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NUMERICAL SOLUTIONS OF TWOMEDIA PROBLEMS IN TWO-GROUP

NEUTRON TRANSPORT THEORY

Yti|i Urmjuro and Rot.Kttu D M. Garcia
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1 INTRODUCTION

Thin two'./ritip tit'ii'ruii transport i:i)ii.i!n>n riii iiot[r.|nc scjtterini) in p'ane (jeoinetry has been
stui'i'Kl by iiidny i<:5i!archers in trio simiul.Ti ••iqürfuru t'on cxodiision method . The fust work was
re(xirt(;il, soon afiei the introduction of the me'boil, by 'ila^üy anci Kui/ell '* , but their completeness
firí|iirrü!nts were not i]uite roiiclufivi;. 5;inii! yrars 'ati'i Sipwert arvi Sfneh , following the work of
Sit'wi;rt and Zweifel '131 on d special raie of the .Tiiift'fjiou;> moclfl, ;)r«v>fl rlyorously the fulliange
rj;mpic'ti;n«ss <ind orthofjonality thflineit'S d"-; jnaiystt) the discicle spectrum. Some .itteinpts were made
to solve h;jlt-spar.e"?l '4 and sUb'1 '6 1 prvibloms but it was not until the half-range completeness and
orthrxj-.Tiality theorems were established13'''• tfiat thpse problems were solved in a concise manner.
Half space pioblems' are solved m tenns ot ami H matiix that can be obtained numerically by a
rapidly converymo itorativt scheme and siaij piob'fins can he converted to sysfems of tegular
integrai equations 'or the expansion coefficients which ran tf.t;n b»; solved by numericai iterations.

Problems involving two media, however, have remained unsolved in two-yroup theory, though in
the onegroup modei some problems have been solved u;inr| the two-media or'nogonality relations
and t>y other methods , The difficulty is '. i that the use of the full-range and half-range
orthogonality relations does not remove all singularities that ire inherent in the Case method and that
the numerical solution of the resulfinq singular into:j^i equations involves numerical differentiations.
Further, two-media orthogonality relations havs not been found in two-group theory. Jauho and
Rajama'ki studied two-media problems in mu'ti-group th?ory but they did not report any numerical
results and it appeais rather difficult to obtain numeric-si rssults based or. their analysis. The first
numerical results for two-media problems were reported by Ishiguro and Maiorino using a method
based on the half-range orthogonality relations and invariants principies. Their method, now/eve, is
applicable only to two-half-space problems. Thus, a,general systematic method to solve various two- or
multi slab problem» fias been lacking and many modei problems in transport theory hhje remsinc-d
unsolved.

In a recent paper Ishiciurc pr ^pnsed a method o' this kind and reported sorn» numerical
«olutionj in one-group theory.

The purpose of this paper is t.> show that two-msd'ia problems in two-group neutron transpor
theory tor ijctropic scattering can ha (jinveitwi, usmq t ie me'hod o f Haf 8, to a set of regular integral

nj for the coefficients of tin- COST pxrwrisiui;! arm ";;):ver) ntimert^ally by a standard iterative



rriéihüd and to report numerical results for «Mnt model problems band on exact theory. We shaM
con side» three problems, two slabs with an incident flux, the critical problem for reflected slab reactors.
drtd the cell problem, but we would like first to summarize the method of regularization and the basic
theory.

THE METHOD OF REGULARI7ATI0N

The method to derive a set of regular integral equations for the expansion coefficients from the
set of singular integral equations that results from boundary and inte> face conditions can be summarized
in the following steps'81:

1 At an interface separate the continuity condition into two equations, one for jie(O.I). the
other for/Jf(-I.O).

3a To the i«(0,1) equation apply the half-range orthogonality relations for the right-side
medium.

b In the ne{ 1.0) equation change n to ->i and then apply the orthogonality relations for
the left-side medium.

3a If any singularity remains in step 2a. consider the interface (or boundary) condition for
V > 0 at the left-side boundary of the left-side medium and generate the same singularity,
subtract the result from the equation in step 2a and remove the singularity.

b For step 2b consider the right-side interface of the right-side medium and generate the
same singularity from the n < 0 equation.

4 If stgularities remain in step 3 repeat the process, generating the same singularities at
different interfaces.

Although the equation for a discrete coefficient is always found to be regular, we apply to this
equation the same operations as those applied to the equation for the corresponding continuum
coefficient, since the convergence of iterations is sometimes faster and the discrete and continuum
coefficients are obtained in the same form. We not that for a symmetric geometry the right and left
interfaces are equivalent.

SOLUTION OF THE TRANSPORT EQUATION

The two-group neutron transport aquation for isotropic scattering can be written as

d i
— i (,x,»il • I I (xjt) * O / I i%,ti) du' , (1)

where the space variable x it measured in units of the mean-free-peth for group 2 neutrons. At in
irevious works19-11>17>, wa assume that the scattering matrix Q if neither diagonal nor triangular arc)
that det Q # 0, and introduce a matrix £ defined as

p =

1



where ĉ  ate the elements of Q. then the solution of Eq. ( ! ) is given !>y

I l*./i) - P ' + (K,/J) , (3)

whete vKx. fi) is the solution of

' ' 'I» | x , j j ) ^ I « l ' ( x , / i ) " C / ' I ' ( x , / j ' t ri/i' . ' 4 '
l x - - - ' - 1

v»ith the symmetr ized siattennrj m a t n x i|iven by C P O P ' a n d the elements o f £ are E ( | -o,

- i j • - 2 1 ~ 0. am) L j , I .

T h e general solut ion of Eq (4) < M I I if writtt 'r1 - l 8 as

k

' I ' ( » »! - [ A ( i - ) ' l ' l i if) i '«p I x . r ) * A ( ! • ) • ! • ( i ' , , ;) M » | I ( x / i - ) J
1 t ^ i ; i . i i '

> 1

/ A 1 2 ' (c) ' I ' ' 2 ' (i',/j) Kxr. Í x/i/) d i - ,

where A's are expansion coefficients to be determined by the boundary condition once a specific

problem is considered, discrete eigenvaScs • v ore the zeros of ilet A(z) with

K (either 1 or 2) is the number of pairs of the discrete eigenvalues, arid the aigenfunctions
can be written as

. ±ii) CU (r I , (7a)

'

«Region 0 -~ ( i/a.i/u) , ( 7 M

ami

' i > ( 2 ! iv u) ~ \ i ' K («' .w) C < n (:< ; J I X !i ') > U ( P )

»r R«gion ($) ' ( 1, V'
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and

» W = I - 00)

with | being the 2x2 identify matrix.

The full-range amd half-range completeness and orthogunality theorems regarding the solution

given by Eq. (5) have been established13 '17 '18-201.

