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ON THE INVERSE PROBLEM IN TRANSPORT THEORY

C. E. Siewert, M. N. Ozisik . Y. Yener*

ABSTRACT

The invtrse problem in one-speed transport aquation in plana geometry ii solved by using an alternative
development of the solution recently presented by Case.

I - INTRODUCTION

In a recent paper, Case11> solved the inverse problem based on the one-speed transport equation
in plane geometry. Here we wish to give an alternative development of that solution and then to use the
same method to solve the analogous problem in spherical geometry.

II - PLANE SYMMETRY

We consider, for c < 1, the infinite-medium problem defined by

/ / - • * ( x . i . ) + * ( x , M = c I ( • - - - )P t ( /< Ifn / ' *<x,//)PgU')d / + " «<*> I')
dx :=0 2 * * - i * 2

and * (± », At) = 0. If we multiply Eq, (1) by Pj( /L. ) and integrate over / , we find

(1-cfs)(2C+1)* í(x) = Ò . 5oS[ - (S+1)*j+1(x) - E^j.^x) . (2)

where

1
(3)

and f0 = 1. If we now multiply Eq, Í2) Tor « = 0, by x i a , a = 0,1, 2 , and integrate over x, we can
ite

" ^ (x)dx = ô a 0 + (2a) . - x 3 a - 1 ^
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which, for a = 0, yields

= 2 /-*0(x)dx . 15)
1 c 0

Here * 0 ( x ) is the flux. From Eq. (2) we see that

+ ( ) ( ).(x) ( ) [ Z 1 f j i x ) • %M] . (6)
1 - cf J

which can be used in Eq. (4) to obtain

where the moments of the flux are defined by

Since

/ " *e(x)dx = 0 . í > 0 , <9>

we can solve Eq. 17), for a = 1 ,

= 3 ( 1 - C)J ; - x
2 * o l x ) d x . (10)

It is clear that for a > 1 we can continue tte process of using Eq. [2) in Eq. (7) and integrating by parts
to find all of the coefficients ffc in terms of moments of the flux. To be specific we list

1 - c 0

1
= ( 1 c ) 2 3 / - x 2 * 0 (x)dx ,

1-cf, o

- — - = (1 - c)3 11 cf,)2 ' Jf) T x4 *0(x»dx - - ~ — ,
1 - c f , i 16 o " 4 ( 1 - c )

Hie:



and

j ~ = 11 - c)2 (1 - cf, )2 {1 - cf2)
2 — / " x6 *0{x)dx

- (1-c) (1-cf.) (1-cf,)2 TJP /" x**n(x)dx1 * 144 Q o

(i-c}(i-cf,)^;-x2*0(x)dx -Hi——)

r x8< c ) l 1 c , ) M c 2 ) ( 1 c f 3 ) ^ r x8*0(x»dx

~ r x6(1 - c) (1 - cf, )(1 - cf2)
2 <1 - ci3)

2 ~ r x6 *olx>dx

^ | T 4*0(x)dx

(i-c)d-cf,) 7

[27(1- .f ) + 2B(1-cf.)J-^r
1-cf,) 1 3 48 o

[27(1-cfj + 28(1-cf,)]2 ,
1 3 L (He)

(1-cf ) 2 (1 -c f 2 ) 720 •

III - SPHERICAL SYMMETRY

Considering now a point source in an infinite medium, with c < 1, we can write

H — *(r, n ) + — *(r, it) + *(r, /<) = c I ( - ^ - ^ )Pfi( n )U1 *
dr T oil 8=0 2 * * 1

r>0 , 112)

and the boundary conditions V[<*>, u ) = C and



lim 4jrr2*(r,í j) = ô ( 1 -
' •O

On multiplying Eq. (12) by Pg( y) and integrating over v , we find

< -<e + 1>*£ + 1 (r) - «+jM(r)

which, for a = 1, yields

1
= (1 - c ) 2 2TT / - r**0<r)dr.

(14)

tf we multiply Eq. (14), for Í = 0, by r2Ot+i and integrate over r, we can write

(1 - c ) / - r 2 a + 2 * 0 < r ) d r = -*& * 2a S" r2O+I • , ( ' ) * . ( 1 5 )

0 ° 4TT o

where *Q ( r ) is the flux. We note that Eq. (13) has been used to evaluate the limit of r i a * ' + , M a*

tends to zero. For a = 0, Eq. (15) yields

~ = 4ff ;-r'*.(r)dr .
1 C 0

Considering a > 0, we can use Eq. (14), for 8= 1, in Eq.! 15) and integrate by parts to obtain

T rsot+ 2*.(r)dr = — [<2« + D / " r30r*0(r)dr
0 u 3(1 cf,) 0

- 1 ) / " r i a* 2 ( r )dr j , a>\ ,

1 - cf, 0

It is clear that we can continue to use Eq. (14) and Eq. (17) to develop expressions for the coefficients
fj. We give some explicit result».

ih •4ff > ; r H



and

— - — = (1 c)2 2TI / " r*+n(r)dr .
1-cf , 0 °

— = (1 -c)2 ( 1 - c f , ) 2 (1 -c f , ) 2 - i - -7r / " r 8 * 0 ( r ) d r
1-cf3

 1 2 144 0 °

- ( 1 - c ) ( l - c f , ) ( 1 - c f 2 ) 2 | | j r /"r6*0 (r )dr

y - ^ - = ( 1 - c ) 2 ( 1 - c f , ) 3 ( 1 - c f 2 ) 2 < l - c f 3 ) J

^ ?r / -

Í ?.- [27(1 -cf , ) + 28(1 - c f 3 ) ) ^ ff / " r**0(r)dr

[27<1-cf,) + 2B|1-cf 3 ) ] 2

( 1 - c f , ) 2 ( 1 - c f 2 )
(19e)

It is clear that Eqs. (11) and 119) can readily be obtained either one from the other since we have the
point-to-plane transformation:

• o > > = " 57 37 • • > ' » • (20)

Finally vm note that the results developed here can readily be generalized to the multigroup case.
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RESUMO

A resolução do problema inverso baseado na equação de transporte em geometria plana e de uma velocidade é

feita uti'i2ando-se uma alternativa ao método de Case.

RESUME

On a fait la resolution du problème inverse bati dans I'equation de transport à une vélocité en geometria
pia.ne. en utilzant une alternative de Ia méthode de Case.

NOTA

Este trabalho foi iniciado no IEA pelo Professor Charles E. Siewert durante seu estágio na CEN em julho de
1976 e posteriormente terminado na Universidade Estad«I da Carolina do Norte, onde é professor associado.
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