 

j -1 
V j , A ( z . C / o i ) = I a j k ( A ) * k , £ ( z . 5 / o i ) 

k=l 

(5.133) 

F i n a l l y , f o r s - i j 5 e [ 0 , l ] , X j j ( z , s - i j ? ) i s g iven by 

^ j j ^ ^ ' ^ i j ^ ^ = ; ^ [ j j ( ^ ' S i - J ^ ^ t : 2 -A j . o ( S i j 5 ) ] I d j , a ( z ) P a ( 2 s i j ? - l ) 
N 
I 

a=0 

+ I [ d j , a ( z ) G j , a ( S i j O + { C j , a ( z ) - e x p [ - a i ( z - L ) / 5 ] a j . a } A j . a ( S i j C ) ] 
Qt=0 

+ Sji I V j , , ( z . 5 / a i ) E j , , ( S i j 5 ) 
1=1 

(5.134) 

For S i j5^ [0 , l ! l we f i n d 
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^ j j ( ^ ' S i j ^ ) = T : ^ j ^ ( s i j ^ ) t = j ( z . s i j 5 ) 

L 
- S j i A j { S i j O I V j , £ ( z , ? / a i ) P j t ( s i j 5 ) 

£=0 

L 
+ S j i I V j , j i ( z . C / a i ) E j , £ ( s i j O > (5.135) 

£=1 

where 

N 
E j ( z . 5 ) = J j ( z . O + I d j , a ( z ) A j . a ( - 0 + t c j , a ( z ) 

a=0 

- e x p [ - 0 j ( z - L ) / C ] a j , j A j , a ( C ) (5.136) 

5.5 Computational Aspects and Numerical Resul ts 

I n i t i a l l y we would l i k e to show how severa l o f the basic func t ions 

int roduced in Sect ion 5.3 can be computed e f f i c i e n t l y by r e c u r s i v e 

r e l a t i o n s . 

The func t ions ^•\ ^a^^) def ined by equation (5.77) can be shown to 

s a t i s f y , f o r a > 0, the r e c u r s i v e r e l a t i o n 

« A i , a - l ( 5 ) + ( 2 a + l ) ( 2 C + l ) A i , a ( 5 ) + (a+l )A i , „+1 (0 

L 

= 2(2a+l ) I ( - 1 ) ^ B i i ( M g i , £ ( O T a , i l . (5.137) 

where f o r forward recu rs i on the requ i red i n i t i a l value can be computed 

from 

iv.\ ; I I T U I O Dt; ? Q U = S h , r R : i E T ! C . \ S E N U C L E A R E S 
I. P. E. .M. 
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A i , o ( 0 = I ( - 1 ) ^ S i i ( A ) g i , £ ( 5 ) C £ ( 5 ) . (5.138) 

Here the func t ions €¿(5) can be found from 

J I C A . I C O + (2£+l)5C£(5) + ( A + l ) C £ + i ( C ) = (2A+l )To, j i (5.139) 

wi th 

Co(5) = 1 - 5 log (1+1/5) . (5.140) 

We r e c a l l from Sect ions 5.3 and 5.4 tha t the func t ions A i , a ( 5 ) are 

requ i red f o r real 5 ^ [ - l , 0 ) . We have found tha t the use of equation 

(5.137) i n the fo rward d i r e c t i o n i s s table on ly f o r 5 e ( - l , 0 ] , and thus an 

a l t e r n a t i v e procedure i s des i red . Using the Ch r i s t o f f e l -Da rboux formula 

(Abramowitz and Stegun, 1964) f o r the Legendre po lynomia ls , we have 

deduced the a l t e r n a t i v e recu rs ion r e l a t i o n 

P a + l ( 2 5 + l )A i , c x (0 + P a ( 2 5 + l ) A i , a + l ( 0 

= ( - l ) ° ( ^ ) ^ i . a ( 0 (5.141) 

where 

L 

r i . o ( 0 = I ( - 1 ) ^ e i i ( O g i , i i ( O T o , i i . (5.142) 

£=0 

and, f o r 1 < a < L+1 , 

r i , a ( 0 = r i , c . - l ( 5 ) 

L 
+ ( - l ) ° ( 2 a + l ) P „ { 2 5 + l ) I ( - 1 ) ^ 3 i i ( £ ) g i , £ ( 0 T a , £ . (5.143) 

£=0 
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Since la^Z = 0 f o r a > £+1, we see tha t equation (5.143) y i e l d s 

^ i . a C O = r^ .^L+l (5) . a > L+1 . (5.144) 

We have found that backward recu rs ion of equation (5.141) in the manner 

suggested by M i l l e r (1952) i s s tab le f o r rea l 5 ^ [ - l , 0 ) . However, as 

d iscussed before (Garc ia and S iewer t , 1981b), such a scheme can be t ime-

consuming f o r 5 c lose to the t r a n s i t i o n points -1 and 0, and f o r t h i s 

reason we have a c t u a l l y used forward recu rs i on of equation (5.137) f o r 

5e[-1.001, - 1 ) U [ 0 , 0.001] wi thout l os ing too many s i g n i f i c a n t f i g u r e s . 

For o ther 5 we used backward recu rs ion of equation (5.141). The 

func t ions B-j ,„(5) def ined by equations (5.78) and requ i red f o r 5eP-j can 

be deduced from the r e c u r s i v e r e l a t i o n 

-«B i ,a - l (0 + (2a+ l ) (2C - l )B i ,a ( 0 - ( a + l )B i ,„+1 (0 

L 
= 2(2«+l )c- i I 3 i i(A ) g i , j i ( 5 ) T a , £ , (5.145) 

Z=Q 

wi th 

B i , o ( 5 ) = 2(1-Ci) + C i A i , o ( 5 ) . (5.146) 

Forward recu rs i on of equation (5.145) can be used e f f i c i e n t l y to generate 

B i , a ( 5 ) foi" 5eC0 , l ] . For 5 = v-j^pi i t i s not d i f f i c u l t to see that 

B i , a ( ^ i , m ) = -CiA-j ^aC-'^i,m)» and thus the recu rs ion re l a t i ons developed 

A-i,oi(C) can be r ead i l y used t o e s t a b l i s h B - j ,a (^ i ,m)* n '̂̂ ^^ ^^at 

the s t r a t e g y adopted here y i e l d e d A-j,ci(C) and B-i,a(5) accurate to at 

l eas t 13 s i g n i f i c a n t f i g u r e s f o r a up t o 40 (working in double p rec i s i on 

w i t h an IBM 370/165 machine). 
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We now tu rn our a t t en t i on to the constants def ined by equation 

(5 .87 ) . We note that the Ta^ji are a specia l case (m = 0) of the more 

general Ta,£ considered by Devaux, S iewer t , and Yuan (1982) and thus we 

w r i t e f o r a > 0 and A > 0: 

- ( , 4 T ) T » . W • ( 5 - 1 4 7 ) 

In t h i s equation a runs from a=0 to i+2 (note that Tg^n = 0 f o r 3 > n+1) 

f o r each A , from ¿=0 to L -1 . To i n i t i a t e our ca l cu l a t i on we use 

1 
'0,0 

(5.148) 

and 

•^1.0 = ^ (5.149) 

F i n a l l y , the polynomials G-j,a(5) def ined by equation (5.90) and 

requ i red f o r Ce [0,l] can be computed e f f i c i e n t l y by forward recu rs i on 

from 

«(3 i ,a . l{0 - (2a+l)(2C-l)Gi,oc(5) + (a+l)Gi ,«+1 ( O 

2(2a+l) I 3i i (A)gi,Ji(C)Ta.& , 
£=0 

(5.150) 

—̂  
(WG r i T U 10 D t ?• S i- . RJ.ETiCAS E N U C L E A R E 8 

I. P. E. N. 
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w i t h 

Gi,o(0 = 0 (5.151) 

In order to demonstrate the computational mer i t of our so lu t i on we 

now cons ider a 20-group albedo problem w i th a 10*^ order Legendre 

expansion of the sca t t e r i ng law. A 20-cm th i ck slab has an i s o t r o p i c a l l y 

inc iden t d i s t r i b u t i o n of r a d i a t i o n only in the f i r s t group and only on 

the sur face at z = L, i . e . , f o r y > 0 

and 

L i ( y ) = 

R i ( p ) = 0 . 

(5.152a) 

(5.152b) 

To f a c i l i t a t e the data handl ing we use a f i c t i t i o u s c r o s s - s e c t i o n set ( i n 

un i t s of cm-1) de f i ned , f o r i = 1 ,2 , . . . , 20 , by 

M = ( - ^ ) - 0-15 5 i ,5 - 0.15 6^,10 (5.153a) 

and 

a i j ( £ ) = (2£+l) 
L l O O ( i - j + l ) J 

( g i j ) ^ , j = 1, 2, . . . . i , 

where 

A = 0, 1, 10, (5.153b) 

(5.153c) 

The sca t t e r i ng law def ined by equations (5.153b) and (5.153c) corresponds 

to a t runcated (L = 10) Henyey-Greenste in phase func t i on int roduced in 
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the f i e l d of r a d i a t i v e t r a n s f e r (Henyey and Greens te i n , 1941). The 

Henyey-Greenste in phase funct ion i s cha rac te r i zed by one parameter g 

which is a measure of the degree of an i so t r opy , i . e . , g > 1 impl ies 

forward sca t te r i ng whi le g •*• -1 impl ies backward s c a t t e r i n g . For a 

monoenergetic problem, g corresponds to the average cosine of the 

s c a t t e r i n g ang le . In our problem the values of g g iven by equation 

(5.153c) correspond to moderate forward sca t te r i ng and were chosen in 

order to avoid negat ive values in the sca t te r i ng law (w i th L = 10). 

In so lv ing the systems of l i n e a r a lgebra ic equations given by 

equations (5.80) and (5.116) we have used, fo r var ious orders of the Fj^ 

approx imat ion , the co l l oca t i on scheme 

5i,a = v i , B , e = 0, 1, 2 ici-1 , (5.154a) 

and 

'20-2ici+l 1 1 
5i ,0 = ^ + ; cos 

2 2 L 2 ( N + 1-Ki) . 
, 0 = K-j, < i+ l N . (5.154b) 

The points given by equation (5.154b) are the zeros of the Chebyshev 

polynomial of the f i r s t kind T N + I _ < ^ . ( 2 x - l ) . Based on the resu l t s of our 

computations which fo l lowed c l o s e l y the technique discussed by Siewert 

(1980), we have concluded that there is only one pa i r of d i sc re te 

e igenvalues re levant to each group of the considered problem and thus we 

l i s t in Table 5.1 the p o s i t i v e e igenvalue f o r each group. 
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Tab le 5.1 The p o s i t i v e d i s c re te e igenvalues V ^ ^ Q 

' i , o ' i , o ' i . o i '1,0 

1 1.014675230187 6 1.010101983620 11 1.006629121797 16 1.004095374943 

2 1.013664030621 7 1.009324801731 12 1.006052161369 17 1.003687842667 

3 1.012702645157 8 1.008590208601 13 1.005511523631 18 1.003310515972 

4 1.011789497866 9 1.007896906406 14 1.005005991723 19 1.002962148042 

5 1.024569285561 10 1.011201112487 15 1.004534348940 20 1.002641480584 

We l i s t our converged r e s u l t s f o r the e x i t angular f l u x e s in Tables 5.2 

t o 5.9. Fu r the r converged r e s u l t s f o r the angular f l u x e s at va r ious 

pos i t i ons ins ide the slab are repor ted in Tables 5.10 to 5.21. We note 

tha t to compute the angular f l u x e s accu ra te l y f o r a l l y we used a 

r e c e n t l y proposed technique (Garc ia and S iewer t , 1982b). F i r s t the 

func t ions B- j ,c i (5) def ined by equation (5.78) are expressed as 

B i , a ( 5 ) = 2Pa (25- l ) - C i { [ 2 - A i , o ( 5 ) ] Pa(25-1) + G i , « ( ? ) } (5.155) 

and t h i s r e l a t i o n can be used in equations (5.73) f o r S = y e [ 0 , l ] t o 

f i n d the fo l l ow ing a l t e r n a t i v e express ions f o r the emerging f l u x e s : 

N 
= R i ( y ) e x p ( - A i / p ) + - C i { I i ( i i ) + [ 2 -A i , o ( i ^ )3 I a i , a P a ( 2 y - l ) 

^ a=0 

N ^ i-1 
+ I C a i . a G i , a ( y ) - e x p ( - A i / y ) b T , o i A i , a ( M ) ] } + - I ^ ^ i j I i j C M (5.156a) 

a=0 ^ j = l 



Tab le 5.2 The e x i t angular f l u x e s i | ) i ( L , - u ) f o r i = 1 to 5 
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u i = 1 i = 2 i = 3 i = 4 i = 5 

