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range orthogonality relat ions does not r e m o v e all singu 
A B S T R A C T la Ti t les that are inherent in the C a s e method and that the 

numer ica l solution of the result ing singular integral equa 
tions involveb numerical differentiations Fur the rmore 
two media orthogonality relat ions have not been found in 
two group theory Jauho and Rajamkki studied two 
media p r o b l e m s in multigroup theory but they did not 
repor t any numerical results and it appears rather 
difficult to obtain numer ica l resul ts based on their anal 
y s i s The first numer ica l resul ts tor two media p r o b l e m s 
w e r e repor ted by Ishiguro and Maior ino using a method 
based on the half range orthogonali ty re la t ions and invari 
ance p r inc ip les The i r method however is appl icable only 
to two half space p r o b l e m s Thus a genera l sys temat ic 
method to so lve var ious two o r mult islab p r o b l e m s has 
been lacking and many mode l p r o b l e m s in transport theory 
have remained unsolved 

In a recent paper ' Ishiguro p roposed a method of this 
kind and reported s o m e numer ica l solutions in one group 
theory In the present Note we show that two media 
p r o b l e m s m two group neutron transport theory for i so 
t ropic scat ter ing can be conver ted in a s imi l a r manner to 
a set of regular integral equations for the coeff ic ients of 
the Case expansions and solved numer ica l ly by a standard 
Iterative method We repor t numer ica l resul ts for three 
mode l p r o b l e m s based on exac t theory a two region s lab 
with an incident flux c n f i c a l i t y for ref lected s lab reac 
\.o^% and the ce l l pfn|)Jem We begin by summar iz ing the 
^^ i f fq^ 9f regularizat ion and the bas i c theory 

rhiec mutrnn Iraniport problems tmolitng tuo 
liiffet III m ilia are soli til in tuo group theory for 
tsoti opit scanermf, based on the smf^lar etgenfunc 
tion expansion solution of the transport equation 
This uork has two purposes First it is shown that 
two media problems m two group theory can be 
reduced to regular computational forms using the 
half range orthogonality theorem second in support 
of benchmark activities three model problems are 
defined and their solutions are reported based on an 
exact theory 

I INTRODUCTION 

The two group neutron transport equation for i so t rop ic 
scattering in plane geome t ry has been stuc^ied by many 
r e s e a r c h e r s in the singular eigenfunction expansion meth 
od The first work was repor ted soon after the in^^oduc 
tion of the method by Zelazny and Kuszell but their 
comple t eness arguments were not quite conc lus ive Some 
y e a r s later Siewert and Shieh ' following the woj-(c ^if 
Siewert and Zwci fe l on a spec ia l c a s e of the jni^^ 
group model r i go rous ly p roved the full range coi|>p}^te 
nes s and orthogonali ty theorems and analyzed the d i8c re (^ 
spec t rum Some attempts w e r e made to so lve ĥ Jf 
space and s l a b ' ' p r o b l e m s but it was not until ^ | ) ^ 
half range c o m p l e t e n e s s and orthogonali ty t heo rems 
w e r e es tabl ished '" " that these o r o b l e m s w e r e so lved in 
a c o n c i s e manner Half space problems"* a re so lved m 
t e r m s of an H matr ix that can be obtained numer ica l ly by 
a rapidly converg ing i terative s c h e m e and s lab p r o b l e m s " 
can tie conver ted to sy s t ems of regular integral equations 
for the expansion coef f ic ien ts which can then be so lved 
by numer ica l i terat ions 

P r o b l e m s involving two media however have remained 
unsolved in two group theory although in the one group 
model s o m e p r o b l e m s have been so lved using the two 
media orthogonality relations'* and by other methods ' " 
The difficulty is that the use o f the full range and half 
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Tl^e method to de r ive a set o f regular integral equations 
for the e w a n s i o n coef f ic ien ts f rom the set of singular 
int^gr^l ^i}i |^(ion8 that resul ts f rom boundary and interface 
cR()R)f)ons f:an b e summar i zed in the following s t e p s " 

1 At interface separate the continuity condition into 
two equations one for f;i e (0 1) and the other for € 
( 1 0) 

2a T o the (i c (0 1) equation apply the half range 
orthogonali ty re la t ions for the right medium 

2b In tl)^ ^ < ( 1 0) equation change )i to \i and then 
apply the o r ( ) )qppa l i t y re la t ions for the left medium 

3a If any singularity remains in step 2a c o n s i d e r the 
interface (or boundary) condi t ion for >i > 0 at the left 
boundary of the left medium and generate the s a m e s ingu
lari ty subtract the resul t f rom the equation in step 2a and 
r e m o v e the singularity 
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3b F o r step 2b cons ide r the right interface o f the 
right medium and generate the s a m e singularity f rom the 
^L< 0 equation 