Although the solution has been used in previous works ' 9 ' 1 1 ' 1 7 ' in the form of Eq. (5), we

write the general solution in a more compact form as

1
/ ty[
0 ~

exp(-x/i<) dv dc , 111)

where the discrete eigenfunctions are the same as in Eq. (7a), the continuum eigenfunction is a 2x2

matrix defined as

Mv) (12)

and A(t c) are two-vector expansion coefficients. We not that the expansion given in Eq. (11) is not the

general solution of Eq. (4) ir A ( i .') are arbitrary for vtiMaA). However, as later equations show, A(± v)

are always found, in our formalism, to be proportional to U 1 2 '^ ) for ve(1/a,1) and thus, considering

Eqs. (5), (7), and (9), we can writs Eq. (5) in the more compact form of Eq. (11). We shall always

"separate positive and negative eigenvalues, as in Eq. (11), and use the symbols v, {, and rj to denote

positive eigenvalues.



'ME H M A T R I X

The H matrix introduced in Ref. 17 plays a principal role in the half-range orthogonality

theorem and has bt?nn discussed in detail in Ref 20. We list some of the equations it satisfies for use in

our problems.

The H matrix satisfies the integral equations

Hit) Mi) - I + z / H(ii)0(/i) — - C
0

z e (0 , 1) <13a)

and

I CU(K. ) = U(f.)
—

(13b)

where

ei») = , G(/i) = 1for/ie(0,1/a) and 0(/i) = 0 otherwise.

0 1

To calculate the H matrix numerically we can use equation

1 ~ àn ,
HU) = I + zHU)C f H(v)Qlfi) , z / (-1,0) .

0 +
(15)

The dispersion matrix Mz) can be factored in terms of the H matrix as

HI-z)CHIz)A(z) = C , /(-I.I) (16)

If we let z -*vt 0 in Eq. (13a) we can find

1 ~ P
H M Mv) = I + v S H(/i) 0Oi) d/iC , v e (0,1)

o
(17)

Since the existence of a unique tolution of,these equation* has been established13 '20 ' we shall

use them freely in our problem: for example, we have from Eq. (15)

1 *
zf HW0W

0 - -

du
k = C"1 k - C " ' H - ' ( z ) k , i í 1-1,01 (18a)

and from Eq (17)

v 5 H(p)0(At) díík = C ' k - H M \M C'f k , v e (0,1)

for an arbitrary 2x2 matrix tt.We shall call these Aquations collectively thp H «•iMiium



HALF RANGE ORTHOGONALITY AND RELATED INTEGRALS

Half-range orthogonality relations of the eigenf unctions are given in Ref. 17. However, since we
use a different form to write the solution, we redefine the adjoint functions.

The discrete adjoint vector is the same as in Ref. 17:

Qii> fi) = v K ( * , , /
*** I I *** I

WCUkl . v. > lor v = i |". I
I -w«w I J I I

(19a)

We define the continuum adjoint matrix as

Ob.li) = [ vKiv.fi) bin) H-' U>) C + 6iv.fi) Mv) ) Wl»! , v e (0.1) (19b)

where the symmetric matrix

N
2 ,

ttif tame matrix as was used in Ref. 11 and

Qiv) + U l 2 l W U l 2 l W [ 1 - e M

(0.1) ,

wiih H , being the elements of the H matrix.

With these adjoint functions, the orthogonality relations can be written as

(20)

(21)

o ~
(22a)

Oiv.^v)'I'iv.v) /tan - 0 (22b)

0 -



(22d>

where Air) in the last formula is an arbitrary two-vector and th* N functions in Eqs. (20) and (22a,d)
are given explicitly in Refs 11 and 17.

Since we shall need various half-rangr integrals of the product of eigenfunction and adjoint
(unction, we summarize some of these formulas here. To simplify the notation «w let

Xli-j) = U I ^ I C H - ' (»>.) C"' (23a)

and

XM lilrlcr'MC'1 . (23b)

When the etgenfunction and adjoint belong to the same medium, we can evaluate the following integrals.
using the H equations, to obtain

1 ~ , j _
/ O(",./i)'IM-i'1./i)/id/i - - - - X l r lH 'WCUW

t ~ "i"

(24a)

(24b)

- 'XMH-'WCUW , (24c)

and

(24d)

If the eigenfunction and adjoint belong to different media the integral of their product is mor»
involved. All integrals can be performed, no we ver, if we decompose the K matrix as

P P
«<£.//> ••• - k, • k, (26a)

«£ -• n - t • ii



with

k, = k> =

0 0

0 1
(2Sb.c)

and use the H equations, e.g.. Eq<. (18). Since these formulas are rather lengthy and since the later
equations for the three problems show most of them clearly, we report here only one. the simplest, of
them:

1 -

0 ~' ' * ' '

H,llalVfo,) k,

V».

where G is a diagonal 2x2 matrix and the subscriots are used to rr'er to the media.

We not that, among the various integrals involving eigenfunction and adjoint, only the following
two are singular after integration over p:

l
f ' I ' • (rj.fí) A (r/1 drçdp , V,T] e (0,1)
0

(27)

and

/ no [v,ti) E M { •lK(
0 - ' - o ~'

vy e (0,1) , (28)

where £{v) is a 2x2 matrix.

Here we notice a difference between one-group and two-group theories in that in one-group theory the
integral corresponding to Eq. (28) is regular since it reduces to one corresponding to Eq. (22d). Finally
(he following integral is of interest:

/ 0(|rii)pdii = {Í(t) { l-CH-} I (29)

vhert Ho is a momenr of the H matrix

Ho = / G
0 ~ (30)



? - THE TWO SLAB PROBLEM

We consider a slab of thickness a , of medium 1 (Ü ̂  x ^ a , ) adjacent to another of thickness

«2 of medium 2 (u, < x <y, J ^ a, + o 2 ) irradiated on the x = 0 surface by a flux of neutrons f( / i ) .

We write the solutions of Eq. (4) as

i = t

+ A, (-»>.) <J», (-»'.,/i)exp {- (a, -x)lv.} ]

1
/ i'l'i iv.f) A, (Wexpl-x/W + «I1, ( v,^l A, ( f ) exp {-(a, -x)/i/}di»
o ~ ^ ~ ~~

0 < x < a, , (3D

and

- (7 ~

• / [ 4', (tj./i) A, (rj> exp { - ( x - o , )/TJ}
o ~ ~

(-V.lt) A,(-i7)exp {-(7-x>/rj} Jdr; , a, < x < 7 , (32)

subject to the conditions

and

• , (0,p) = P, _fOi) , n e (0,11 , (33a)

• j I?,-/") = 0 , it e (0,1) , (33b)

* , (O,,M) = G * , (or,,M) , ii « (-1,1) • (33c)

We assume, considering the data sets for our calculations, that the groups are similarly ordered
for both media and thus the matrix 0 Is diagonal and given by G ~ f | P j .
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The conditions at outer boundaries, Eqs. (33a,b), result in the aquations

