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I A Recurrence Formula [or the Taylor Seres
Expansion m the Caleolabion of Intensities®

Camiet B R Pakbsrk and 5 CaTicHa EvLis?

tasierwte de Frergia Atamica Sao Paule SF Brasif
fstrtartes e Fleocer Umiversidinde Estodieal de Campraos
P70 1000 Campinas &P Brasd

(Recetved April 27 190)

Thiz = 1he hrst antcle of 3 seres desling with expertmental and (heoretical work on the
tridteple saitering al X rays and neutrons weth emphasis on thewr applicaton to (the audy of

eryslal defects which 15 a rather new use't of & kngwn phenpmenon

R

The exact intensity solaion for & crystal platet' 13 (o0 complicated when more than 3 beams
are simellancously dilTracied by 1he crystal Tavlor series expangien imated (o the Atst (hree
orderst T have Been caloulated bul (he 2rrors dus 10 the appraximanon wers not assessad and
the uxe of mgher order lerms (volves excerdingly compheated capressions

In thig paper a genecral recurrence formula for the succesive terms of the Taylor senss 8
presented Thus a raped calculihon of any number ol teoms 5 now possible

Introduchon

The change in power of 2an X ray or neutron
beam traversmg a mosawc crysial plate and
expenencing absorption and simultaneous re
flecuons e, merchanping encrgy with Lhe
promary and other diffracted beams s gmven
by

5l

R R

¥r ¥

"+

where Py 15 the power of bram ¢ , and y, are
direction costnes of beam ¢ and ; relative 1o the
normal plate surface ) 13 the effective re-
Aectivity of plane {1—;} p 15 the ab orption
coefhicient and x a coordinate taken along the
normal to the plate Using eq (1) for the dif
lerent beams direct and diffracted, invalved in
the process we obtan a set of simultanzous
differential equations! ¥

dP, P, P,
ax —E{H+Qm +?Qnﬂ+;‘l— 0o

+E?Qm

*The contenls of this paper ot pan of the Thews
subpuited by C B & Farente to the Umiversity of Sa0
Paulo to oblain the degree of Doctor of Scuance
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The plus sign on the left of egs (1) amd (2}
apphes to transmitted beams and the munus
sign 1o reflected beams The misraction cooffi
clents E,_, are given by

§uy=0y wA), (3)

whert ()15 the reflectivily per umit volume of a
stnall (perfect) cryseallite for neutrons am] an
arbitrary directiion of rotabon

0= AT &
”_u:] smi8 A, '

(4)

{im the X ray case iwg more factors are In-
cluded (e*/mc®)? and the polarization facior),
v, 15 the volume of the umit eell, F, the struc
ture factor of the pliaee (1=} that 15 the plans
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with Millcraodius iy -5, &, —A ) Lf Ay
geomelrn Laclor first mteodweed by Zach rasen
(19455" and Further disussed by Tmoakuoma
and Cancha Ellis {1974) * relaning to the angle
of rotation +, aboul an arbrtrary axis and the
corresponding angle AR around an aals newmal
1o the plane of woidence

Ad= A4 (5)

wiA) 15 the mosaic angular disinbulion fune
uon  generally assumed to be gaussian and
1Is0tropic
|
h{ﬁj_n\.ﬁ'h

where 4 ts an angular vanable measuring the
departure of a given crystalline direction(hgh fo )
in ¢ach mosaic block with tespect to the
mean of the dicection (hnkoh) laken for all the
erystalling blocks in the crystall The standard
deviation n of the distnibution' iz the mosawe
spread] of the crystal

H 15 to be noted 1hat the mosalc distnibution
(6) 15 such as to assure that the different
contributions that buikd up a given beam
tensity do not have definne phase relationships
50 that eqs (1} and (2} are obtained by adding
intensttics and not amplitudes It 1s then loresee
able that f the crystal rreated' turn out to be
perfect or nearly so egs (1) and {23 will ccase
to be valid and so will the conclusions ohtained
from their application

The simuplaneons eqs {2} can be solved
approximalely or exactly provided one can
establish adequate boundary condiions This s
nol zasy i general except for geometrically
simple cases such as the case of 2 crvstal plate