0 5.0885( -2) 1.2999(-2) 5.8860{ -3) 3.3641( -3) 3.1535(-3) 
0.1 2.8195( -2) 8.6681(-3) 4.2785( -3) 2.5789( -3) 2.4685(-3) 
0.2 1.8568( -2) 6.2371(-3) 3.2310( -3) 2.0122( -3) 1.9565(-3) 
0.3 1.3061(--2) 4.6596(-3) 2.4996(--3) 1.5956{ -3) 1.5724(-3) 
0.4 9.6343(- -3) 3.5983(-3) 1.9835(--3) 1.2912( •3) 1.2862(-3) 
0.5 7.3536(- -3) 2.8516(-3) 1.6080( -3) 1.0640( -3) 1.0690(-3) 
0.6 5.7554(. -3) 2.3033(-3) 1.3241(--3) 8.8871( -4) 8.9923(-4) 
0.7 4.6063(--3) 1.8921(-3) 1.1055( -3) 7.5096( -4) 7.6454(-4) 
0.8 3.7653( -3) 1.5814(-3) 9.3667( -4) 6.4282( -4) 6.5749(-4) 
0.9 3.1192(- -3) 1.3378(-3) 8.0287( -4) 5.5637( -4) 5.7091(-4) 
1 2.6287(--3) 1.1453(-3) 6.9424{--4) 4.8472(--4) 4.99C0(-4) 

Tab le 5.3 The e x i t angular f l u x e s i | ; - j (L , -p) f o r i = 6 to 10 

li i = 6 i = 7 i = 8 i = 9 i = 10 

0 1.5457(. •3) 1.1467(-3) 8.8628(--4) 7.0652{--4) 6.8284(-4) 
0.1 1.2701(. -3) 9.6248(-4) 7.5717(- •4) 6.1275(--4) 6.0047(-4) 
0.2 1.0397(-•3) 7.9986(-4) 6.3758(--4) 5.2196(--4) 5.1654(-4) 
0.3 8.5661(- -4) 6.6715(-4) 5.3764(--4) 4.4447(--4) 4.4359(-4) 
0.4 7.1511(- -4) 5.6261(-4) 4.5755(-•4) 3.8138(--4) 3.8335(-4) 
0.5 6.0504(- -4) 4.8015(-4) 3.9355(- -4) 3.3036(--4) 3.3407(-4) 
0.6 5.1717(- •4) 4.1361(-4) 3.4138(-•4) 2.8839(--4) 2.9317(-4) 
0.7 4.4586(-•4) 3.5904(-4) 2.9821(-•4) 2.5337(-•4) 2.5882(-4) 
0.8 3.8823(- •4) 3.1451(-4) 2.6267{-•4) 2.2431{. •4) 2.3009(-4) 
0.9 3.4135(- •4) 2.7806(-4) 2.3339(-•4) 2.0022(-•4) 2.0608(-4) 
1 3.0128(- -4) 2.4661(-4) 2.0793(-•4) 1.7914(--4) 1.8504(-4) 
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Table 5.4 The e x i t angular f l u x e s i|^-j(L,-u) f o r i = 11 t o 15 

• 
M i = 11 i = 12 i = 13 i = 14 i = 15 

0 4.8231(-4) 4.0797(-4) 3.4993(-4) 3.0368(-4) 2.6619(-4) 

0.1 4.2927(-4) 3.6660(-4) 3.1721(-4) 2.7747(-4) 2.4499(-4) 

0.2 3.7343(-4) 3.2144(-4) 2.8019(-4) 2.4677(-4) 2.1926(-4) 
0.3 3.2384(-4) 2.8070(-4) 2.4627(-4) 2.1823(-4) 1.9501(-4) 

0.4 2.8225(-4) 2.4611(-4) 2.1715(-4) 1.9345(-4) 1.7374(-4) 
0.5 2.4783(-4) 2.1722(-4) 1.9262(-4) 1.7240(-4) 1.5552(-4) 

0.6 2.1900(-4) 1.9286(-4) 1.7179(-4) 1.5442(-4) 1.3987(-4) 
0.7 1.9457(-4) 1.7210(-4) 1.5394(-4) 1.3892(-4) 1.2630(-4) 

0.8 1.7397(-4) 1.5448(-4) 1.3870(-4) 1.2563(-4) 1.1461(-4) 
0.9 1.5668(-4) 1.3962(-4) 1.2578(-4) 1.1429(-4) 1.0459(-4) 

1 1.4137(-4) 1.2641(-4) 1.1426(-4) 1.0416{-4) 9.5611(-5) 

• 

Table 5.5 The e x i t angular f l u x e s i)^i-{L,-u) f o r i = 16 t o 20 

M i = 16 i = 17 i = 18 i = 19 i = 20 

0 2.3537(-4) 2.0970(-4) 1.8810(-4) 1.6974(-4) 1.5400(-4) 
0.1 2.1806{-4) 1.9547(-4) 1.7632(-4) 1.5994(-4) 1.4582(-4) 
0.2 1.9631(-4) 1.7694(-4) 1.6043(-4) 1.4623(-4) 1.3393(-4) 
0.3 1.7554(-4) 1.5902(-4) 1.4487(-4) 1.3264(-4) 1.2199(-4) 
0.4 1.5714(-4) 1.4299(-4) 1.3082(-4) 1.2026(-4) 1.1103(-4) 
0.5 1.4125(-4) 1.2905{-4) 1.1851(-4) 1.0934(-4) 1.0129(-4) 
0.6 1.2752(-4) 1.1692(-4) 1.0775(-4) 9.9742(-5) 9.2697(-5) 

- 0.7 1.1557(-4) 1.0633(-4) 9.8307(-5) 9.1283(-5) 8.5089(-5) 
0.8 1.0521(-4) 9.7107(-5) 9.0051(-5) 8.3859(-5) 7.8385(-5) 
0.9 9.6301(-5) 8.9134{-5) 8.2882(-5) 7.7384(-5) 7.2514(-5) 

• 1 8.8290(-5) 8.1949(-5) 7.6408(-5) 7.1525(-5) 6.7193(-5) 



Tab le 5.6 The e x i t angular f l u x e s i>^iR,u) f o r i = 1 t o 5 
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u i = 1 1 = 2 i = 3 1 = 4 i = 5 

0 1.1146(--3) 3.4317( -4) 1.7392(. •4) 1.0772(--4) 1.1525(-4) 

0.1 1.5864(--3) 4.5301( -4) 2.2419(--4) 1.3714(-•4) 1.4787(-4) 
- 0.2 2.4017(--3) 5.9970( -4) 2.8704(--4) 1.7251(--4) 1.8566(-4) 

0.3 4.9489(--3) 8.0657( -4) 3.7054(--4) 2.1806(--4) 2.3364(-4) 
0.4 1.2386(-•2) 1.0994( -3) 4.8210(--4) 2.7724(--4) 2.9545(-4) 

0.5 2.6436(-•2) 1.5012(--3) 6.2888(--4) 3.5321(--4) 3.7446(-4) 
0.6 4.6527(-•2) 2.0197(. -3) 8.1612(--4) 4.4840{-•4) 4.7327(-4) 

0.7 7.1061(-•2) 2.6424(--3) 1.0452(. •3) 5.6385(-•4) 5.9301(-4) 
0.8 9.8380(-•2) 3.3420(--3) 1.3129(-•3) 6.9894(--4) 7.3295(-4) 

0.9 1.2713(-•1) 4.0868(--3) 1.6124(-•3) 8.5165(-•4) 8.9074(-4) 
1 1.5630(--1) 4.8463(-•3) 1.9351(-•3) 1.0191(-•3) 1.0630(-3) 

Tab le 5.7 The e x i t angular f l u x e s ip i (R,p) f o r i = 6 t o 10 

p i = 6 1 = 7 1 = 8 1 = 9 i = 10 

0 5.8073(-5) 4.4676( -5) 3.5756( -5) 2.9444(--5) 2.9886{-5) 
0.1 7.2858(-5) 5.5763(--5) 4.4432( -5) 3.6442(--5) 3.7031(-5) 

0.2 8.9704(-5) 6.8195(-•5) 5.4026(--5) 4.4088(--5) 4.4666(-5) 
0.3 1.1050(-4) 8.3362(-•5) 6.5611(--5) 5.3236(--5) 5.3710(-5) 

0.4 1.3656(-4) 1.0217(--4) 7.9848(--5) 6.4390(--5) 6.4659(-5) 
0.5 1.6903(-4) 1.2541(-•4) 9.7307(. -5) 7.7979(--5) 7.7929(-5) 
0.6 2.0877(-4) 1.5366(--4) 1.1842(--4) 9.4325(--5) 9.3832(-5) 
0.7 2.5621(-4) 1.8722(-•4) 1.4338(. -4) 1.1359(-•4) 1.1253(-4) 

0.8 3.1124(-4) 2.2603(--4) 1.7218(--4) 1.3576(-•4) 1.3403(-4) 

0.9 3.7331(-4) 2.6973(--4) 2.0456(-•4) 1.6065(--4) 1.5817(-4) 

1 4.4168(-4) 3.1785(-•4) 2.4019(--4) 1.8803(--4) 1.8473(-4) 
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Tab le 5.8 The e x i t angular f l u x e s i | ' i (R,u) f o r i = 11 to 15 

u i = 11 i = 12 i = 13 i = 14 i = 15 

0 2.1534(-•5) 1.8639(-•5) 1.6352(-5) 1.4499(-•5) 1.2971(-5) 
0.1 2.6462(-•5) 2.2831(-•5) 1.9968(-5) 1.7653(-•5) 1.5748(-5) 
0.2 3.1729(-•5) 2.7274(-•5) 2.3770(-5) 2.0946(-•5) 1.8627(-5) 
0.3 3.7922(-•5) 3.2465(-•5) 2.8187(-5) 2.4748(-•5) 2.1934(-5) 
0.4 4.5360(-•5) 3.8664(-•5) 3.3432(-5) 2.9242(-•5) 2.5823(-5) 
0.5 5.4309(-•5) 4.6087(-•5) 3.9685(-5) 3.4574(-•5) 3.0419(-5) 
0.6 6.4972(-•5) 5.4898(-•5) 4.7079(-5) 4.0858(-•5) 3.5817(-5) 
0.7 7.7453(-•5) 6.5183(-•5) 5.5688(-5) 4.8158(-•5) 4.2073(-5) 
0.8 9.1751(-•5) 7.6946(-•5) 6.5518(-5) 5.6478(-•5) 4.9192(-5) 
0.9 1.0777(-•4) 9.0113(-•5) 7.6512(-5) 6.5776(-•5) 5.7142(-5) 
1 1.2538(-•4) 1.0458(-•4) 8.8584(-5) 7.5982(-•5) 6.5865(-5) 

Tab le 5.9 The e x i t angular f l u x e s i l ' iCR.u) f o r i = 16 t o 20 

i = 16 i = 17 i = 18 i = 19 i = 20 

0 1.1692(-•5) 1.0610(-•5) 9.6829(-6) 8.8825(-•6) 8.1854(-6) 
0.1 1.4157(-•5) 1.2812(-•5) 1.1662(-5) 1.0671(-•5) 9.8099(-6) 
0.2 1.6695(-•5) 1.5066(-•5) 1.3677(-5) 1.2482(- 5) 1.1446(-5) 
0.3 1.9596(-•5) 1.7630(-•5) 1.5958(-5) 1.4523(-•5) 1.3282(-5) 
0.4 2.2992(- 5) 2.0618(-•5) 1.8605(-5) 1.6882(- 5) 1.5395(-5) 
0.5 2.6989(. •5) 2.4122(-•5) 2.1698(-5) 1.9629(-•5) 1.7847(-5) 
0.6 3.1670(-•5) 2.8212(-•5) 2.5298(-5) 2.2817(- 5) 2.0686(-5) 
0.7 3.7080(-•5) 3.2930(-•5) 2.9441(-5) 2.6477(-•5) 2.3939(-5) 
0.8 4.3229(- 5) 3.8284(-•5) 3.4135(-5) 3.0620(- 5) 2.7615(-5) 

0.9 5.0089(-•5) 4.4252(-•5) 3.9365(-5) 3.5232(- 5) 3.1704(-5) 