£ A| {».) <I'| [v.,n) + / <!>! (c.jti) A| (f) di> = P, f(

«2 ,

£ Al(-i».)<l>,(-i».,ji)E1(f.) - / 4>,(-i>,J<!A,
i ~ ' 0

e <0,1) ,

and

2 A2 ( - r j . ) * , (jfj.ii) + / •I'Jn./'I
t 0 ~

= - I A, (if.) *,(-»»../i» E, hj,) - / * , (-if.il) A, (t}) E, (tj) dif ,

ii e (0.1) . ( 3 5 )

and we write the interface condition, Eq. (33c), in two equations

2 A, (-I»,)*,(!»..»i) + / <t>,{v,n)A,i-v)(Sv
i=! "" ° ""

ki ,
= - £ A, (K-.) * i (-«',.**) E, <v,> - / <t>,{-»,») Ai ME,Màv

i = 1 0 ~

+ I G [ A, (if,) •!>, (^Tfj./i) • A, (-if.) • , (if.,p) E, (rf,) 1
I = 1 "" ""

• / G [ <J>, (-if,fi\ Aj (JJ) + * , (Tf.p) A, (-if) E, (if) 1 dif .
0 ~ ~ ~ ~ ~

«. e (0,1) , <36>

and

I A2 (ff.) * , (if,,ii) + / * j (r/,ji) A3 (»f) drj
i-i ~ °-

- I G"1 [ A, (•»,) «I-, fr.,») E, (f,) • A, (-»/,) * , (-»

•» / G"1 [<!•, (c.
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~ A , I ».-,» - 1 - , ( >/,.//) E ,

i - I

- / *> i V.H) A2 ( r/) E2 (t/)drf , u < W.I) . (37)
0 v.

wh«n b^U exi'l «/$)•

Our ai>- , to (letivo a set of riiiul.ir inliH|i,il tM|u.itions fur the rxfMrnion coefficients so that the
i :ients can > 'nund numerically by a slarxlard ilf-tative method.

If we apply the half-range orthogonality theorem to Eq. (34), i.e., multiply Eq. (34) by
f, / i), £ - v. or w(0,1), we obtain

A, d'.) = A" (vt) - f( Nf1 ( r ) X, (»-,) V, ( r ) , (38a)

A, (r) •- A" (»-) - c N , ' iv) X, (»') Y, (W . (38b)

and in the sartie w.ty we ohtain from Eq. (35)

A2 ( t).) -- r;( NJ 1 (^J X, (^.) Y ; (r;,> , (39a)

snd

A, ( r?) - -/} NJ1
 (T)| X2 (TÍ) Y , (r?) , (39b)

whm e

A| iv.) - N, to.) / O| to.,v) P\ '

«
A, (c) - Nf1 [v) f O| to.ii) P| f i/i) inly , (40b)
- 0 ^ - •

Y, (f) - I H,"1 (i'.)C, U, (iO A, (-I-.) E, d.)

i = 1 »,*t ~
A, (•! ' ;)£,

:. A ,
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Y 2 < í > = s - — H , - '

/ A 2 ( t j )E 2 (42)

Next we apply the orthogonality theorem for medium 1 to Eq. (36) to isolate the coefficients
on the If ft side. After integrating over /j, the A2( v) term remains to be principal-value integrals for
{ - v. Following the method of regularization summarized in Section 1, we multiply Eq. (35) by

HO, (43)

and integrate over fjf(0,1). We find on the left side the same singular integrals, but with different
exponential functions, as from Eq. (36). Then subtracting this result from the previous equation, we
obtain equations with removable singularities

A,f v) = ^) Yj (i».) (44a)

and

A, I v) --• vNi' MX, ( v l Y , (K) (44b)

k. v..

X —'- H7'(»'.)C,U l(i ') A, U'.) £,
i- + í ~ ' ~ r • '

v.) - / — -— H J V X M A , M E, («') •!<

+ I a . l k , 1 - E j (o . t /a j tE j (tj) }

• H ;' (r,) k , Í1 - Ea (Í) E, (r; ;}) G C2 U, (v,l A, (r;)

H i 1 ( «jTjj/o,) k, I E , I T ) ) - E ,

' — ' - H i 1 ( rf ) k , 'F.. (>,',! E ; I M U f í C, U^t?,) A , ( ??.)
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f f
0

H-,1 (ojr?/a,)k,

• - - - - - H i " 1 | r , ) k 2 { 1 - E 2 ( ? ) E j ( T J » } | G C , A , (»?)

- - - - - H, {ojti/o,)Ct-
1 \ ,

H, ( T J I C , 1 X, (r/)k, Í E , I»?)-E2 ( í ) ) | G C , Aj I I?) dt/

1
+ / C, [

0 —
H, {E, (T?)-E, (a,í/o,)}

- ^ - H , (T?) k, f E2 IT?) - E3 I f ) }J 0, (JJ) G X, (i?) A , |- (45)

In the sam>> way we first multiply Eq. (37) by
iit(O.I). next multiply Eq. (34) by

n i (f .^), f - Vt or r;f|0,1), and integrate over

0

E,(f)

mil uit)<t)rate over v, and then subtract between the two results to obtain

(46)

infl

) - A1,' (Tjj) + r?èN;' (T7() X 3 (IJ () Y 4 It?,)

A,(77) - A(;irj) + t jN" 1

t -

0 ~* '"

N ' IT;)

E, 0

E,(tj

0

E, (1

Pi f

P, f <//) pd/i

(47a)

(47b)

(48a)
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" 2 " • - . 1 1 , - IY«(Ç> = -X --- H 2 ( i) ) C 2 U j I n . ) A 2 ( TJ.) E 2 « i j » - / - — H 2 (TJ) C 2 A 2 ( n ) E 2 ( n ) * J

k , Oil'.

£ I H j io,v./o2)k, { 1 - E , I f ) E ,
i ^ t »>», + o 2 í - -

+ H2" U » ) k i ( 1 - E , ( P . I E , ( £ ) } | G , C , U , (i») A , {•».)

t

,

1

H 2 ' « « . " / " í t K i Í E , ( v è ) - E , ( o 2 f / o , )

i

1 OjV

j i Hj-' ((,,„/„,) k, { 1 - E , (c»E,

• - - H j ' {v)k2 { 1 - E , l í ) } | G - ' C, A,

1 0 i V " - | - v
• ; C, [ 1—_ H j ( 0 , v /O l)Cj X,

0 ~ O l » O | ~ ~ ~

• — Hi W) Cj"' Üj M kj {E, (f) - E, ({) }J G"1 C, A, (v) 4»

! H, {a,i>/oi)k, {E,

+ - — H, M ka {E, (W - E, ({) }] 0, M G"1 X, W) A, (f) d»- . (49)
l - - -

Equatiom (38), (39), (44), and (47) are our final equations for the coefficients. All
singularities are removed in terms of the exponential function and, therefore, numerical iterations can
he pf ' -rmnr) m * <»^nr»»rrt manner. It is clear from these equations that, as was mentioned before,
lhe continuum coefficr<»>(4 for H^qio'i \i) aro (ironortional to U .