Zachaniasen {19457 found a soluton Tor the
twn bearn case 1¢  modeht and ane diffracted
beam when the latler 15 either refiected {Bragg
casel or transmuted (Laue case] Bacon and
Lowde (194%)" extended Zachariasen s result
to the neutron iwc beam case therr resolis
bewng subsequently wsed by several authots
Wapma eral 1960 * Jones 1963 ¥ Moon and
Shull 1964 ¥ An exact solution for the m
tetisthies when Lhe system contains three or more
beams becomes increasingly difficult

The prablem was solved i general for any
numbers of boams n the case of the crystal

exp{— At i6)

*K lmakume and 5 Caticha Fihs 10 be pubhshed

plate by Cauchy Llis (19601 whoe also dis
cussad the expenmental condilions required o
meel Lhe assumptions made i the caleulations
The w bearm case gives rise too o simullaneous
differential equations whose Lreatment leads
Lo a set of o? simuitaneous Lncat egquatmont in
the #® constants of mlegration Then a prac
tical selotion For a number of 1 or more
beams must iovolve the use of a2 camputer
K Imakumd (Thesis 1973)® has programmed
the numencal calculation in the four beam
e

Approxumate solutions 1in the form of
Taylor s scries eapansion ntroduced by Moon
apd Shull {19641 ** are easier to handle pro
vided a small number of (erms gives sufficient
appro}imation This 15 actually not so encept
m cases of very small absorption and neghgble
secandary exunction In fact the convergence of
the series has not been stodied in gereral

Caticha Elhs {1969Y'" has given the 2nd
order expansion |n the case of 2 reflected
primary beam with 2 sumultaneous secondary
diffracled beams of both types as well as a
2rd order expansion for a reflected pnimary and
transnitted secondary beam {see hus eqs (16)
{21} and (21} Expansions usmg higher order
terms providing tnore accurate results are ob-
vicusly possible but the process of successive
derivations 15 very lengthy and becomes
creasimply difficult A new approach to the
cakeulation was then pecessary This 15 given
in &3

&2 About the Coorergence of the Scnies

The convergence of this series has not so
far been studied tn gensral nather we intend
to perform such a study here However Moon
and Shull {964} state that the conditions

@rdixl
and
utecl, (7)

are encugh to produce a rapid convergence of
the senies thus prowiding a reasonable approxi
maloh even when the expansicn 15 hmted te
anly the second or the thud order terms
Conditions (7)) mply that the ¢rystal has a
very low secondary extmction and B very low
absorption

However condittons (7) are not generally



fulfilled 1n the neutron case and nol very often
1o the X ray case Infact Cabicha Llls {19697
has shown that the total effective path length
<x% of the incommg plus that of the ouigmng
beam 1 a crystal plate of thickness 715 given
by

i_ﬁ I T eapl--piy

———l _— IR
I —enp§—pfid !

where

|_1 L

¥ o Y

ta ¥ are directions cosines of inoident and
diffracted heams

XYy =1g 15 the incident beam path length
and

<y =1 13 the diffracted beam path length

It 15 clear from eq (B} that for a hughly
absorbing or a (hick erystal Cafy= 1y
then for symmetnic reflechons

Pl (9)
1 ZI“

That 15 for crystals where the path length
15 hmited by absorpuon pf =05 and the
convergence of Lhe series should be slow

In prachce values of [, for most samples m
netulron diffraction experunents are defined by
the dimensions of the erystal For a plate one
would have f,=T/y, except when the other
dimensions of the plate have Lo be taken 1nto
accoynt

In neatron diffracton values of Q)0 close
to ahd even larger than unuy are nol URCom
mon and we have come actoss values of about
4 (Farenie C B Thews 197119

One can hmat the values of [, By wsing thin
plates 1n the experrment to lowser the seccondary
extinchion (Bacon 1948} In the experiments
described m part 1§ this procedure was nol
feasible since the intensiy was already quite
low due to the hugh colimation used Thus the
conditwons (7)) Tor rapid convergence were far
from being fulfilled and a second of chird order
appromimation o the Taylor expansion solo
uon was enbirely inadequate

Attermpts 10 wse hgher arder approxima
tions were quite discouraging sinee the suc
cessive order of derivabions rcreased  the
complexity of the cxpressions 1o impraciual
lints

3

A new approach was then attempted which
resulted in the obtention of a general tz2em of
the Taylor expansion

3 Geperal Term of the Taylor Seres Ex-
punsion

lel us rewpite egq (1) mthe [ mm

P53 29 3,- 503 ()
1 i
where
A =pur —GE! QJJ’ “ﬂ}

§ = + 1 for transmitted beams
"1 =1 for reAscted beams

and
dr

Tl ey o 24

£} I

In whal follows dervatives will be represented
by
d Pix}
de"