1 5.7615(- 5) 5.0797(-•5) 4.5098(-5) 4.0285(- 5) 3.6183(-5) 
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Tab le 5.10 The angu lar f l u x e s ^i{z,u) f o r z = L + A / 4 and i = 1 t o 5 

i = 1 1 = 2 1 = 3 i = 4 i = 5 

-1 1.0471(-3) 4.7532(--4) 2.9442( -4) 2.0836(-•4) 2.2548(-4) 
-0.8 1.4632(-3) 6.3596(--4) 3.8406( -4) 2.6721(. •4) 2.8916(-4) 
-0.6 2.1471(-3) 8.8218{--4) 5.1690( -4) 3.5252(--4) 3.8060(-4) 
-0.4 3.3761(-3) 1.2884(--3) 7.2703(--4) 4.8356(-•4) 5.1900(-4) 
-0.2 5.7980(-3) 1.9994{--3) 1.0739(- -3) 6.9193(--4) 7.3619(-4) 
0 1.1621(-2) 3.3843(-•3) 1.6919(. •3) 1.0444(- •3) 1.0971(-3) 
0.2 1.0604(-1) 6.1309(--3) 2.7893( -3) 1.6302(- •3) 1.6888(-3) 
0.4 3.1493(-1) 8.9005(-•3) 4.1886(--3) 2.4158(-•3) 2.4442(-3) 
0.6 4.6327(- l ) 1.0270(- -2) 5.2044( -3) 3.1081(--3) 3.0428(-3) 
0.8 5.6269(- l ) 1.0647(- -2) 5.7110(--3) 3.5443(-•3) 3.3742(-3) 
1 6.3224(- l ) 1.0504(-•2) 5.8661(--3) 3.7561(-•3) 3.4995{-3) 

Tab le 5.11 The angu lar f l u x e s i p i ( z , y ) f o r z = L + A / 4 and i = 6 t o 10 

u i = 6 i = 7 i = 8 i = 9 i = 10 

-1 1.3465(- -4) 1.1058( -4) 9.3621(--5) 8.1008(--5) 8.4882{-5) 
-0.8 1.6854(- -4) 1.3719(--4) 1.1526(- -4) 9.9037(-•5) 1.0339{-4) 
-0.6 2.1598(--4) 1.7403(--4) 1.4490(. -4) 1.2351(- -4) 1.2833(-4) 
-0.4 2.8558(--4) 2.2731(--4) 1.8724(- -4) 1.5808(--4) 1.6323(-4) 
-0.2 3.9049(-•4) 3.0636(--4) 2.4921(. •4) 2.08O7(-•4) 2.1325(-4) 
0 5.5598(--4) 4.2861(--4) 3.4339(. -4) 2.8291(--4) 2.8730(-4) 
0.2 8.1014(-•4) 6.1246(--4) 4.8257(--4) 3.9185(--4) 3.9406(-4) 
0.4 1.1457(- -3) 8.5297(--4) 6.6300(--4) 5.3192(--4) 5.3084(-4) 

0.6 1.4886(- •3) 1.1061(- -3) 8.5588(-•4) 6.8292(-•4) 6.7815(-4) 

0.8 1.7593(- •3) 1.3194(- •3) 1.0257(. -3) 8.1998(--4) 8.1111(-4) 

1 1.9369(- •3) 1.4720(- •3) 1.1550(- •3) 9.2922(-•4) 9.1575(-4) 

I C A S E N U C L E A R E S 
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Tab le 5.12 The angu lar f l u x e s i | ^ i ( z , y ) f o r z = L + A/4 and i = 11 to 15 

i = 11 i - 12 i = 13 i = 14 i = 15 

-1 6.4895(-•5) 5.8213(--5) 5.2815(. -5) 4.8333(--5) 4.4547(-5) 
-0.8 7.8313(--5) 6.9873(-•5) 6.3073(--5) 5.7443(--5) 5.2700{-5) 
-0.6 9.6221(-•5) 8.5334(-•5) 7.6589(--5) 6.9376(-•5) 6.3321(-5) 
-0.4 1.2098(--4) 1.0654(--4) 9.4989(. -5) 8.5506(--5) 7.7585(-5) 
-0.2 1.5600(-•4) 1.3629(-•4) 1.2060(. -4) 1.0779(--4) 9.7152(-5) 
0 2.0702(--4) 1.7916{--4) 1.5715{--4) 1.3931(--4) 1.2459(-4) 
0.2 2.7932(--4) 2.3930(-•4) 2.0792(--4) 1.8270(-•4) 1.6205(-4) 
0.4 3.7090{--4) 3.1505(--4) 2.7154(--4) 2.3679(--4) 2.0854(-4) 
0.6 4.7031(-•4) 3.9743(-•4) 3.4080(--4) 2.9574(--4) 2.5922(-4) 
0.8 5.6385{--4) 4.7583(--4) 4.0729(--4) 3.5271(--4) 3.0848(-4) 
1 6.4306(-•4) 5.4362(-•4) 4.6572(-•4) 4.0342(--4) 3.5278(-4) 

Tab le 5.13 The angu lar f l u x e s \(;- i (z,u) f o r z = L + A/4 and 1 = 16 to 20 

1 = 16 i = 17 i = 18 1 = 19 1 = 20 

-1 4.1304{--5) 3.8496(-5) 3.6043(-5) 3.3881(. •5) 3.1962(-5) 
-0.8 4.8650(--5) 4.5153(-5) 4.2105(-5) 3.9427(--5) 3.7055(-5) 
-0.6 5.8170(--5) 5.3738(-5) 4.9888(-5) 4.6514( -5) 4.3537(-5) 
-0.4 7.0875(--5) 6.5128(-5) 6.0156(-5) 5.5817(--5) 5.2003(-5) 
-0.2 8.8191(-•5) 8.0555(-5) 7.3982(-5) 6.8274(--5) 6.3278(-5) 
0 1.1228(--4) 1.0185(-4) 9.2930(-5) 8.5228(-•5) 7.8524(-5) 
0.2 1.4491(. •4) 1.3049(-4) 1.1823(-4) 1.0772(-•4) 9.8623(-5) 
0.4 1.8522(-•4) 1.6572(-4) 1.4924(-4) 1.3518(--4) 1.2307(-4) 

0.6 2.2918(- •4) 2.0416(-4) 1.8308(-4) 1.6515(-•4) 1.4977(-4) 
0.8 2.7212(-•4) 2.4185(-4) 2.1638(-4) 1.9474(-•4) 1.7619(-4) 
1 3.1106(-•4) 2.7628(-4) 2.4699(-4) 2.2208(-•4) 2.0073(-4) 
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Tab le 5.14 The angu lar f l u x e s » | ' i ( z , y ) f o r z = L + A / 2 and i = 1 to 5 

y 1 = 1 1 = 2 i = 3 i = 4 i = 5 

-1 4.6637(--4) 2.2300(--4) 1.4098(- -4) 1.0055(- •4) 1.0980(-4) 

-0 .8 6.5719(. -4) 3.0006( -4) 1.8405( •4) 1.2860(- -4) 1.4081(-4) 
-0.6 9.7087(. -4) 4.1608(-•4) 2.4616( -4) 1.6813(- -4) 1.8419(-4) 
-0.4 1.5206(- •3) 5.9792(-•4) 3.3951(-•4) 2.2623(--4) 2.4721(-4) 
-0 .2 2.5630(-•3) 9.0213(--4) 4.8879(. -4) 3.1638(-•4) 3.4365(-4) 

0 4.7967(. •3) 1.4586( -3) 7.4368( -4) 4.64C6(--4) 4.9928(-4) 
0.2 1.7611(- •2) 2.5687(--3) 1.2010(. •3) 7.1509(--4) 7.5999(-4) 
0.4 1.0153(- •1) 4.5595(-•3) 1.9722(- -3) 1.1178(- -3) 1.1749(-3) 
0.6 2.1428(--1) 6.8622(. -3) 2.9949{ -3) 1.6625(- -3) 1.7253(-3) 
0.8 3.1513(--1) 8.7448(--3) 4.0077(. •3) 2.2513(-•3) 2.2971(-3) 
1 3.9787(--1) 1.0026(- -2) 4.8357(--3) 2.7862(-•3) 2.7919(-3) 

Tab le 5.15 The angu la r f l u x e s * i ( z , u ) f o r z = L + A / 2 and i = 6 to 10 

i = 6 i = 7 i = 8 i = 9 i = 10 

-1 6.5688(. •5) 5.3896(-•5) 4.5600(--5) 3.9433(--5) 4.1400(-5) 
-0.8 8.1781(-•5) 6.6465(--5) 5.5781(. -5) 4.7897(--5) 5.0105(-5) 
-0.6 1.0381(- -4) 8.3510(--5) 6.9474(-•5) 5.9192(-•5) 6.1650(-5) 
-0.4 1.3507(- •4) 1.0743(- •4) 8.8500(-•5) 7.4746(--5) 7.7431(-5) 
-0.2 1.8139(. •4) 1.4239(- •4) 1.1596(- -4) 9.6954(--5) 9.9770(-5) 
0 2.5304(-•4) 1.9558(- •4) 1.5716(- •4) 1.2986(- •4) 1.3254(-4) 
0.2 3.6685(--4) 2.7848(--4) 2.2033{--4) 1.7961{--4) 1.8155(-4) 
0.4 5.3863(-•4) 4.0154(--4) 3.1281(-•4) 2.5157(--4) 2.5190(-4) 
0.6 7.6632(-•4) 5.6338(. •4) 4.3358(-•4) 3.4496(-•4) 3.4299(-4) 
0.8 1.0242(- •3) 7.4781(-•4) 5.7151{-•4) 4.5170(--4) 4.4733(-4) 
1 1.2807(- •3) 9.3504(. •4) 7.1320(--4) 5.6215{-•4) 5.5567(-4) 
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Tab le 5.16 The angular f l u x e s ^i{z,u} f o r z = L + A / 2 and i = 11 to 15 

p i = 11 i = 12 i = 13 i = 14 i = 15 

-1 3.1587(-•5) 2.8323(-•5) 2.5691(. •5) 2.3508(-•5) 2.1664(-5) 

-0.8 3.7875(-•5) 3.3784(-•5) 3.0493(--5) 2.7771{-•5) 2.5480(-5) 
-0.6 4.6145(-•5) 4.0923(-•5) 3.6736(--5) 3.3286(--5) 3.0392(-5) 

-0.4 5.7338(--5) 5.0525(--5) 4.5082{--5) 4.0615(--5) 3.6885(-5) 

-0.2 7.3005(--5) 6.3863(-•5) 5.6592(--5) 5.0657(-•5) 4.5725(-5) 
0 9.5688(--5) 8.3007(--5) 7.2978(--5) 6.4843(-•5) 5.8122(-5) 
0.2 1.2911(--4) 1.1094(--4) 9.6668(--5) 8.5174(. •5) 7.5748(-5) 

0.4 1.7643(-•4) 1.5016(--4) 1.2967(--4) 1.1329(. •4) 9.9953(-5) 
0.6 2.3717(-•4) 2.0027(--4) 1.7167{--4) 1.4894(-•4) 1.3053(-4) 

0.8 3.0662(--4) 2.5757(--4) 2.1968(--4) 1.8968(--4) 1.6548(-4) 
1 3.7912(-•4) 3.1754(--4) 2.7005(-•4) 2.3251(-•4) 2.0228(-4) 

Tab le 5.17 The angular f l u x e s ^]{z,u) f o r z = L + A / 2 and i = 16 to 20 

y i = 16 i = 17 i = 18 i = 19 i = 20 

-1 2.0087(. •5) 1.8722(--5) 1.7530(--5) 1.6480(-•5) 1.5549(-5) 
-0.8 2.3525(-•5) 2.1839(-•5) 2.0369(-•5) 1.9079(--5) 1.7937(-5) 
-0.6 2.7931(-•5) 2.5815(-•5) 2.3977{-•5) 2.2368(--5) 2.0947(-5) 
-0.4 3.3725(--5) 3.1018(-•5) 2.8677{. •5) 2.6633(--5) 2.4835(-5) 
-0.2 4.1568(-•5) 3.8023(-•5) 3.4969(. •5) 3.2315(--5) 2.9990(-5) 
0 5.2492(. •5) 4.7716(-•5) 4.3624(. -5) 4.0085(--5) 3.7000(-5) 
0.2 6.7903(-•5) 6.1293(--5) 5.5663(-•5) 5.0823(--5) 4.6628(-5) 
0.4 8.8931(. •5) 7.9705(-•5) 7.1895(. •5) 6.5220(-•5) 5.9467(-5) 
0.6 1.1541(-•4) 1.0281(-•4) 9.2203(-•5) 8.3179(--5) 7.5437(-5) 
0.8 1.4566(-•4) 1.2921(-•4) 1.1540(-•4) 1.0369(-•4) 9.3668(-5) 
1 1.7757(-•4) 1.5710(. •4) 1.3994(-•4) 1.2542(-•4) 1.1302(-4) 
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Table 5.18 The angular f l u x e s ^i{z,p) f o r z = L + 3A /4 and i = 1 to 5 

p i = 1 i = 2 i = 3 i = 4 i = 5 

-1 1.7860(--4) 9.3645(-5) 6.2715(. -5) 4.6495(-•5) 4.9553(-5) 
-0.8 2.5809(-•4) 1.3050(-4) 8.4778(. -5) 6.1291(. -5) 6.5936(-5) 
-0.6 3.9570(--4) 1.8906(-4) 1.1763(--4) 8.2318(--5) 8.9400(-5) 
-0.4 6.5510(-•4) 2.8481(-4) 1.6683(-•4) 1.1233(-•4) 1.2293(-4) 
-0.2 1.1985(-•3) 4.4257(-4) 2.4142(--4) 1.5663(--4) 1.7143(-4) 
0 2.2618(-•3) 7.0354(-4) 3.6161(. •4) 2.2667(-•4) 2.4631(-4) 
0.2 5.4530(. -3) 1.2061(-3) 5.7458( -4) 3.4520(-•4) 3.7093(-4) 
0.4 3.4292(-•2) 2.2024(-3) 9.5455(. -4) 5.4592(-•4) 5.7968(-4) 
0.6 9.9505(--2) 3.7912(-3) 1.5582( -3) 8.5481(-•4) 8.9957(-4) 
0.8 1.7614(--1) 5.6253(-3) 2.3367(--3) 1.2609(--3) 1.3159(-3) 
1 2.4965(--1) 7.3271(-3) 3.1650( -3) 1.7184(--3) 1.7754(-3) 