We note that if we let Oj * 0 all twms in Y, pvr<»pf the first two vanish anil Fq. (44),
with Eg. (38), reduces fo the case of a single Oat» Sir".inly, in the limit r», «0 fo>, (39)

,n«! (471 reduce to tJ» rase of a ?inq!<» slah of medium 7
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Í - THE CRITICAL PROBLEM

The critical problem for bare reactors has been solved by Kriese, Siewert. and Yener1111. W*
consider here the critical problem for reflected slab reactors, a typical textbook problem in diffusion
theory The core of multiplying medium 1 extends from a to +a surrounded by infinite reflectors of
non-multiplying medium 2. We assume that both media are specified and, thus, our aim is to determine
the value of a such that non-trivial solutions exist.

W. •.-.••!»»• tfio wlutions of Eq. (41 as

k l

k,
+ I A, (»>,)*,

/ * i {v,n) A| M exp {-(x + a)lv)áv
0 ~ ~

/ * i (- v.n) A, M exp {-(a - x)lv)iv . (50)
0 ~ ~

and

~ 1 = 1

• / *fr» (frA1) Aj (»j) exp {-ix~a)/t)}dr} . (51)

0 ~ "-

The symmetry condition and the condition for | x I •* «° are already incorporated in the solution* and
we consider hereafter only %>0. The remaining continuity condition at x = a can be written in two
equation} for fu{0,1\,

^ A, ( , , ) • , < V i > + o J , (r.ii A, v d ,

k i 1

- I A, (c,) * i <-V*i) E K1 " S
o t' ' " ' ' ^ 51 '"' '"'

1 = 1 *"

1
• I A, (n,»G*j ( itM) * Í 9 J j ( »?.Pl A,
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1
A, tnè) * , «iij.ii» • / * , ín./i) A,

= S A , |a»,i G 1 * , (*.**> E<*-> + £ A , tyG'1 «I-, (•*>,./!>
í - 1 "" i = 1 ~

• f G " 1 * ! (c,|f| A, (v)E(Wdf • / ' G"' * i < »Mi)A, M d r . (53)
o - ~ - o ~ ~ ~

Eli) -- exp( 2a/f>. For the momant wt assume that a is a gnwn constant and multiply Eq. (52)
(t. / i ) . t = »'é or (vlO.1). and integrate over fie(O.I) to obtain aquations for the coefficients

,!*,» [1 * - v, N,1 ^ , )X , (v,) H,1 Wi)C, U, I f . iE , (»•,)}
2 *w *•» •*- ^ »

{Y, d» , ) - (K-D—^— H71 ( F , ) C , U, (rt) E {Pji A,

(54)

A, (»-» - iH»*;1 (f) X, («-) { Y, (»•) - £ H71 (vJ C, U, fv,> E i») A, (f.)} . (S5a)

arv), if K , " 2 ,

1 ~
A, (c2M 1 + - »-, I V (c,> X, (r,) H,1 (!»,) C, U, (if,) E (»»,)}

2 ~ -

•••• V-. N , 1 M X , ivt) { Y , iv2) H71 iu,)d U, (f | )
v, + V} ~ ~ ~

(55b)

£ ( Hi1 (otij./o,) k, + Hf 1 (TJ ) k, } GC, U , (T?,) A , (tj()

/ í ff' -i _?_ -•f0 • • t t " ' i »|'
 w I » * * I a , ' "

c»,f! , í ~ - t j + f ~

/ ' _ ! L _ H71 (f) C, A, M E {v) dr . 156)
o v * I - - -
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Similarly, we multiply Eq. (53) by / J O . | £ . / Í ) , { - n% or i j t (O.I ) , ami integrate over ji to isolate

. r i>. ffu iprits m the left-side expansion. The A , (r) teiin on the tight side renidins to be singular. Next

nuiliiplv Eq. |!i2) by

Í57)

»•»( iniHjrate over /ic(0,1). Or the left side we find the same singular integrals, with different

t «(xmcniial functions, as in the previous equation. All other terms -re regular. Then, subtracting the last

t*i'MTM>n from the previous one, we obtain equations with remnvable singularities

A2<r7,i ! I - - i j j N j ' Ai,.) Xi (rj.) H 2 ' <IJ,) E if»,) C» U j in,)}

j = 1 fy %

A . In,» ( (58a)

Vtlfilt»

dnrf

A,(T/> - f?N,-' (»?)X, (r/) ( Y , (r/) + 1 - - - - - H,1 ty» E (IJ) C,U2 (TJ.) A , (»»,)} (58b)

(59)

1 | - Hi' (a.M/ffjik, { i
, = , "i",4"»í

t — . H / l«) k, { 1 E ( r ) E (£)MG ' C, U, (^JA, \v.f

i ' 1 ^' »

H , ' I « , r / V i , ) k , ( E ( c , ) - E ( ( T , f / o , ) (
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+ H i 1 ( i>)k 2 { E ( i > ) - E < í ) } | G ' C, U, to-,) A, ( r )

1 o2v
* f ( Hj1 Icv/oj) k, { 1 - E to) E toji

0 * {

~ H,1 I f lk, { 1 - E M E (f)} 1 G ' C, A, M ôv

+ / —— HJ1 (n) E (?) c, A, in)
o n + t - ~ —

1 OjV — . ~
+ / C, [ Hjiatv/Oi) Ci1 X, (a.iVo,) kt { E M - E (c,í/o,)}

+ — H3 (W Ci1 X, M k, { E (»-) - E {f»}G-' C, A, (i;) d«»

1 OMP

+ / C, f H, (a^/a,) k, (EM-E (o,i/o,)}
0 ~ O,f-«J,«' ~ ~

• — H, to) k, { E to) - E (|)} ) G"1 0 , (f) X, ««») A, to) d*> . (60)

Th* condition of críticalíty can be incorporated at the condition of non-triviality of th*
«ihi'ion. If we normalize the solution by taking A, tot) = expia/v,), th* critical haff-thicknes» of th*
core is given by

a = - I v, | + -"' :n(N/D> (61)
2 2

where

1 t

N = — vt N| ( f | ) X | ( f | ) H f ( f | ) C | U| tot) (62a)
2 ~ ~ ~

D = 1-e, N,1 to,)X, <f,)exp( alvt) fY, (*-,)-(«, - 1 ) — ^ — Hf1 (»-,)
~ f i • v, ~

C t U | («*,) E (»»,) A ) (••;: i (O'.!ij)
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Equations (b5f. (58). and (61) are our final equations to be solved by numerical iterations.

THE CASE OF FINITE REFLECTOR

If the thickness of the reflector is finite, the core solution. Eq. (50). it the same but the
reflector solution is written as

E A2 (TJ.) <l>, (IJ. ,») exp { ( x - a ) / ^
i - 1 ""

ij.M* exp { - (7 + o - xj/tj.