P ey =
the symbol PH] representing the value of the
denvabive at =0 Using this nolaton  the

MeLaurin series can be wniten

Pixy=P{0)+x ﬂan%’ P{M0)

+ +:—T PO+ (1
Let us define the coeficients
T;.=-*:Q;.FT,« {r:£1) (12}
¥i==xdy (=1

Then eq (1} or{l ] can be simply capressed a5

Py = 3 ¥, P00

PR

(13)

where Lthe erm r=r 15 also mcluded m the
sumination The second dervative 15 given by

Pillixy= Z F;;-”'”lﬂ— E ¥y E LALARY
Joo
JE; Y, 1, Pl " L4}

and solcossivie denvatives are obyiously Liven

by

f.
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¥ Pl
(15)

Apart from numer cal factors the terms of
the Taylor series eapansion will be obtained by
mubtiphadg the expressions (E31 (04) and (19}
by the appropriate powers of  and aking the
valyes of the dervatives al =0

TPIIJ[H}_ TE r P{ﬂ]_z },. TFIDL .

PEHH’_]’}:E; ) EFJ’ h”
!

2P = xlEEF YJ,,.F',,U]}

:;%’H"}_x]{ﬂ_,ﬂ-",,{ﬂ} |:t1b}

MEMO=YY  T(¥ vKF,x
1k

(VY aF D)

Equation {16) can be further simplified by de
fiting

X,=x¥,=10 23,

{17}
X.=xY,=—xdx'y
Then
xP[“{D}=E X, Pl 1
x’P'”[ﬂ]=EE X, XL RLD)
1K _r (1K)

fﬂ“‘{ﬂ}=££ ZXJ,X'”
A PO}

Equations (18} show thal the successive
terms of the sepies can be expressed as linear
combinations of the powcrs of the differcnt
beams at the oripm the coefficwents of the term
# beng obtained from the prodocts of order
m of the coefficients X, defined by egs (IT)
Thuxs cthe cocficiants far the m th lerm can he
oblaiped from those of the (m— 1} Lth erm
recurrently I'narder to oblamn such a reCurrence
formula let us define

My .=x, (1% 1)
50 Lhdt

xPIHO =Y 1Y, PAD) 1200}

ang
PPN =Y ratmY x,, My,
Then defining

i - 1
”I'l'h=}_,xh‘ ].r_l (17 3y
1

the second arder lerm hecomes smply

CAUM=T POy X, {20 2)
E]

which on turn allaows the third order term to
T wrriten

r:FI.H{ﬂJ:l Fkl:ﬂ:l E'.’AJ 121 rl
[ ]
=¥ pany ', (203)
ry
where
':"’Xh=£,1“' X (19 3)
1

Egquations {(191) (192} and (1% 3) can ob
vicusly be gencralized

XL =3 KT, (19

and the m 1h order teem takes on the form

O =Y A0 ™Y {207
[]

Equation{1%)1s the recurrence formula sought

aflter o wall abviously permat a rapnd calcula

ton of the terms 1N Succession SLaFRE wilh

the coefficients X, and ¥, defined by eqs {17}
Equateon (191 can alsp be applied to the case

=1

Wy, =T XX,

provided the 9%, are defined as the coefh
cienes for the zero order term

POy A 0) ),
[

where

1 Tor & #.
I =[
L N P

It v 12 be oted that i the shsence of
anont ilous dispersion the reciprociny relahions
¥o=¥, md ¥, — X, hold wnce 1n such casc

a_rl = (ju
4 Coacleaon

In conclusion nwer ive method has been
vhlained to cooul i the successive terms ol
the Taylor seres expapson of 1the yptensry of
multply olffrweted X riy or neuatron be i

The wse ol the recurreoee formuds (19
tawes the cdeul o of dhe cocRicients of the
sth order lurm s sown oy Lhose o the (v — Lith

e e ——



lerm are obtaned The method 15 thus well
suted for computer use There 5 now no necd
e himat oneself 1o the approsimations of the
2nd or at the most 3rd order as were used n
the past Approxmations with 100 and 200
termz can be calculated i a mattet of seconds
of computer trme :

[n a subsequent paper we analysc using
this methed the neutron mlensitics multiply
scaltered by an aluminum single crystal
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