Table 5.19 The angular f l u x e s i | ' i ( z , p ) f o r z = L + 3A/4 and i = 6 t o 10 

i = 6 i = 7 i = 8 i = 9 i = 10 

-1 3.1722(-5) 2.6391(-•5) 2.2549(- •5) 1.9639(-5) 2.0604(-5) 
-0.8 4.0308(-5) 3.3052(--5) 2.7903(-•5) 2.4057(-5) 2.5181(-5) 
-0.6 5.1863(-5) 4.1893(. •5) 3.4944(-•5) 2.9829(-5) 3.1112(-5) 
-0.4 6.7677(-5) 5.3904(. •5) 4.4458(-•5) 3.7591(-5) 3.9017(-5) 
-0.2 9.0429(-5) 7.1062(--5) 5.7945(--5) 4.8510(-5) 5.0033(-5) 
0 1.2494(-4) 9.6756(. •5) 7.7905(-•5) 6.4499(-5) 6.6013(-5) 
0.2 1.7989(-4) 1.3697(-•4) 1.0869(-•4) 8.8846(-5) 9.0085(-5) 
0.4 2.6734(-4) 1.9988(. •4) 1.5615(--4) 1.2590(-4) 1.2636(-4) 
0.6 3.9606(-4) 2.9133(. •4) 2.2441(- -4) 1.7871(-4) 1.7778(-4) 
0.8 5.6355(-4) 4.0973(-•4) 3.1239(-•4) 2.4652(-4) 2.4372(-4) 
1 7.5725(-4) 5.4699(-•4) 4.1448(-•4) 3.2522(-4) 3.2042(-4) 
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Tab le 5.20 The angular f l u x e s ^i{z,M) f o r z = L + 3 A / 4 and i = 11 t o 15 

i = 11 i = 12 i = 13 i = 14 i = 15 

-1 1.5874(-•5) 1.4278{-•5) 1.2982(-5) 1.1902(-•5) 1.0986(-5) 
-0.8 1.9123(-•5) 1.7087(--5) 1.5444(-5) 1.4082(-•5) 1.2934(-5) 
-0.6 2.3322(-•5) 2.0704{--5) 1.8603(-5) 1.6870(-•5) 1.5416(-5) 
-0.4 2.8907(--5) 2.5495(-•5) 2.2768(-5) 2.0530(-•5) 1.8660(-5) 
-0.2 3.6635(--5) 3.2082(--5) 2.8460(-5) 2.5502(-•5) 2.3043(-5) 
0 4.7726(-•5) 4.1465(-•5) 3.6510(-5) 3.2488(-•5) 2.9161(-5) 
0.2 6.4217(-•5) 5.5291(--5) 4.8272(-5) 4.2612(-•5) 3.7962(-5) 
0.4 8.8735(-•5) 7.5661(. •5) 6.5454(-5) 5.7283(-•5) 5.0621(-5) 
0.6 1.2312(-•4) 1.0405{-•4) 8.9251(-5) 7.7488(-•5) 6.7959(-5) 
0.8 1.6695(-•4) 1.4013(-•4) 1.1943(-4) 1.0304(-•4) 8.9839(-5) 
1 2.1784(-•4) 1.8202(-•4) 1.5445(-4) 1.3271(-•4) 1.1524(-4) 

Tab le 5.21 The angu lar f l u x e s * i ( z , y ) f o r z = L + 3 A / 4 and i = 16 t o 20 

i = 16 i = 17 i = 18 i = 19 i = 20 

-1 1.0199(--5) 9.5172(-•6) 8.9201(-•6) 8.3934(-•6) 7.9254{-6) 
-0.8 1.1952(-•5) 1.1105(-•5) 1.0365(-•5) 9.7154(--6) 9.1398{-6) 
-0.6 1.4178(-•5) 1.3113(--5) 1.2188(-•5) 1.1377(-•5) 1.0662{-5) 
-0.4 1.7075(-•5) 1.5717(--5) 1.4542(-•5) 1.3515(-•5) 1.2612(-5) 
-0.2 2.0969(-•5) 1.9199(--5) 1.7674(-•5) 1.6347(-•5) 1.5184(-5) 
0 2.6371(-•5) 2.4003(-•5) 2.1971(-•5) 2.0213(-•5) 1.8678(-5) 
0.2 3.4087(-•5) 3.0817(-•5) 2.8029(-•5) 2.5628{-•5) 2.3544(-5) 
0.4 4.5106(-•5) 4.0483(-•5) 3.6565(-•5) 3.3212(-•5) 3.0318(-5) 
0.6 6.0122(-•5) 5.3591(-•5) 4.8087(-•5) 4.3403(-•5) 3.9382(-5) 
0.8 7.9028(- 5) 7.0060(-•5) 6.2534(- 5) 5.6156(- 5) 5.0702(-5) 
1 1.0098(-•4) 8.9177(-•5) 7.9305(- 5) 7.0960(- 5) 6.3842{-5) 
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and 

1 N 
<j;i(R,u) = L i ( y ) e x p ( - A i / y ) + - c - i{JT (u ) + [ 2 - A i , o ( » ^ ) ] I b i . a P a(2P - l ) 

^ a=0 

N 1 i-1 
+ I Cb i ,aGi ,c i ( t ^ ) -exp ( -A^- /p )aT ,o tA i ,a (y ) ]>+ - I ^^ i j J i jC^ ' ) • (5.156b) 

a=0 2 j = i 

I n a s i m i l a r way we f i n d f o r the i n t e r i o r f l u x e s : 

and 

i | ^ i ( z , - p ) = R i ( u ) e x p [ - a i ( R - z ) / y ] + i c i | l i ( z , y ) 

N N r 
+ C2-Ai,o(l^)3 I C i , a ( z ) P a ( 2 M - l ) + I , a ( z ) G i ,„(1«) 

a=0 a=0 

+ { d i , a ( z ) - e x p C - a i { R - z ) / y ] b i , c t > A i , a ( l ^ ) } 

1 
+ - I o i j I i j C z . i i ) (5.157a) 

^ j = l 

t | ; i ( z , y ) = L i ( y ) e x p [ - a i ( z - L ) / y ] + ^ C i | j i ( z , y ) 

N N 
+ C 2 - A i , o ( y ) ] I d i , a ( z ) P a ( 2 y - l ) + I di , c t ( z ) G i ,cc(y) 

a=0 a=0 

+ { c i , a ( z ) - e x p C - a i ( z - L ) / y ] a ^ , a > A i , a ( ^ ^ ) } 

1 
+ 5 I ° i j J i j ( z . u ) 

^ j = l 

(5.157b) 

!. p. E. N. 



92 

We have found that these express ions are s i g n i f i c a n t improvements, 

e s p e c i a l l y as y > 0, over the usual (and s impler ) express ions g iven by 

equat ions (5.72) and (5.112) . 

In a d d i t i o n , we report in Table 5.22 converged r e s u l t s fo r the group 

f l u x e s 

1 
* i ( z ) = / * i ( z . v ) d y (5.158) 

-1 

w h i c h , fo r z = L and z = R, can be expressed by using equations (5.72) 

and (5.152) as 

<|.i(L) = 5 i , i + a i , o (5.159a) 

and 

• i l R ) = « i , l E 2 ( A i ) + b i , o . (5.159b) 

where , in g e n e r a l , En (x ) denotes exponent ia l i n teg ra l f u n c t i o n s . For 

z e ( L , R ) we use equations (5.112) and (5.152) in (5.158) to obta in 

• i C z ) = 5 i , i E 2 C a i ( z - L ) ] + C i , o ( z ) + d i , o ( z ) • (5.159c) 

In Table 5.23 we show our converged r e s u l t s f o r the group albedos 

1 
A i * = 2 / y T P i ( L , - y ) d y (5.160a) 

0 

and the group t ransmiss ion f ac to rs 

B i * = 2 y i | ; i (R ,y )dy . (5.160b) 
0 
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Tab le 5.22 The group f l u x e s <t>i(z) 

i z = L z = L+A/4 z = L+A/2 z = L+3A/4 z = R 

1 1.0117 3.5594(--1) 1.7050(--1) 8.7855(. -2) 4.6716(-2) 
2 3.9657( -3) 9.9306(--3) 6.2916(--3) 3.6317( -3) 1.9091(-3) 
3 2.0883( -3) 5.0739(-•3) 2.9221(--3) 1.5888( -3) 7.8103(-4) 
4 1.3228( -3) 3.1027(. •3) 1.6910(. -3) 8.9818( -4) 4.2724(-4) 
5 1.30O7( -3) 3.0869(-•3) 1.7578(. •3) 9.4748(--4) 4.5042(-4) 
6 7.0807( -4) 1.5694(. -3) 8.2100(-•4) 4.3208( -4) 1.9734(-4) 
7 5.5208( -4) 1.1895(-•3) 6.1336(. •4) 3.2196(--4) 1.4496(-4) 
8 4.4579( -4) 9.3681(--4) 4.7874(. -4) 2.5096( -4) 1.1154(-4) 
9 3.6946( -4) 7.5937(-•4) 3.8576(--4) 2.0207( -4) 8.8744(-5) 

10 3.6961( -4) 7.6078(--4) 3.8710(--4) 2.0269( -4) 8.8221(-5) 
11 2.7104( -4) 5.3840(. •4) 2.7184(. •4) 1.4228( -4) 6.1011(-5) 
12 2.3568( -4) 4.6029(--4) 2.3188(--4) 1.2133( -4) 5.1520(-5) 
13 2.0748(--4) 3.9910(. •4) 2.0072(. -4) 1.0500(--4) 4.4159(-5) 
14 1.8450( -4) 3.5000(-•4) 1.7580(--4) 9.1954(--5) 3.8308(-5) 
15 1.6545( -4) 3.0989(--4) 1.5550(-•4) 8.1325(--5) 3.3569(-5) 
16 1.4946( -4) 2.7666(--4) 1.3871(--4) 7.2537(--5) 2.9673(-5) 
17 1.3588(--4) 2.4877(--4) 1.2465(. •4) 6.5175(--5) 2.6427(-5) 
18 1.2423( -4) 2.2511(--4) 1.1273(. •4) 5.8941 (• -5) 2.3692(-5) 
19 1.1415( -4) 2.0486(--4) 1.0254(-•4) 5.3609( -5) 2.1365(-5) 
20 1.0536( -4) 1.8737(--4) 9.3748(. •5) 4.9008(--5) 1.9367(-5) 
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Tab le 5.23 A i * and B i * f o r the 20-group problem 

Present Work DTF69 

i B i * H * 

Ai 
P i * 

1 6.4394(-3) 7.3100(-2) 6.4399(-3) 7.2983(-2) 

2 2.4468(-3) 2.6667(-3) 2.4467(-3) 2.6646(-3) 

3 1.3718(-3) 1.0693(-3) 1.3719(-3) 1.0678(-3) 

4 9.0655(-4) 5.7560(-4) 9.0668(-4) 5.7472(-4) 

5 9.1002(-4) 6.0465(-4) 9.1011(-4) 6.0380(-4) 

6 5.1696(-4) 2.5976(-4) 5.1708(-4) 2.5935(-4) 

7 4.1123(-4) 1.8942(-4) 4.1134(-4) 1.8912(-4) 

8 3.3795(-4) 1.4482(-4) 3.3805(-4) 1.4458(-4) 

9 2.8449(-4) 1.1456(-4) 2.8459(-4) 1.1437(-4) 

10 2.8836(-4) 1.1340{-4) 2.8844(-4) 1.1321(-4) 

11 2.1483(-4) 7.7912(-5) 2.1492(-4) 7.7785(-4) 

12 1.8886(-4) 6.5506(-5) 1.8894{-4) 6.5399(-5) 

13 1.6797(-4) 5.5914(-5) 1.6805(-4) 5.5822(-5) 

14 1.5080(-4) 4.8312(-5) 1.5088(-4) 4.8233(-5) 
15 1.3645(-4) 4.2175(-5) 1.3652(-4) 4.2106(-5) 
16 1.2430(-4) 3.7144(-5) 1.2437(-4) 3.7082(-5) 
17 1.1390(-4) 3.2964(-5) 1.1397(-4) 3.2909(-5) 

18 1.0491(-4) 2.9452(-5) 1.0497{-4) 2.9402(-5) 
19 9.7071(-5) 2.6472(-5) 9.7135(-5) 2.6427(-5) 
20 9.0188(-5) 2.3920(-5) 9.0250(-5) 2.3879(-5) 
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I f we use equations (5.72) and (5.152) in (5 ,160) , we f i nd 

A i * = a i , o + I (5.161a) 

and 

B i * = 2 5 i , i E 3 ( A i ) + b i , o + ^ b i , i . (5.161b) 

A l l our numerical r esu l t s are accurate to w i th in ±1 in the l as t d i g i t 

shown. In Table 5,23 we show also the r e s u l t s of a ca l cu la t i on by Renken 

(1981) who used the code DTF69 (Renken and Adams, 1969), w i th 40 space 

po in ts and e ight d i r ec t i ons fo r each ha l f - range of y . We observe he re , 

as in the i s o t r o p i c sca t te r ing case, what we be l ieve to be a s l i g h t 

d e t e r i o r a t i o n in the DTF69 r e s u l t s f o r inc reas ing absorpt ion (as the 

group number i n c r e a s e s ) . 