/ '1'j h.M» A, (TJ) exp f -(x-a)/fj}dij
0 ~

• / * J (-i7,/i)A,(-t?> exp{-(7 + o-x)/n}dr> . (63)
o •»• —

where y is the reflector thicxness (given) and a is the critical half-thickness to be determined.

We write the interface condition, symbolically, as

* , (a, •») = G * , ia.n) . n e ( 0 , 1 1 . (64a)

and

• , (a,n) = G~l • , (a,/u) , M e (0.1) , (64b)

and the boundary condition at x = o • y tn

•2 ia + y.-fi) = 0 , it t (0,1). «64c)

Whila in the cata of infinite reflector we obuin immediately a regular integral equation for
A, If) and need only one ttap of regularization for the Aj(t?) aquation, here the A| (?) equation mutt be
regularized one* and that for A] (*}) in two ttept, due to"thc existence of a boundary al * = o + y.

The procedure can be summarized at follow*. Firtt, we apply to Eq. (64a) the orthogonality
relations for modium 1, and obtain equations with tha coefficient» A|(?() and A , ^ ) isolated on the left
tide. In the A.M equation tha Aj(-rj) term remain* singular. To remove thi i singularity we multiply
Eq. (64ci by ""
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tt Oi ( f . / i ) G (65)

where E,l{) = expl y/$), aod integrate over n e(0,1). On the left side we find the same singular integrals,
with different exponential functions, as in the previous equation. Subtracting the last equation from the
previous one, we obtain equations with removable singularities

v) { 1 + - v. Nf1 iv.)
2 ' '

»,)»;' («'j) C, U, ( i^E . (»»,)}

~ i
= v. N i 1 [v.) X, (fj) f Y, (Kj) - I (1 - 6.,) H-» IVj) C, U, (»-,) E, (I-,)

A, («,)} , (66a)

and

A,(K) = v NT' (•») X, (W { Y, (c) - I Hf'(•»,) C,U, (^) E,(v() A,(* , )} (66b)
i = 1 i

where E, ({) = exp<-2a/{) and Y, ({) is given in Ap» idix A.

Similarly, we apply to Eq. (64b) the orthogonality relations for medium 2, and obtain
equations with the coefficients A j t y ) and A,(»?) isolated on the left side. In the A2(i}) equation the
A| M term is singular. Next we multiply Eq. ]64a) by "*

0 j 1-1 (67)

and integrate over pe(0,1). On the left side we find the same singular integral* in the A|(i>) term.
However, we obtain new singularitw/s on the right side. Finally multiplying Eq, (64) by *~

in)
E,

(68)

and integrating over n i(0,1), wa obtain »kjul»fítí«» to remove the last ones. The following equations are
oMained
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{ i - - n, N Í 1 ty) x, in,» H;1 | I - E | ty)] E inè> c, u,

i1 to;) x, tot) { Y , toj) • £ (i -íèj) H Í 1 tof) |i - E , toj) E, to,)J

E (tíjí C, U, h}.) A, (IJ.) + I (1 - 6.,) HJ1 i-i},) IE, to.) - E, to.»!

EifjjICjU, (i?,)A, (69a)

A, (u) = n NJ• <u) x, to) {v, to) • £ H,1 ty) [ i - Ea to.) E, to)]

E to) c, u, (»>,) A , to,) • i Hi • (-n() [E, (IJ.) - E,toH E to) Ci u, to,i

A, (-t>,)} (60b)

wfwrt E ({) =

E. ({)

•nd Y, ({) it givw» in Appendix A.

Finally, «v* apply to Eq. (64c) tht orthogonality rtlatiom for medium 2, and obtain aquation»
for tht cotfflcitm» Ai|-i j ,) and A.(-q)

i1 (n,)

A, to) - I » N ; ' to) x, to)Vj (n) .

(70a)

170b)

«rhara Y,({) !• ojvan m Appandix A.

Uiing tha normalization A d ^ l - a x p (a/r , ) , tha critical hatftMcknaw of tfta cora it
obtainad from Eq. (66*) in tha form of Eq. (61). Final aquation» ara «rtvad by numtrical
(ttrattor».
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i IME CELL PROBLEM

We consider here an infinitely repeating array of two slate of dissimilar media at a tympKfiad
model of flat-plate fuel assemblies and analyse a unit call consisting of • half-slab of medium 1
( a , < x < 0) and a half-slab of medium 2 (0 < x < a,) with the condition of symmetry with respect to
the boundary surfaces. We assume uniform sources of neutrons in medium 2.

The symmetric solutions can be written as

^, <xji) = P,1 + , (x,/i) , - a , < x < 0 . Í71)

and

h <x./i> = Pi1 {+2 i*M) * *7ft »x,/i)} . 0 < x < o, . 172»

where

(x.ji) = Z A, h>i)[*l(i'i.ji)mp{-(x+2al)/i'j} +*,(-•»,.
1 ~" ""

+ / I • i (".**» «P {- «x+2a, )>} + * , \v,n) exp ixM) A, W o> . (73)
o ~ ~ —

* / „ I * i In.tf exp (-X/T?) • * , i-rt.fi) exp {- (2a,-x)/tj}l A, <ij) <»»» . (74)

and

• 2 P ( X , M > = { 1 , - 2 0 , } - ' P, S . (76)

with S being a constant two-vector.

We write the continuity condition in two equations for /ic(0,1).

I A, (•'j)*, (fj./j) • /

I'M * °

- I A , l i^ - f ' , ( »' | (»i)E, ( r ) - / •!>, ( « ' ' .plA, ( f ' ) E ,
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k .

1 A 2

t

,?i> G | . | - 2 ( ' l ' 2 | r / è . ,< ) l , Ir»,»

* ( t r\'.») « * , I T / \ Í I ) E 2 | f i ' ) |A , (rj')ehj- (76)

an.1

k,

£ Aj (») ) ' I 1 ;

2 A,
i - 1

i . )G

I

0 ~
| A,

TJ'> E, (7;»

where E ((i) = exp( 2o / { ) .

In this problem, because we are actually dealing with an infinite array, a straightforward

application of the method of regularization requires an infinite number of steps. This is due to the facts

that at each step we multiply an equation not only by the adjoint function but also by a matrix of

exponential functions, as in Eqs. (43), (46), and (57), and that the integrals of the type that appear in

Eq. (28) are singular after integration over p. In one-group theory, integrals of this type are regular and

the regularization is accomplished after a finite number of steps even for an infinite array of multi-slab

cells.

However, the series of operations required for our proble, can be summed up nicely and we

can iJerive a regularized equation for A((t>) by the following steps:

1) Multiply Eq. (76) by J I O I (f, n) and integrate over n. On the left side A , [v) is isolated. On

the right side the 4>, [if, ft) term remains siguler. "

2} Multiply Eq. (76) by

H 0, \v,n) (78)
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and integrate over p. The <l>( (e*. n) and <t>, (t}', (t) terms remain singular.