Regarding the convergence of our method, we have found that to 

e s t a b l i s h i | » i ( L , - u ) and T |>i(R,y) accurate to f i v e s i g n i f i c a n t f i gu res f o r 

a l l u requ i red in t h i s case N = 20; f o r the i n t e r i o r angular f l uxes and 

the in teg ra ted quan t i t i es <}>i(z), A i * , and B i * we have found that N = 15 

was s u f f i c i e n t to obtain f i v e f i gu res of accuracy . 

F i n a l l y , we would l i k e to mention that we have a lso generated 

numerical r e s u l t s fo r the 19-group problem considered in Chapter 4, but 

gene ra l i zed to inc lude an iso t rop ic sca t t e r i ng e f f e c t s of the 

K le in -N i sh ina d i f f e r e n t i a l sca t te r ing cross s e c t i o n . A set of P5 
mul t igroup t r a n s f e r cross sect ions was provided by Renken (1981). 

However due to the t runca t ion of the Legendre expansion of the cross 
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sec t ion the r esu l t i ng mul t igroup t r a n s f e r cross sect ions turned out to be 

negat ive fo r some values of the sca t t e r i ng ang le . Thus, the f am i l i a r and 

cha l leng ing quest ion of how to deal w i th the so lu t ion of a s t r i c t l y 

non-phys ica l problem was encountered (Brockmann, 1981). From a 

mathematical point of v iew, a t ranspor t equation based on cross sect ions 

tha t can be negat ive i s a p e r f e c t l y v a l i d candidate fo r study and c l e a r l y 

can y i e l d a so lu t ion that can be n e g a t i v e . One can (as we did) so lve 

such a problem and accept , at l eas t on a mathematical b a s i s , the 

so lu t ion—be i t p o s i t i v e or o the rw i se . We note that in comparing our 

r e s u l t s in Table 5.24 fo r the considered problem wi th P5 s ca t t e r i ng w i th 

those obtained by Renken (1981) wi th and wi thout the use of the negat ive 

f l u x f i x - u p opt ion in the DTF69 code we found exce l l en t agreement w i th 

Renken's r e s u l t s only when he did not use the negat ive f l u x f i x - u p 

o p t i o n . A separate quest ion i s what i s the re l a t i onsh ip of the so lu t ion 

obtained in t h i s way to the p h y s i c a l l y co r rec t so lu t ion that s a t i s f i e s 

the t ranspor t equation fo r which the K le in -N ish ina cross sect ion has not 

been t r u n c a t e d . 



Table 5.24 A^-* and B j * f o r the 19-group problem w i th P5 sca t te r i ng 

Present Work DTF69a DTF69b 
i A i * B i * A i * B i * A i * B i * 

1 1.5570(--4) 3.0755(-3) 1.5608(--4) 3.0718(-3) 6.1672(-4) 3.0717(-3) 
2 1.3607(--3) 1.7104(-3) 1.3612(-•3) 1.7092(-3) 1.5699(-3) 1.7088(-3) 
3 2.2129(--3) 1.3852(-3) 2.2131(-•3) 1.3844(-3) 2.4448(-3) 1.3838(-3) 
4 3.5136(--3) 1.4811(-3) 3.5137{-•3) 1.4802(-3) 3.7808(-3) 1.4795(-3) 
5 5.2552(--3) 1.5822(-3) 5.2552(-•3) 1.5814{-3) 5.3582(-3) 1.5804(-3) 
6 7.8082(--3) 1.6861 ( -3) 7.8081(-•3) 1.6852(-3) 7.8424(-3) 1.6841(-3) 
7 7.3321(--3) 1.1797(-3) 7.3320(--3) 1.1791(-3) 7.3781(-3) 1.1782(-3) 
8 1.0003(--2) 1.2220(-3) 1.0003(--2) 1.2214(-3) 9.9918(-3) 1.2205(-3) 
9 1.4220(--2) 1.2593(-3) 1.4220(. -2) 1.2587(-3) 1.4190(-2) 1.2576(-3) 

in 2.1450(--2) 1.2876(-3) 2.1450(--2) 1.2870(-3) 2.1408{-2) 1.2859(-3) 
11 3.5287( -2) 1.2995(-3) 3.5286{--2) 1.2989{-3) 3.5224(-2) 1.2978(-3) 
12 6.5003(--2) 1.2754(-3) 6.5003(--2) 1.2748(-3) 6.4895(-2) 1.2736(-3) 
13 2.2359(--2) 7.1754(-4) 2.2359(--2) 7.1716(-4) 2.2306(-2) 7.1656(-4) 
14 1.7355( -2) 6.2526 ( -4 ) 1.7355(. -2) 6.2491{-4) 1.7320 ( -2) 6.2442(-4) 
15 l.ni96( -2) 4.3287(-4) 1.0196( -2) 4,3262(-4) 1.0174(-2) 4.3228(-4) 
16 3.0154( -3) 1.2458(-4) 3.0153(--3) 1.2451(-4) 3.0094{-3) 1.2441(-4) 
17 7.3692( -4) 2.7222(-5) 7.3692( -4) 2.7207(-5) 7.3547(-4) 2.7185(-5) 
18 4.8899( -5) 1.8750(-6) 4.8898( -5) 1.8740{-6) 4.8800{-5) 1.8725(-6) 
19 6.0834( -6) 2.3489(-7) 6.0847( -6) 2.3478(-7) 6.0725(-6) 2.3459(-7) 

a No negat ive f l u x f i x - u p 
b With negat ive f l u x f i x - u p 

vo 
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6. MULTISLABS WITH L-TH ORDER ANISOTROPIC SCATTERING 

6.1 I n t roduc t i on 

In Chapter 5, a method f o r so l v ing the mul t igroup t ranspor t equation 

w i t h a t r i a n g u l a r t r a n s f e r matr ix inc lud ing L^h order an iso t rop ic 

s c a t t e r i n g was proposed and numerical r e s u l t s were repor ted f o r the case 

of a s i ng le s lab . The purpose of t h i s chapter i s to extend the method to 

mu l t i s l ab problems. Because the p rev i ous l y developed ana lys i s can be 

r e a d i l y appl ied in t h i s case, we do not repeat here the d e r i v a t i o n 

repor ted in Chapter 5. We consider the fo l l ow ing mul t igroup t ranspor t 

equat ion to be app l icab le in each of R r e g i o n s , z e C z ^ - i . z ^ ] , 

r = 1 , 2 , . . . , R , and f o r each group i = 1 , 2 , . . . ,M : 

3 
o Z 

= - I I c r i j { £ ) P £ ( y ) < | . j , £ ( z ) . (6.1) 
^ j = l 1=0 

Here o^^y. i s the t o t a l cross sect ion f o r group i and reg ion r and 
r r r r 

a i j ( £ ) = a^-j 3 i j ( J l ) , w i th 3 i j ( 0 ) = 1, denote c o e f f i c i e n t s in Legendre 

expansions of the t r a n s f e r cross sec t i ons . As usua l , ' l ' i ( z , p ) represents 

the angular f l u x in the i^^ group and 
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1 

We are concerned in t h i s chapter w i th non-mu l t ip l y ing mul t is labs and 

boundary cond i t ions of the type 

t i ( z o . u ) = f i . o ( w ) . u > 0 , (6.3a) 

and 

i | ; i { z R , - y ) = f i , R ( y ) . P > 0 , (6.3b) 

where f i , o { w ) f i , R(M) are considered s p e c i f i e d . 

6.2 The FN Method 

We note that a gene ra l i za t i on of the technique appl ied in Sect ion 

5.2 could be used here to de r i ve s ingu la r i n t e g r a l equations and 

c o n s t r a i n t s for each group, i n vo l v i ng only the boundary data and boundary 

and i n t e r f a c e angular f l uxes es tab l ished fo r prev ious groups. By using 

the FN method in a manner s im i la r to that repor ted p rev ious l y fo r 

one-speed problems (Devaux, Grandjean, I s h i g u r o , and S iewer t , 1979), the 

problem of f ind ing the unknown boundary and i n t e r f a c e angular f l u x e s 

could be reduced to the so lu t ion of a system of l i n e a r a lgebra ic 

equations fo r each group. Since the s i z e of each of these M systems 

would be, in the present case, 2(N+1)R, i t i s c l ea r that for la rge R the 

so lu t i on of very l a rge systems would be r e q u i r e d . We thus p re fe r to 

at tack the problem in an a l t e r n a t i v e way: we consider one slab at a 

t ime , s o l v e , fo r each group, R systems of 2(N+1) l i n e a r a lgebra ic 

- l - j .J l íz) = ^ j ( z . u ) P j i ( u ) d y . (6.2) 
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equat ions and i t e r a t e these so lu t ions on adjacent slabs un t i l convergence 

i s ach ieved . 

We cons ide r , f o r each r = 1,2 R, the problem def ined by equation 

(6 .1) and boundary cond i t ions w r i t t e n fo rma l l y as 

i | ) i ( z r . i , y ) = L i , r ( u ) , v > 0 , (6.4a) 

and 

i | » i ( z r , - y ) = R i , r ( u ) , u > 0 . (6.4b) 

Of course , only 

L i , l ( y ) = fUoiv) . u > 0 , (6.5a) 

and 

R i , R ( l ' ) = n , R i M ) . M > 0 , (6.5b) 

are p resen t l y known. We now fo l l ow the ana l ys i s of Section 5.2 to 

d e r i v e , fo r the i^^ g roup, the system of s ingu la r i n teg ra l equations and 

c o n s t r a i n t s g iven by equations (5.42) and (5.44) where an index r should 

be inc luded when def in ing quan t i t i es that depend on the p a r t i c u l a r region 

being cons idered . We le t Ap = Zp - Z r - 1 . ^i,r = <Ji,r and use the 

approximat ions 

N r 
' l'i ( z r - l.-M) = R i , r ( » ^ ) e x p ( - A i , r / w ) + I ai Pa(2y-1) (6.6a) 

«=0 
and 

N r 
* i ( z r , u ) = L i , r ( y ) e x p ( - A i , r / p ) + I bi , o . Pa(2y-1) . (6.6b) 

a=0 
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f o r y > 0, to deduce from equations (5.42) and (5.44) that 

I c4 ,aBi-.a(5) + q . p e x p ( - A i ^ r / O b f , « A i - , a ( 5 ) ] 
a=0 

i-1 
r r 

and 

= C i , r l i , r ( 0 + I a i j l i j ( 5 ) (6.7a) 
j = l 

^ r r r r 
I C b i , a B i , a ( 5 ) + C i , r e x p ( - A i , r / O a i .a^i ,a(0] 

a=0 

r r 
= C i , r 0 i , r ( 5 ) + I a i j J i j ( 5 ) 

j = l 

(6.7b) 

r r 
f o r a l l CeP i . r = N i , m > ^ [ 0 . 1 ] > where vi^^. "> = 0 , l , 2 , . . . . i c i , r - 1, 

denote the p o s i t i v e d i sc re te e igenvalues re levant to group i and region 

r . A l l quan t i t i es in equations (6.7) are def ined p rec i se l y in the same 

way as in Chapter 5 (except fo r the inc lus ion of an index r as p r e v i o u s l y 

n o t e d ) . I f we now consider equations (6.7) at N+1 values of 5eP i , r » say 
r 

5 i , 3 , we obtain a system of l i n e a r a lgebra ic equations which can be 

w r i t t e n in matr ix notat ion as 

r = Ki , r » (6.8) 

where 

£i ,r Ai ,r 

C i , r = 
B i . r 

> (6.9) 

I W C T I T U T O GE F-;r:0'J' R V (: , ;G.' 3 E N U C L E A R E S 

1. P. t. ^̂ . 
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B i . r = 

B i , o ( 5 i , o ) B f , i ( 5 f , o ) . • • Bi - .N(5 i ,o) 

B i . o ( 5 i , l ) B i - , i ( 5 j , l ) . . . B f , N ( 5 i . l ) 

Bi.o(5nN) B i , i ( 5 i , N ) . . . Bi- ,N(5f.N) 

(6.10a) 

A i , r = E i , r 

A i , o ( 5 i , o ) A i , i ( ? i , o ) 

A i , o ( 5 i , l ) A j , i ( 5 i , i ) 

r r r r 
A i , o ( 5 i , N ) A i , i ( 5 i , N ) • 

• A i , N ( 5 i , o ) 

• A i , N ( 5 i , l ) 

r r 
• A i , N ( 5 i , N ) 

(6.10b) 

£ i . r = C i , r { e x p ( - A i , r / 5 i , o ) ko + e x p ( - A i , r / 5 i , i ) k i 

+ . . . + e x p ( - A i , r / 5 i , N ) ĵ N> . (6-11) 

kj i s , in g e n e r a l , a square matr ix of order N+1 whose e lements are a l l 

z e r o , e x c e p t for a one in the ( j+ l ) * "^ d iagona l p o s i t i o n . 
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Xi , r 

and 

K i , r = 

r 

a i . o 

r 
a i . l 

r 

a i . N 

r 

b i , o 

r 
b i . l 

r 
b i ,N 

r r r 
C i , r I i , r ( 5 i , o ) + I o i j l i j ( 5 i , o ) 

j = l 

r i-1 r r r 
C i , r l i , r { 5 i . l ) + I < i i j l i j { 5 i , l ) 

j = l 

r i-1 r r r 
C i , r I i , r ( 5 i , N ) + I «^ij l i j (^i , N ) 

j = l 

r ^-1 r r r 
C i , r J i , r ( Ç i , o ) + I <^ijJi j (Si ,o ) 

j = l 

r 1 r r r 
C i , r J i . r ( 5 i , l ) + I o i j J i j ( Ç i , l ) 

J = l 

r i-1 r r r 
C i , r J i , r ( 5 i , N ) + I a i j J i j ( 5 i , N ) 

j = l 

(6.12) 

(6.13) 



104 

I f C i^ r e x i s t s , equation (6.8) y i e l d s 

X i , r = Ki r , r = 1, 2, R , (6.14) 

where Ki r» g iven by equation (6 .13 ) , i s not completely known because, as 

can be seen from equations (5 .74 ) , L i , r(M) and Ri^rCi") are requ i red to 

compute I i , r ( 5 ) and J i , r ( 5 ) and, as discussed b e f o r e , L i , r ( p ) and Ri , r (v i ) 

are only formal representa t ions as ye t undetermined, w i th the except ions 

of L i j i ( y ) and R i , R ( y ) . T h e r e f o r e , only the summation terms 

corresponding to down-scat ter ing con t r i bu t i ons from previous groups are 

supposed known in the r ight -hand side of equation (6 .13 ) . From the 

d iscuss ion above i t i s c lea r that an i t e r a t i v e so lu t i on i s needed to 

e s t a b l i s h Xi r and consequently the emerging angular f l u x e s g iven by 

equations ( 6 . 6 ) . In the next sect ion we i l l u s t r a t e such an i t e r a t i v e 

so lu t i on fo r a s p e c i f i c problem. 

6.3 A Test Problem 

We now consider a 20-group, 5-region albedo problem w i th a lO^ i 

order Legendre expansion of the sca t te r i ng law. A 20-cm th i ck slab has 

an i s o t r o p i c a l l y inc ident d i s t r i b u t i o n of rad ia t i on only in the f i r s t 

group and only on the sur face at z = Z Q , i . e . , f o r y > 0 

L i , i ( y ) = 6 i . l (6.15a) 

and 

R i , R ( y ) = 0 . (6.15b) 

I W G I T f U " ; O Dc P&•5GD.;v .^b r-• • r. L iC-.3 E N U C L E A R E S 
I. P. E. N. 
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In a d d i t i o n , the th ickness of each l a y e r i s spec i f i ed by Ap = (r+1) cm, 

r = 1,2 5. By using the f i c t i t i o u s c ross -sec t i on set that f o l l o w s , 

we intend to f a c i l i t a t e the data hand l ing . We d e f i n e , fo r i = 1,2, . . . ,20 

and r = 1 , 2 , . . . , 5 , 

and 

where 

g i j = 0-7 . ( — \ 2 0 0 / 

(6.16a) 

j = 1 ,2 , . . . , i and A = 0 , 1 , . . . , 1 0 , (6.16b) 

(6.16c) 

We note that the c ross -sec t i on set proposed here i s a simple mod i f i ca t ion 

o f that used in Chapter 5. The same co l l oca t i on scheme is a lso used 

h e r e , i . e . . 

and 

5i,e 

r 
5 i .3 

= v-j^g , S = 0, 1, 2, . . . . I C T ^ P - 1 , (6.17a) 

1 1 
- + - cos 
2 2 

2 S - 2 i c i , p+l 

L 2 ( N + 1 - K i , p ) J 

3 = '^i ,r> < i , r + 1 N (6.17b) 
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Based on computations which fo l lowed c l o s e l y the technique discussed by 

Siewert (1980), we have concluded that there is only one pa i r of d i sc re te 

e igenva lues re levan t to each group in each region of the considered 
r 

problem; we l i s t in Table 6.1 the p o s i t i v e e igenvalue V - J ^ Q f o r 

i = 1,2, . . . ,20 and r = 1 , 2 , . . . , 5 . 

We now discuss our i t e r a t i v e procedure to determine Xi 

I n i t i a l l y , fo r r = 1, we use equation (6.15a) and, as a f i r s t guess, we 

set R i , i ( y ) = 0 to compute, from equation (6 .13 ) , a crude approximation 
(o ) 

t o K i^i which we denote by K i ^ j . A c c o r d i n g l y , from equation (6 .14 ) , we 

compute x j°i, i . e . , approximate values fo r ia]^a) { b i ^ Q , } . We now 

note that equations (6.4a) and (6.6b) y i e l d , fo r r = 2 , 3 , . . . , R , 
^ r-1 

L i , r ( i i ) = L i . r - l ( M ) e x p ( - A i , r - l / y ) + I ,a Pa (2y-1) , 
a=0 

y > 0 , (6.18a) 

which together wi th R i , r ( i i ) = 0 can be used success i ve l y to compute 
(o) (o ) 

approximat ions Ki f and Xi r ^or r = 2 , 3 , . , . , R . L i k e w i s e , equations 

(6.4b) and (6.6a) y i e l d , fo r r = 1 , 2 , . . . , R - 1 , 

' r+1 
R i , r ( y ) = R i , r + l ( i ' ) e x p ( - A i , p + i / y ) + I a i , a P a ( 2 y - l ) , 

a=0 
y > 0 . (6.18b) 

r r 

The approximations fo r {a i and { b i ^ ^ } , r = 1 , 2 , . . . R , found in the 

prev ious step can now be used in equations (6 .18 ) , and equation (6.14) 



Table 6.1 The p o s i t i v e d i s c r e t e e igenvalues V ^ ^ Q 

r = 1 r = 2 r = 3 r = 4 r = 5 

1 1.014675230187 
2 1.013664030621 
3 1.012702645157 
4 1.011789497866 
5 1.024569285561 
6 1.010101983620 
7 1.009324801731 
8 1.008590208601 
9 1.007896906406 

10 1.011201112487 
11 1.006629121797 
12 1.006052161369 
13 1.005511523631 
14 1.005005991723 
15 1.004534348940 
16 1.004095374943 
17 1.003687842667 
18 1.003310515972 
19 1.002962148042 
20 1.002641480584 

1.009627226459 
1.008862139834 
1.008140817000 
1.007461768696 
1.016300706575 
1.006224775612 
1.005664061769 
1.005140068079 
1.004651465922 
1.006780184327 
1.003775170108 
1.003384852919 
1.003024672419 
1.002693310408 
1.002389442258 
1.002111736239 
1.001858853819 
1.001629450936 
1.001422180241 
1.001235694282 

1.006235579588 
1.005664560862 
1.005131686945 
1.004635489487 
1.010733319846 
1.003747380593 
1.003352641311 
1.002988911056 
1.002654795130 
1.004002486528 
1.002069829189 
1.001816186142 
1.001586570418 
1.001379580893 
1.001193817737 
1.001027885874 
1.000880399460 
1.000749987263 
1.000635298816 
1.000535011145 

1.003967210867 
1.003548929674 
1.003163422111 
1.002809198427 
1.006980415171 
1.002188702349 
1.001919496742 
1.001675703293 
1.001455862714 
1.002286943006 
1.001082218593 
1.000925519124 
1.000786988284 
1.000665212080 
1.000558800707 
1.000466395680 
1.000386677447 
1.000318373189 
1.000260264497 
1.000211194616 

1.002466094633 
1.002166992837 
1.001895462297 
1.001649975857 
1.004462235734 
1.001231062637 
1.001054616960 
1.000898180681 
1.000760271267 
1.001254754508 
1.000534201606 
1.000443194621 
1.000365036116 
1.000298406573 
1.000242042897 
1.000194746410 
1.000155390132 
1.000122925006 
1.000096384752 
1.000074889135 

o 
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can be solved success i ve l y fo r r = R-1, R - 2 , . . . , 2 , l to provide improved 
r r 

approximat ions fo r ( a - , - a n d {b- j^aJ* Th is completes what we ca l l the 

f i r s t sweep of the mu l t i s lab system. Second, t h i r d , and higher order 

sweeps can be repeated in a s im i l a r way by using the updated 
r r 

approximations fo r {a-j and {b-j^a} un t i l the r e l a t i v e e r r o r in these 

constants for two success ive sweeps is as small as d e s i r e d . In our 

problem we have found t h a t , in g e n e r a l , f i v e or s i x sweeps were 

s u f f i c i e n t to achieve a r e l a t i v e e r r o r smal ler than 10-10. once the 
r r 

converged values of { a i a n d { b i ^ ^ J are a v a i l a b l e , appropr ia te vers ions 

o f equations (5.156) can be used to compute the angular f l uxes emerging 

from each r e g i o n , and i n t e r i o r f l uxes can a lso be computed by the method 

o f Section 5.4. We l i s t our converged r e s u l t s f o r ^^{ZQ^-V) and 

i | ; i ( z 5 , u ) , y > 0, i = 1 ,2 , . . . , 20 , in Tables 6.2 to 6.9. Converged resu l t s 

f o r the angular f l u x at the center of region 3, z = Z2 + A 3 / 2 , are 

repor ted in Tables 6.10 to 6.13 and fo r the group f l uxes 

1 
<t)i(z) = / i | » i ( z , y ) d y (6.19) 

-1 
in Table 6.14. F i n a l l y , converged r e s u l t s f o r the group albedos 

1 
A i * = 2 / y i | ) i ( Z o , - y ) d y (6.20a) 

0 

and the group t ransmiss ion fac to rs 

1 
B i * = 2 / y t i ( z 5 . n ) d y (6.20b) 

0 
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are repor ted in Table 6.15, along w i th those found by Renken (1981) w i th 

the code DTF69 (Renken and Adams, 1969), w i t h 75 space points and e ight 

d i s c r e t e d i r e c t i o n s f o r each ha l f - range of y . A l l our numerical r e s u l t s 

are accurate to w i t h i n ±1 in the l as t d i g i t and the degree of agreement 

w i th the DTF69 r e s u l t s is e s s e n t i a l l y the same as in Chapter 5. 

F i n a l l y , in regard to the convergence of our method, we have found 

that N = 20 was requ i red to es tab l i sh the boundary and i n t e r f a c e f l u x e s 

accurate to f i v e s i g n i f i c a n t f i g u r e s ; f o r the in teg ra ted quan t i t i es 

<t>-j(z), A-j* and B-j* and i n t e r i o r angular f l u x e s N = 15 was s u f f i c i e n t to 

obta in f i v e f i g u r e s of accuracy. 