3) Multiply Eq. (77) by

E,(o,

Oi ( f ,p)G
(79)

and integrate over p. Again the 4>t iv', n) and 'W (>)'. f ) terms remain singular.

If we now add three resulting equations on each side we find an equation for A ( M in which
all singularities are removed in terms of exponential functions. Obviously the equation*Aj iv) can be
regularized similarly:

1) Multiply Eq. (77) by / I0 I (T ; ,J Í ) and integrate over ft.

2) Multiply Eq. (77) by the following and integrate over jr.

E,(o,fj/o,)E,(Tj)

0 Oi

1 - E , ( T Í ) E , ( T J )

(80)

3) Multiply Eq. (76) by the following and integrate c*sr JÍ:

0j irt.n) G- i
(81)

At m previous problems we apply these operations to he equations for the discrete coefficients, too. We
obtain thf following equations:

A , iv.) ( 1 - - Vi ivJHi' (•»,) J , UV"|)C| U, (»-,)}

ki
, N , ' iv.) X, iv.) { £ (1 - * „ ) V, iv.t.V\) A ,
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' , "' 1
' I Y2 d' I-) A| d-') ill»' • i, Yi (f,r/.) A2 (T/) • / Y4 [v ..if) A» to') dn'}, (82a)

o ~ i = 1 • ' • ' o ' -

"I ,

A, (i>) -- AY M • vN'/ (i>) X| (i>) { i.' Y, (i',»1.) A| If.) • / Yj ( f ^ ) A| (v't df'

* I Y, (».,»,) A2 (n) + / Y., (f.n'IA, (T/')dt/'} , (82b)

A2 IT/.I f 1 - - T/_ Ni ' (Tjj) X, (TJ.) Hi1 ty) J4 (t/j^) C, U2 It?,)}

A? 'r/.) + jj. N i 1 (T/() X , (T/t){ I (1 -/ i . j ) Y, (Tjj.rjj) A , fy)

t k« i
+ / Y 6 (TJ rf) A , (f?') dr/' + S Y 7 (r?,.»'.) A , <»>) + / Y» (n i.»'') A ,

and

A, (r?) = A? (TJ) + T/NJ1 if/1 X , (77) { 2 Y5 to,ir) Ai (t?,) + / Y , to,r7')Aa to') dt?
I I Q -.

I Y 7 ( I J , C ) A , i t - ) * / Y , ( n / I A , ( «Odf - } , (83b)
_. , - » 0 -

where A" and A° are constant terms dut to the source, J's art 2x2 matrices of exponential functions,

and Y"s are known vectors and matrices involving the H matrices and exponential functions, similar to

the expressions that appear in Eqs. (451 and (49); we list these functions in Appendix B.

5 - NUMERICAL RESULTS

Computations were performed on an IBM 370/155 computer in double-precision arithmetic

using standard Gaussian quadrature sets to represent integrals. Our resul» reported here are obtained

using e 20-point and a 40-point set in the intervals (0, Mo) and ( I / a , 1) , respectively. The accuracy of

iterative solutions depends on the quadrature sets used. Because of long computation times, we did not

use any higher order quadrature sets and the accuracy of our results is generally five or six significant

figures, as verified by calculating moments of various order of the equations for the boudary and

interface conditions.

CROSS SECTION SETS

Several crow section sen for two <|roup calculations ere available in the lit' a ture" ' • ' ' .



However, since in two-media problems the group energies must b« compatible, we havt generated the
cross section sets given in Tables I and II using the XSDRN cod**". The entirt energy range
(0 < E < 15 MeVI is divided at 0.3 eV (0.2994 eV in the code) to give thermal and fast energy groups:

group 1: E < 0 . 3 e V

group 2: E > 0 . 3 e V

This dividing energy may be considered too low for a conventional dtmkx, of thermal and fait groups.
We have selected this value to keep the matrix Q from becoming triangular, since for higher dividing
energies the up-scattering cross section becomes quite small. Sets 1-4 arc calculated for infinite media.
To calculate Set 5 we took from the calculation of Set 5 we took from the calculation of Set 3 the
microscopic cross sections for U 3 S * and multiplied them by the normal density of uranium. The fission
cross sections are taken to be zero for use in the cell problem.

The elements of the matrices £ and Q are calculated from the data sets as follows:

o - 0| /oj , q.. - { Ojj + X

THE TWO-SLAB PROBLEM

We consider three cases of incident flux

f(/0 = 2 Casei

3» Case2 ,

and

Hit) Case 3 ,

and use Sett 1 and 2 for sample calculations.

The scalar fluxes are defined by

•i M

4,1*)

= / I [%,n)an .
- 1 • -
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We i.-ii..ti in J.)hl. I l l tin- i|ioiip I sc.ikw flux for Cases t and 2 in F-igure 1 the scalar fluxes for Case 3.
All tesiiltb m»> for o, a , I ami wf use the notation (Set i. Set j) to denote that Set i is used tor
medium t and Set | foi medium 2. The i|ioup 2 scalar flux is unchanged to the third digits with the
reversal nl the media. The mmibei of iterations is about 35 and the computation time for one case is
around 12 minutes.

THE CRITICAL PROBLEM

We consider two cases

Case

1

2

Core

Set 3

Set 4

Refletor

Set 1

Set 1

For Case 2 we considered only the case of infinite reflector, but for Case 1 several reflector thicknesses
are considered. Our results for the case of infinite reflector are shown in Table IV together with percent
errors of PN approximation results. The P, approximation gives slightly larger critical sizes but the P j
approximation is quite good for the cases considered here. We report in Table V our results for finite
reflectors, where y is the reflector thickness in mean-free path. Figures 2 and 3 show the scalar fluxes
for the cases of infinite reflector and Figures 4 and 5 show those for various reflector thicknesses. In
Figures 6 through 9 we show angular fluxes at three places, inside the core, at the interface, and in the
reflector, for both Cases 1 and 2 with infinite reflector.

The number of iterations is 51 and 39 and the computation time is about 61 and 53 minutes
for Cases 1 and 2, respectively, with infinite reflector. The long computation time is due, partly, to the
fact that most of the calculation must be performed in complex mode.

We have also considered two cases of fast reactor model using the cruss section sets for U * 3 S ,
U 1 " , and ?u7i* given in Ref. 2 1 . The convergence is quite slow and we have not pursued to obtain
results of reportable accuracy.

THE CELL PROBLEM

We use Set 5 for the fuel and Set 1 for the moderator to calculate the thermal disadvantage
factor defined ai

0] 0
{ - (a, A»,) / $ , , (x)dx / / <?,, (xl dx

0 -a,

where 0., is the thermal group scalar flux in medium i.