Table 6.2 The e x i t angular f l u x e s ^T{ZQ,-V) f o r i = 1 to 5 

110 

u i = 1 i = 2 i = 3 i = 4 i = 5 

0 5.0856(-2) 1.2986(. •2) 5.8781(. •3) 3.3590(--3) 3.1468(-3) 
0.1 2.7785(-2) 8.6312(-•3) 4.2658(--3) 2.5715(. •3) 2.4585(-3) 
0.2 1.7783(-2) 6.1190(-•3) 3.1971(. •3) 1.9979(--3) 1.9352(-3) 
0.3 1.2213(-2) 4.4866(. •3) 2.4404(. -3) 1.5695(--3) 1.5346(-3) 
0.4 8.8379(-3) 3.4029(--3) 1.9074(. •3) 1.2545(-•3) 1.2351(-3) 
0.5 6.6435(-3) 2.6534(. •3) 1.5233(--3) 1.0202(-•3) 1.0094(-3) 
0.6 5.1352(-3) 2.1121(-•3) 1.2366(. •3) 8.4089(. -4) 8.3517(-4) 
0.7 4.0672(-3) 1.7123(. •3) 1.0186(. •3) 7.0136(--4) 6.9883(-4) 
0.8 3.2968(-3) 1.4145(-•3) 8.5238(. •4) 5.9298{. •4) 5.9203(-4) 
0.9 2.7135(-3) 1.1849(--3) 7.2266(-•4) 5.0750(-•4) 5.0707(-4) 
1 2.2726(-3) 1.0048(. •3) 6.1816(-•4) 4.3720(--4) 4.3734{-4) 

Table 6.3 The e x i t angular f l u x e s t i ( z o . - y ) f o r i = 6 t o 10 

u i = 6 i = 7 i = 8 i = 9 i = 10 

0 1.5425(-3) 1.1443(--3) 8.8437( -4) 7.0497(. -4) 6.8124(-4) 
0.1 1.2658(-3) 9.5926(. -4) 7.5467( -4) 6.1074(. •4) 5.9839(-4) 
0.2 1.0337(-3) 7.9559(. -4) 6.3435(-•4) 5.1942(-•4) 5.1387(-4) 
0.3 8.4721(-4) 6.6099(. -4) 5.3325( -4) 4.4115(--4) 4.4002(-4) 
0.4 7.0147(-4) 5.5382(--4) 4.5146(. •4) 3.7693(--4) 3.7844(-4) 
0.5 5.8743(-4) 4.6861(-•4) 3.8553( -4) 3.2454(--4) 3.2753(-4) 
0.6 4.9644(-4) 3.9966(. •4) 3.3154(. -4) 2.8118(--4) 2.8501(-4) 
0.7 4.2292(-4) 3.4321(. •4) 2.8682(. -4) 2.4490(-•4) 2.4920(-4) 
0.8 3.6388(-4) 2.9734(-•4) 2.5006(-•4) 2.1479(-•4) 2.1927(-4) 
0.9 3.1630(-4) 2.6004(-•4) 2.1993(-•4) 1.8990(-•4) 1.9432(-4) 

1 2.7596(-4) 2.2808(. -4) 1.9388(. -4) 1.6821(--4) 1.7260(-4) 

I T U c N U C L E A R E S 

I. P. E. N. 
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Table 6.4 The e x i t angular f l uxes ^^{ZQ,-V) f o r i = 11 to 15 

i = 11 i = 12 i = 13 i = 14 15 

0 4.8119( -4) 4.07ni( . •4) 3.4911( -4) 3.0296( -4) 2.6556(-4) 
0.1 4.2784( -4) 3.6539(. -4) 3.1617( -4) 2.7657( -4) 2.4420(-4) 
0.2 3.7165( -4) 3.1996(--4) 2.7892( -4) 2.4568( -4) 2.1831(-4) 
0.3 3.2164( -4) 2.7888(. -4) 2.4475( -4) 2.1692(--4) 1.9388(-4) 
0.4 2.7946( -4) 2.4386(--4) 2.1530( -4) 1.9189( -4) 1.7241(-4) 
0.5 2.4428(--4) 2.1441(. •4) 1.9034(--4) 1.7051(--4) 1.5393(-4) 
0.6 2.1461(--4) 1.8941(. -4) 1.6901(. -4) 1.5213(-•4) 1.3795(-4) 
0.7 1.8934(. -4) 1.6797(--4) 1.5061(-•4) 1.3620( -4) 1.2404(-4) 
0.8 1.6796(. •4) 1.4970(--4) 1.3484(-•4) 1.2245(. -4) 1.1197(-4) 
0.9 1.4999(-•4) 1.3426(. •4) 1.2141(. -4) 1.1069(--4) 1.0159(-4) 
1 1.3412(-•4) 1.2054(-•4) 1.0944(-•4) 1.0015(. •4) 9.2254(-5) 

Table 6.5 The e x i t angular f l u x e s ' l ' i ( z o , - p ) f o r i = 16 t o 20 

y i = 16 i = 17 i = 18 i = 19 i = 20 

0 2.3480(-4) 2.0920(-•4) 1.8765( -4) 1.6933(-•4) 1.5362(-4) 
0.1 2.1736(-4) 1.9485(. -4) 1.7576( -4) 1.5944(--4) 1.4536(-4) 
0.2 1.9547(-4) 1.7620(. •4) 1.5977(--4) 1.4564(-•4) 1.3339(-4) 
0.3 1.7455(-4) 1.5815(. •4) 1.4410(--4) 1.3195(-•4) 1.2137(-4) 
0.4 1.5598{-4) 1.4197(-•4) 1.2992(-•4) 1.1946(. •4) 1.1032(-4) 
0.5 1.3988(-4) 1.2786(-•4) 1.1747(--4) 1.0842(-•4) 1.0048(-4) 
0.6 1.2590{-4) 1.1554(-•4) 1.0655(--4) 9.8688(-•5) 9.1767(-5) 
0.7 1.1366(-4) 1.0470(. •4) 9.6908(-•5) 9.0067(-•5) 8.4023(-5) 
0.8 1.0299(-4) 9.5223(-•5) 8.8435(--5) 8.2461(-•5) 7.7165(-5) 

0.9 9.3768(-5) 8.6980(-•5) 8.1036(-•5) 7.5790(-•5) 7.1127(-5) 

1 8.5449(-5) 7.9528(-•5) 7.4329(-•5) 5.9729(-•5) 6.5630(-5) 
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Tab le 6.6 The e x i t angular f l u x e s ' I ' i l z s . u ) f o r i = 1 t o 5 

u i = 1 i = 2 i = 3 i = 4 i = 5 

0 6.3366(-5) 1.7999( -5) 8.6499(. •6) 5.1625(-6) 5.1734(-6) 
0.1 8.7378(-5) 2.3228(. -5) 1.0926(. •5) 6.4481(-6) 6.5023(-6) 
0.2 1.2533(-4) 3.0390(--5) 1.3902(-•5) 8.0858(-6) 8.1596(-6) 
0.3 1.9871(-4) 4.0727(--5) 1.8012(-•5) 1.0296(-5) 1.0379(-5) 
0.4 4.4550(-4) 5.6122(--5) 2.3833(-•5) 1.3357(-5) 1.3434(-5) 
0.5 1.3050(-3) 7.9503(. -5) 3.2169(-•5) 1.7639(-5) 1.7691(-5) 
0.6 3.4157(-3) 1.1508(-•4) 4.4073(-•5) 2.3613(-5) 2.3616(-5) 
0.7 7.3116(-3) 1.6810(--4) 6.0800(-•5) 3.1819(-5) 3.1758(-5) 
0.8 1.3259(-2) 2.4387(-•4) 8.3692(-•5) 4.2820(-5) 4.2697(-5) 
0.9 2.1265(-2) 3.4652(-•4) 1.1401(-•4) 5.7130(-5) 5.6985(-5) 
1 3.1162(-2) 4.7836(-•4) 1.5281(. •4) 7.5179(-5) 7.5100(-5) 

Tab le 6.7 The e x i t angular f l u x e s ' I ' i ( z 5 , y ) f o r i = 6 t o 10 

y i = 6 i = 7 i = 8 i = 9 i = 10 

0 2.5806(-6) 1.9573(-•6) 1.5457(--6) 1.2575(--6) 1.2485{-6) 
0.1 3.1828(-6) 2.4032(--6) 1.8906(-•6) 1.5329(--6) 1.5226(-6) 
0.2 3.9235(-6) 2.9460(-•6) 2.3067(. -6) 1.8626(--6) 1.8463(-6) 
0.3 4.8942(-6) 3.6513(-•6) 2.8433(--6) 2.2848(-•6) 2.2582(-6) 
0.4 6.2000(-6) 4.5920(-•6) 3.5536(--6) 2.8401(--6) 2.7967(-6) 
0.5 7.9782(-6) 5.8625(-•6) 4.5060(-•6) 3.5797{-•6) 3.5104(-6) 
0.6 1.0398(-5) 7.5780(. .6) 5.7835(-•6) 4.5659(. •6) 4.4577(-6) 
0.7 1.3649(-5) 9.8683(. •6) 7.4795(--6) 5.8685(--6) 5.7041(-6) 
0.8 1.7926(-5) 1.2865(-•5) 9.6887(--6) 7.5584(. •6) 7.3170(-6) 

0.9 2.3405(-5) 1.6689(-•5) 1.2498(-•5) 9.7006(. •6) 9.3578{-6) 

1 3.0229(-5) 2.1436(-•5) 1.5976(. •5) 1.2348(--5) 1.1878(-5) 
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y i = 11 i = 12 i = 13 i = 14 i = 15 

0 8.9495(--7) 7.6920(-•7) 6.7021(-•7) 5.9049(-7) 5.2518(-•7) 
0.1 1.0844(. -6) 9.2949(-•7) 8.0777(-•7) 7.0992(-7) 6.2989(--7) 
0.2 1.3080(-•6) 1.1176(. •6) 9.6841(-•7) 8.4872(-7) 7.5in2(-•7) 
0.3 1.5907(--6) 1.3544(. -6) 1.1696(--6) 1.0218(-6) 9.0142(-•7) 
0.4 1.9579(. -6) 1.6603(. -6) 1.4283(--6) 1.2433(-6) 1.0930(-.6) 
0.5 2.4410(--6) 2.0608(--6) 1.7654(-•6) 1.5305(-6) 1.3404(. -6) 
0.6 3.0781(-•6) 2.5865(--6) 2.2058(-.6) 1.9042(-6) 1.6610(--6) 
0.7 3.9116(--6) 3.2715(--6) 2.7775(. -6) 2.3875(-6) 2.0740(--6) 
0.8 4.9849(--6) 4.1508(--6) 3.5091(. •6) 3.0042(-6) 2.5995(--6) 
0.9 6.3381(--6) 5.2567(--6) 4.4272(-•6) 3.7763(-6) 3.2560(--6) 
1 8.0043(. •6) 6.6163(--6) 5.5541(-•6) 4.7226(-6) 4.0596(. •6) 

Table 6.9 The e x i t angular f l u x e s ip i (z5,p) f o r i = 16 to 20 

u i = 16 i = 17 i = 18 i = 19 i = 20 

0 4.7090(--7) 4.2522(-7) 3.8636(-•7) 3.5299(-•7) 3.2410(-• 7 
0.1 5.6347(--7) 5.0765(-7) 4.6025(--7) 4.1959(-•7) 3.8444(-•7 
0.2 6.7009(--7) 6.0222(-7) 5.4467(-•7) 4.9540(. •7) 4.5285(--7 
0.3 8.0194(-•7) 7.1870(-7) 6.4826(--7) 5.8808(--7) 5.3621(. -7 
0.4 9.692n(. •7) 8.6585(-7) 7.7861(-•7) 7.0426(-•7) 6.4032(--7 
0.5 1.1843(--6) 1.0543(-6) 9.4486(-•7) 8.5185(-•7) 7.7208(--7 
0.6 1.4618(. -6) 1.2965(-6) 1.1577(--6) 1.0402(-•6) 9.3958(--7 
0.7 1.8181(--6) 1.6064(-6) 1.4293(. -6) 1.2795(-•6) 1.1519(--6^ 
0.8 2.2701(--6) 1.9985(-6) 1.7718(-•6) 1.58n8(-•6) 1.4183{--6^ 
0.9 2.8337(-•6) 2.4863(-6) 2.1972(. •6) 1.9541(. •6) 1.7478(--6^ 
1 3.5226(-.6) 3.0818(-6) 2.7157(--6) 2.4085{-•6) 2.1483(--6 



114 

Table 6.10 The angular f l u x e s ^^{z,^) f o r z = Z 2 + A 3 / 2 and i = 1 to 5 

i = 1 i = 2 i = 3 i = 4 i = 5 

-1 3.6184( -4) 1.5638( -4) 9.3646( -5) 6.4533{-5) 6.6068(-5) 
-0.8 5.0171( -4) 2.0930( -4) 1.2277(. -4) 8.3348(-5) 8.5646(-5) 
-0.6 7.2982( -4) 2.9089( -4) 1.6621(. -4) 1.1075(-4) 1.1420(-4) 
-0.4 1.1346( -3) 4.2492( -4) 2.3438(--4) 1.5236(-4) 1.5755(-4) 
-0.2 1.9474( -3) 6.6092(--4) 3.4641(. -4) 2.1809(-4) 2.2566(-4) 
0 3.7995( -3) 1.0988(-•3) 5.4058(. -4) 3.2815(-4) 3.3814(-4) 
0.2 2.1021( -2) 2.0301( -3) 9.0271(. -4) 5.2139(-4) 5.3497(-4) 
0.4 1.2432( -1) 3.8384(. -3) 1.5599(--3) 8.4639(-4) 8.7182(-4) 
0.6 2.4736( -1) 5.8053(. -3) 2.4324(-•3) 1.2967(-3) 1.3293(-3) 
0.8 3.5123(. -1) 7.2855(-•3) 3.2564(-•3) 1.7745(-3) 1.7904(-3) 
1 4.3378( -1) 8.2115(--3) 3.8945(-•3) 2.1939(-3) 2.1725(-3) 