In the 'uel region we take vo, -"• 0 and in the moderator we consider uniform sources of them*»!
nnutrons:

n
U J
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Ftytiie lu shows the thmmal flux lor three Ijel thicknesses with a2 =0.2. We report in
Table VI thermal disadvantage factor for several cell sizes and in Figure 11 a comparison between the
exact and S N results of the thermal flux is presented. The S u results were obtained by the ANISN

(SI N
code . For the exact calculation the number of iterations and the computation time are of the same
order as for the two-slab problem. For the SN calculation the computation time is from 12 seconds (S_)
to 30 seconds (S,6) with 20 spatial mesh points in each of the fuel and moderator regions. All S N

results for the disadvantage factor are smaller than our results.

For smaller cell sizes the convergence is faster if the equations for the discrete coefficients arc
derived simply by applying the orthogonality theorem to Eqs. (76) and (77). i.e.. without the steps 2
and 3 applied to the equations for the continuum coefficients. This seems to be due to the factors that
appear in the denominator in Eqs. (78-81). The computer program based on Eqs. (82) and (83) can be
modified to include this case with an addition of a few statements.

6 - COMMENTS ANO CONCLUSIONS

We have shown that problems involving dissimilar media can be analysed numerically in
two-group transport theory for isotropic scattering using the exact singular-eigenfunction-expansion
method. In principle the method used here can be applied to any multiregion and multimadia problems
in plane geometry. However, the computation time (and/or memory requirements) is quits long
compared with the PN and S N approximations. The computation time can be reduced if single-precision
arithmetic and low-order quadrature sets are used. Further reduction is possible if. for example, the Y
functional* in the cell problem are stored, since they are independent of the coefficients and can be
calculated once and for all: in our calculation they were calculated in every iterative step due to large
memory requirements to store them. Further, as was mentioned previously, in some cases the
convergence of our solution is quite slow.

Our solution is not practical for routine calculations or paiametric surveys. However, sine* one
of the purposes of exact transport theory analysis is to supply standards of comparison of various
approximate methods, we believe that our numerical results can serve for this purpose and that our
solution and the method of regulanzatton used here are of value in that they facilitate exact analyses of
•w<v or multi-media problems for the first time.
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APPENDIX A

The Y functionals that appear in Eqs. (66). (69) and (70) are at follows:

Y,(J) = 2 [ Hf' (ojij/o,) k, { 1 - E 2 fa) E, (o,;/*»

• Hr1 (UÉ) k, { 1 - E2 | 9 ) ET ({) } ] G C, U , fa) A , to,)

Hi1 I-OJU/OI» ki ÍE^t j jJ -E, (o,{/o,)}

* ~ Hr1 <-i?j) J«» {E , (ij() - E, (()} G C, U, (ijè) A,

• / f
0

• - ^ H r 1 (U) k, {1-E,(n»E1(t)}|GC1A,to)*»

• C, / I — ^ — 15, (O,IJ/O,) Cr1 X, (a,Tj/o.) k, {E, (n)-E, lff,{/o,)}

• ~ Hi (»J) Cr1 X, Irj) k, { E, to) - E, (f)} J G C, A, (-»») *»

n-i ~ ~

C| / ( —• H| (OjTj/a,) k| {Ej to) —Ej

—• H, to) kj {E, to) ~ E, ({)} J G 0 , to) ** to» A»

/ — - Hr1 M C, E,

i
H,' (o,»-.
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• ---' Hi1 ivj k, '. 1 - E, ivt) E, ({) } J G 1 C, U, (»,) A, (r.)

+ j ; | H i i (-O,,,/O2> k | { E , ( r ) - E , (o,t/o,)}

• — Hi1 I-».J k, {E, (r.) - E , ({) } | G 1 C, U, |r,) A, <*,)

* / ' I — — - " H i ' <o,Wo,> k, { 1 - E ,
0 o * i ~ ~

• — HJ1 If) k, { 1 - E , (•»• E, ({»} | G-1 C, A,
v + t ~ - "" ""

C» / I — ^ — H2 iot»/oi) Ci1 X, (o,Wo,) k, {E, iv) - t
~ 0 O|K-Oi{ ~ ~ "* "*

• - ^ - H, iv) Ci1 X, (»-) k, { E, W - E , (() } 1 G 1 C, A, <rt «to-

• C, / [ — — — H , iotv/oj) k, {E, W - E |
~ 0 Ojf-Oif ~ ~

• — HjWkjlE, M -6, (f)} J O'1 0, M Xi W A,

• / - ~ Hi1 In) { 1 - E, (ij> E, ({)} E IV C, A, (»f) * ;
0 * { - -" ~

_ 1 - ~ HJ1 (fj() Ej («j,) C, U, (f»() A, <-f/,) - /^ ~ - Hi 1 »ij)E, IqlÇiA, (">»)*»

L H• C / J L H , ir,) cj1 \ , (n) { E, <TJ) - E, ($1} E (t> c, A, (-

• C, / ' 7 — H, (ff) f E, (»j) - E, ({)} £ <*> 0 , (»7) ̂ l <»J> A, ) »/> d») .

Í - - H i 1 (n ) C, U , (TJ ) E, <T(i> A , (»?,>
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- JQ — "í1 W C , E2 IT,) A, {r,) tir, •

APPENDIX B

The Y functionals that appear in Eqs. (82) and (83) are as follows:

•
J

r-; c, H, (.;•) {x, d»-) cr1
 J , (fy> c, - J , ay) Q, W) X, (•)} .

" j
^GCjU,^),

0. n ^
C, { , H, iorf/o,) X, ((7,fj7a,) Cr1 J« !{,»?'

arj - « i t ~ ~ ~ ~

n' -— H, (fj') x, (T?'I cr1 J4 <f.n') •«,} G C ,

Ojfí' ~ n' ^
C, f — ; H, (ffuj'/o,» J« ({.t;') k, + - ; - ; H,«f)') J4(t,i7'> kjlQ^n'lGXjif?')
~ 0 ,77 ' -o , f - - - rf-l- - - -
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i "i
»i * in) J, dv) c, u, <r,) H,1 «u) J. «t.n) c, u, i

= -7-— H,1 in') J, it.n') c,
l> • f "** "*• *•*

- - - c , H 2 <u') { x , (i»'> c j 1 J. (t.n) c , - J . it.ij*) 0 , m*» x, <u')}
» í t — ~ ~ ~ ~

O,V. • 0!

i "i
H,1 iotvM) JT<{ ,̂I k, 4 H,1 |rj J,iM k, }G-|C,U,

- { Hi1 l-o,v./oj) J»(t,e.) kt +

{ —— Hj (o,»'/oi) X, (o,*/ot) CJ1 J, ay) k,
^01 - ~ ~ -

• - — H, (•> x, tm c j ' J» ay] k,} G-1 c,
v * { ~ - ~ ~ - ~ ~

• C, { ' H, iatv'/oj) J, (tX) k, + H, V) i,[\y) k, }0,

where

J. i*.v) -

E,I*)-E,(V)

J 1 (x).