Tab le 6.11 The angular f l u x e s ^^{z , y ) f o r z = Z 2 + A 3 / 2 and i = 6 to 10 

u i = 6 i = 7 i = 8 i = 9 i = 10 

-1 3.9539(--5) 3.1976(-•5) 2.6682(-•5) 2.2774(-5) 2.3252(-5) 
-0.8 4.9959(--5) 4.0050(-•5) 3.3160(-•5) 2.8108(-5) 2.8655(-5) 
-0.6 6.4587(--5) 5.1241(--5) 4.2047(-•5) 3.5361{-5) 3.5967(-5) 
-0.4 8.5842(--5) 6.7294(-•5) 5.4664(-•5) 4.5574(-5) 4.6189(-5) 
-0.2 1.1797(--4) 9.1278(-•5) 7.3334(-•5) 6.0556(-5) 6.1062(-5) 
0 1.6929(. -4) 1.2903(. •4) 1.0233(-•4) 8.3552(-5) 8.3687(-5) 
0.2 2.5349(--4) 1.8976(. •4) 1.4822(. •4) 1.1942(-4) 1.1866(-4) 
0.4 3.8345(-•4) 2.8147(. •4) 2.1636(-•4) 1.7198(-4) 1.6966(-4) 
0.6 5.5908(. -4) 4.n352(-•4) 3.0587(-•4) 2.4029(-4) 2.3615(-4) 
0.8 7.5900{. •4) 5.4334(. •4) 4.0840(-•4) 3.1833(-4) 3.1261(-4) 

1 9.5642(-•4) 6.8511(-•4) 5.1381(-•4) 3.9913(-4) 3.9222(-4) 
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Table 6.12 The angular f l u x e s ^][z,u) f o r z = Z 2 + A3/2 and i = 11 to 15 

i = 11 i = 12 i = 13 i = 14 i = 15 

-1 
•0.8 
-0.6 
-0.4 
-0.2 
0 
0.2 
0.4 
0.6 
0.8 

1 

1.7696(-5) 
2.1572(-5) 
2.6766(-5) 
3.3976(-5) 
4.4376(-5) 
5.9990(-5) 
8.3727(-5) 
1.1776(-4) 
1.6132(-4) 
2.1080(-4) 
2.6230(-4) 

1.5718(-5) 
1.9061(-5) 
2.3519(-5) 
2.9672(-5) 
3.8491(-5) 
5.1616(-5) 
7.1365(-5) 
9.9441(-5) 
1.3517(-4) 
1.7565(-4) 
2.1779(-4) 

1.4123(-5) 
1.7044(-5) 
2.0921(-5) 
2.6246(-5) 
3.3828(-5) 
4.5020(-5) 
6.1701(-5) 
8.5227(-5) 
1.1502(-4) 
1.4871(-4) 
1.8377(-4) 

1.2805(-5) 
1.5385(-5) 
1.8793(-5) 
2.3451(-5) 
3.0044(-5) 
3.9700(-5) 
5.3963(-5) 
7.3932(-5) 
9.9120(-5) 
1.2754(-4) 
1.5713(-4) 

1.1699(-5) 
1.3996(-5) 
1.7020(-5) 
2.1133(-5) 
2.6920(-5) 
3.5333(-5) 
4.7657(-5) 
6.4792(-5) 
8.6325(-5) 
1.1060(-4) 
1.3587(-4) 

Table 6.13 The angular f l u x e s I ' iCz.u) f o r z = Z 2 + A3/2 and i = 16 t o 20 

i = 16 i = 17 i = 18 i = 19 i = 20 

-1 1.0758(--5) 9.9483(-.6) 9.2458(--6) 8.6311(--6) 8.0892(-6) 
-0.8 1.2819(--5) 1.1810(-•5) 1.0937(. •5) 1.0175(--5) 9.5048(-6) 

-0.6 1.5522(--5) 1.4243(. •5) 1.3139(-•5) 1.2178(. •5) 1.1336(-5) 

-0.4 1.9182(--5) 1.7522(-•5) 1.6095(-•5) 1.4857(--5) 1.3775(-5) 
-0.2 2.4303(--5) 2.2086(. •5) 2.0188(. •5) 1.8547(-•5) 1.7119(-5) 

0 3.1697(-•5) 2.8631(-•5) 2.6020(-•5) 2.3774(-•5) 2.1827(-5) 
0.2 4.2440(. -5) 3.8070(--5) 3.4370(--5) 3.1206{-•5) 2.8477(-5) 
0.4 5.7282(-•5) 5.1031(-•5) 4.5769(--5) 4.1295(-•5) 3.7457{-5) 
0.6 7.5871(--5) 6.7214(-•5) 5.9961(-•5) 5.3822(--5) 4.8578(-5) 
0.8 9.6807(--5) 8.5428(. -5) 7.5928(-•5) 6.7913(-•5) 6.1087(-5) 

1 1.1860(-•4) 1.0440(-•4) 9.2568(-•5) 8.2607(-•5) 7 .4 l4 l ( -5 ) 
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Table 6.14 The group f l uxes <l>i{z) 

i z = Zo z = Z2+A3/2 z = Z5 

1 1.0112 1.9270(-1) 6.2131(-3) 

2 3.8166(-3) 5.1551{-3) 1.3399(-4) 

3 2.0235(-3) 2.3027(-3) 4.7871(-5) 

4 1.2877(-3) 1.2863(-3) 2.4981(-5) 

5 1.2533(-3) 1.3082(-3) 2.4979(-5) 

6 6.9222(-4) 5.8515(-4) 1.0738(-5) 

7 5.4114(-4) 4.2893(-4) 7.7753(-6) 

8 4.3784(-4) 3.2930(-4) 5.9019{-6) 

9 3.6347(-4) 2.6157(-4) 4.6376(-6) 

10 3.6290(-4) 2.5884(-4) 4.5126(-6) 

11 2.6722(-4) 1.7926(-4) 3.1007(-6) 

12 2.3262(-4) 1.5150(-4) 2.5970(-6) 

13 2.0497(-4) 1.2999(-4) 2.2080(-6) 

14 1.8241(-4) 1.1293(-4) 1.9006(-6) 

15 1.6369(-4) 9.9125(-5) 1.6534(-6) 

16 1.4796(-4) 8.7789(-5) 1.4514(-6) 

17 1.3459(-4) 7.8354(-5) 1.2842(-6) 

18 1.2311(-4) 7.0410(-5) 1.1443(-6) 

19 1.1317(-4) 6.3655(-5) 1.0259(-6) 

20 1.0449(-4) 5.7858(-5) 9.2482(-7) 
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Tab le 6.15 The group albedos A-j* and the t ransmiss ion f a c t o r s B-j* 

Present Work DTF69 

i Ai B i * A i * B i * 

1 5.8809(-3) 1.0453(-2) 5.8821(-3) 1.0439(-2) 
2 2.2791(-3) 1.9993(-4) 2.2798(-3) 1.9965(-4) 
3 1.2939(-3) 6.9012(-5) 1.2944(-3) 6.8915(-5) 
4 8.6280{-4) 3.5393(-5) 8.6319(-4) 3.5345(-5) 
5 8.5170(-4) 3.5350{-5) 8.5202(-4) 3.5300(-5) 
6 4.9662(-4) 1.4899(-5) 4.9692(-4) 1.4879(-5) 
7 3.9706(-4) 1.0716(-5) 3.9733(-4) 1.0702(-5) 
8 3.2763(-4) 8.0863(-6) 3.2787(-4) 8.0757(-6) 
9 2.7671(-4) 6.3202(-6) 2.7693(-4) 6.3119(-6) 

10 2.7956(-4) 6.1271(-6) 2.7977(-4) 6.1191(-6) 
11 2.0989(-4) 4.1837(-6) 2.1007(-4) 4.1782(-6) 
12 1.8491(-4) 3.4892(-6) 1.8508(-4) 3.4847(-6) 
13 1.6476(-4) 2.9545(-6) 1.6491(-4) 2.9506(-6) 
14 1.4814(-4) 2.5332(-6) 1.4828(-4) 2.5299(-6) 
15 1.3423(-4) 2.1953(-6) 1.3435(-4) 2.1924(-6) 
16 1.2242(-4) 1.9200(-6) 1.2253(-4) 1.9174(-6) 
17 1.1229(-4) 1.6927(-6) 1.1240(-4) 1.6904(-6) 
18 1.0352(-4) 1.5029(-6) 1.0362(-4) 1.5009(-6) 
19 9.5859(-5) 1.3428(-6) 9.5952(-5) 1.3409{-6) 

20 8.9125(-5) 1.2064(-6) 8.9210(-5) 1.2047(-6) 
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7. CONCLUSIONS 

In t h i s work we have s u c c e s s f u l l y used the method to so lve basic 

mul t ig roup t ranspor t problems in plane geometry. We have concluded from 

our s tudies that the Ff| method is capable of producing accurate r e s u l t s 

f o r the considered mul t igroup model and that the most i n t e r e s t i n g aspect 

o f the method seems to be the c a p a b i l i t y of f ind ing the angular f l u x e s 

emerging from a slab fo r a g iven group by using only the boundary data 

and es tab l ished emerging f l u x e s fo r preceding groups. Th i s fea ture of 

the FN method is a p a r t i c u l a r l y a t t r a c t i v e one fo r sh ie ld ing ca l cu la t i ons 

where f requen t l y the i n t e r i o r angular f l u x e s are not of pr imary i n t e r e s t . 

In a few s i t ua t i ons where the knowledge of the i n t e r i o r f l u x e s is 

impor tant , e . g . , gamma-ray hea t ing , these can be r e a d i l y computed in our 

method from the p rev ious l y determined boundary f l u x e s . 

We note that for most cases the r e s u l t s deduced from the method of 

d i s c r e t e ord i nates are c l e a r l y adequate—especia l ly when we consider the 

magnitude of the unce r ta i n t i es normal ly associated w i th the input da ta . 

However, fo r strong absorpt ion and/or o p t i c a l l y th ick s labs , increased 

computer time w i l l be requ i red by s t r i c t l y numerical methods to achieve a 

des i red degree of accuracy—a c h a r a c t e r i s t i c not shared by the F^ method. 

In f a c t , we have observed that slabs w i th strong absorpt ion and/or l a rge 

op t i ca l th ickness is p r e c i s e l y the most favorab le s i t u a t i o n fo r the FN 

method, in the sense that accurate r e s u l t s can be produced w i th a small N. 



119 

The primary ob jec t i ve of our work on the numerical aspects of the 

method was to e x t r a c t the maximum obtainable accuracy from the method 

wi th a reasonable amount of computation t ime. Thus , severa l improvements 

were incorporated in to the numerical framework of the F^ method during 

the course of t h i s resea rch : 

a . the use of the orthogonal basis Po [ (2y - l ) instead of powers u« 

b. the use of a co l l oca t i on scheme based on the zeros of Chebyshev 

polynomials in cont ras t to the p rev i ous l y used equa l ly spaced 

schemes 

c . i n t r oduc t i on of a new technique fo r computing the angular 

f l u x e s accura te l y fo r a l l y . 

I t was not our aim to compare the computational e f f i c i e n c y of the F^ 

method wi th that of e x i s t i n g methods in t h i s work; c l e a r l y t h i s is an 

important aspect that needs to be s t ud ied , and top ics such as a study of 

a l t e r n a t i v e techniques fo r computing the requ i red f unc t i ons , the 

v i a b i l i t y of using s ing le p rec is ion throughout the developed computer 

programs and the task of opt imiz ing the developed computer programs are 

i n t e r e s t i n g aspects that deserve cons ide ra t i on . I t is our f e e l i n g , 

however, that our method i s compe t i t i ve , e s p e c i a l l y i f only boundary 

quan t i t i es are des i red in a c a l c u l a t i o n . 

Add i t iona l recommendations fo r f u tu re research include the ex tens ion 

of the method fo r mu l t i p l y i ng media and i nc lus ion of upscat ter ing in the 

t r a n s f e r m a t r i x . These should be ra ther simple extens ions but ve ry 

va luab le fo r app l i ca t ions in reactor a n a l y s i s . The extens ion of the 

;:•!/; i I T U I O '.h i. - . . R . . ; ; , !C ^S e N U C L E A R E S 
I. P. E . N . 
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method to spher ica l and c y l i n d r i c a l geometries and time-dependent 

problems seems poss i b l e , at leas t f o r simple problems. 
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