)* «x» ,



33

J, (x.y» = J1 (x) .

J« Ix.V» =

E,(o2x/O,»-E2(y)

ix.y) =

J1 (x) .

E,(x)-E,(y)

J3 M,

E,(x)-E2(y)

J . (x.y» =

E,|x)

MEj IxJ-Ej fyHj* (x)

1-E,(oJx/o1>E,|y)

<x.y) = J'(x)

J. (».y) = J1 (x)

E,(x)-E,(y)

[1 -E,(M>Ea(0,ll/(7J))' ' 0

J1 (x) =

J' I»)



Itfile I
Definition of the cross section sets

S«t

1

2
3
4
5

H,O
H,0

H,0

Material

H ,0

+ B .
+ U J J 5 .

• U 3 3 $ ,

u 1 J J

B/H =
U/H =
U/H =

3/2000
1/1000
1/500

Table I I
Macroscopic cross sections and the discrete eigenvalues

0%

"i

« l i

»u

fj0jj

Xi
X i

Set 1

2.9865
0.88798
2.9676
0.04749
0.00033C
0.83975
0.0
0.0
0.0
0.0

2.604020
2 122979

Set 2

2.9664

0.88731

2.8876
0.04588
0.00106
0.83912
0.0
0.0
0.0
0.0

Set 3

2.9727
0.88721
2.9183
0.04635
0.000767

0.83892
0.07391
0.00209
0.0
1.0

Discrete eigenvalues

2.551909
1.070096

14.721086

1.152128

Set 4

2.9628
088655
2.8761
0.04536
0.00116
0.83807
0.14324
0.00412
0.0
1.0

i3 437681
-

Set 5

25.826
1.2782
0.50234
0.OÜUO1421
0.000003367
0.41677

0.0
0.0
0.0
0.0

1.004466
—



Table IV

Cr it mil d.ilt thickness o I the core and percent error» of PN

approximation for the case ot infinite reflector

Case

1
2

Exact

a

4.15767
2.1826

P ,

1.0
1.9

Percent errors

< 0.1
< 0.1

Table III
The group 1 scalar flux in two slabs with an incident flux

X

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

v, (x) *

0.16816
0.36402
0.46469
0.51356
0.52003
0.48805
0.43299
0.36714
0.28974
0.20071
0.06688

0,<x>b

0.14545
0.31225
0.39937
0.44804
0.46878
0.47039
0.44800
0.39637
0.32166
0.22618
0.09781

0.16266
0.35678
0.46118
0.51434
0.52444
0.49492
0.44108
0.37541
0.29156
0.20633
0.08939

* , ( x ) d

0.14054
0.30612
0.39702
0.44991
0.47433
0.47876
0.46801
0.40663
0.33078
0.23313
0.10089

• Case I, (Set 1, Set 2)
b Case I, (Set 2, Set 1)
c Case II, (Set 1, Set 2)
d Case II, (Set 2, Set 1<
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Tablt V

Critical half thickness for Case 1 with finite reflector

Reflector thickness 7

Core half-thickness a

0

6.85725

1

5.94147

2

5.22752

3

4.75065

S

4.31486

Table VI

Thermal disadvantage factor for two-slab cells and percent error» of S N results

a t

0.25

0.16

0.05

0.16

0.05

0025

«2

0.6
0.5
0.5
0.2
0.2

0 2

enact

t

20.079

12.055

4.2910

9.7457

34757

2.1489

S2

15.8

16.8

18 6

26.3

27.9

27.0

percent errors

S4

2.9
2.9
3.1

8.0
8.4

10.4

0.86
0.86
0.91
2.3
2.3
2.8

« ! •

0.33
0.32
0.36
0.76
0.78
0.84
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0U)

I ( S t M , Stt 2 )

H ( Stt 2 , Stt 1 )

R ( mton frtt potb

f ••)••'» 1 The '.ralar fluxM for Caí" 3 of the lwo flsb problem with at ~ a j = 1
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I

Dlatonca From Cora Cantar ,

Figura 2 - Tha icalar fluxa» for Caw 1 of tha crtflcal problem with Infinita raflactor



Di f fanc* From Cor» C e n t e r , i

Flour» 3 Th« icalar fluxei for Caw 2 of the critical problem with infinita rtflactor



Oítronc* From cor* C « n t * r , * /«C

The HicrrrMl i|fnnp (ralar flu» fur 1 of lhe critiral problem for variou* rifluctor
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t 0 -

^

O 3-

Dlftonct from C*r« Center, n/d.

f tflur* 6 T he hi t group v alar fluxes lor Ca» I c.f the critical problem lor viriouf f if lector thickneue»



4?

0,0140

0,0195

0.0190

0,01 £8

0,0110

T) *• 9,27040
J ) »• 4,15707
5 ) »• 0,04400

0.0

figure 6 Thr thermal group angular flu» for Cnw 1 of the critical problom with infinite reflector
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0,0* n

0,019 -

0,01 -

0J009 •

0,0

% • 3,27046

*« 4,16767

• 9,04486

0,0 1.0

7 Tf,<? l.i« group angular flux tor Cavr 1 of the critical problem with infinite reflector
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O.OÍI

0,017

Figuro (I I ho tf<mmal qroup angular flux for Cate 2 of the critical problem with Infinita reflector
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0,040-1

x,u,y

0,030 -

0,0 CO

0,010

0,0
•1,0

(V) x • 1,6570

@ »• 2,1029

(T) i« 2,7283

0,0

F i»ur* 9 I t.p (,nt >ir»iip (nvniUr flux lor Caw 7 of the critical pfoblem with infinite reflector
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-Oil

to
i.

0»

• ( • • • • • fret

«
0

OI*t«*M

I
»

Flgur» 10 Thi> I her mal group «calar flux lor tht ctll problem
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a ( m««n - f r M - path )
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02

—„ i i , X . - t - • + • •+•
Q25 0 I 2

Olttonct In mm

I I A iompariion o» the nxsct and SN result* of the thermal group scalar flux for
tfw» cell problem.
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RESUMO

I- - , ...hi.-fi,,,! etnoivt-iHti) «ton maios em geoimlita plana sãu latolvidos na taoria d* transporta dt neutrons
no rmxleln .t. «».;is IIH|MI5 * pspalh,»nenir> isouópico duas placai com um fluxo incrdama. o problama dl critkalktoda
paia n,.ttnrn ti|>. |M.« ,i mlli-iida e o pioMoma ria célula. Cada problema é raduzrdo a um conjunto da aquaeoat
inwgtais r ^ i iU ro p.»,i <>$ (:rietn:i«ni«s da» «xpanufes d* Case, qua é rnotvtdo iterativamente. Sfo publicados ratultadoe
numáricoi paid Iodos ut problemas. •
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