4 If s ingular i t ies remain in step 3 repeat the p r o c e s s 
generat ing the s a m e s ingular i t ies at different in terfaces 

Although the equation for a d i sc re t e coeff ic ient i s 
a lways found to be regular we apply to this equation the 
s a m e opera t ions a s those applied to the equation for the 
co r r e spond ing continuum coef f ic ien t s ince the conve rgence 
of i terat ions i s s o m e t i m e s faster and the d i sc re t e and 
continuum coef f ic ien ts a r e obtained in the same fo rm We 
note that for a s y m m e t r i c g e o m e t r y the right and left 
in ter faces a re equivalent 

/ B Solution of the Transport Equation 

The two group neutron t ransport equation fo r i so t rop ic 
scat ter ing can be written ^s 

(1) 

(2) 

where the s p a c e var iab le x i s measured in units o f the 
mean f ree path for group 2 neutrons A s in p rev ious 
w o r k s ^ " ' w e a s sume that the scat ter ing matr ix Q i s 
nei ther diagonal no r t r^wgula r and that det Q ^ 0 and 
in t roduce a mat r ix P deflf^ed g s 

where q/ a r e the elcijjpn^B of Q Then the solution o f 
E q (1) i s given by 

JGt m) = P ' • ( » m) (3) 

whe re • ( « n) i s the solutfoj} qf 

li^*{x ^*Z*Uf,tt)^P J\t(x ii)d^ (4) 

with the s y m m e t r i z e d scat ter ing matr ix given by C = 
PIQP ' and where the e lements o f Jj = " 2 i , = Z , , -
0 and 2:>2 = 1 

The genera l solution o f Pq (4) can b e written as 

• ( * H) = lAiVi)*^/ n )exp( x/vi) 

+ A{ Vi)*{ VI ( i ) e x p ( r / i ' , ) ] 

+ 4 W " M » V ' ( . ' H ) e x p ( x/v) 

*Ai"M*\"{v n)exp{ x/v)]du 

+ /« A^'Mt^'W ( i )exp( xMdv (5) 

where the A s a r e expansion coef f ic ien t s to be determined 
by the boundary condit ion once a spec i f i c p r o b l e m i s con 
s i de r ed and d i s c r e t e e igenvalues ivi a re the z e r o s of 
d e t A ( z ) with 

A ( 2 ) = 1 z f \ Kit ^l)d^lC (6) 

where k (ei ther 1 o r 2)' i s the number o f pa i r s o f the 
d i s c r e t e e igenvalues and the eigenfunctions can b e written 

• i ' ( ! ' (0 = (I 'Kd' (i)C + i(v ^X(i')JCfi"(i') 

V £ Reg ion (D = ( 1/a i/a) 

o= 1 2 

(7a) 

(7b) 

and 

Here 

f e R e g i o n ® ( 1 l / a ) f A l / o 1) (7c ) 

K({ m) -

W'M -

V(v,) = 

0 

6(01^ )i) 

0 

r 
Lo. 

0 

1 

A„( i / ) 

.X,i(W J 

' Awd-i) 

. A n d - ) J 

0 

P 

0 

8(1/ ijii 

and 

(8a) 

(8b) 

(Oa) 

(9b) 

(9c ) 

(9d) 

(10) 

with I being the 2 x 2 identity m a t r U 
The full range and half range comple teness and o r t h o g 

onality theorems regarding the solut ion given by Eq (5) 
have been established ' ' ° " 

Although the s o l u t i o n has been used In p r ey ious 
w o r k s " " " in the f o r m of Eq (5) we wr i te the Sfinfffli. 
solution in a m o r e c o m p a c t f o r m as 

•(» (i) = E [Mv,)*{v,^exp{ x/ff) 

+ A ( v,m-i', M)exp(y/ i ' , ) ] 

+ /„'«<./ (i)A(.')exp( xM^v 

V n)A( v)eicpUMdv (11) 

where the d i s c r e t e eigenfunctions a r e the s a m e a s in 
Eq (7a) the continuum eigenfunction i s a 2 x 2 matr ix 
defined as 

X(>') = 1 V f \ Kiv liidiiC 

•(k (x) = v K d / . ^ C + i{v tiiXiv) i' € ( 1 1) (12) 

and A(±v) a re t w o - v e c t o r eiqiansion coef f ic ien ts We note 
that the expansion given in Eq ( I t ) i s not the genera l 
solution of Eq (4) i f Aiiv) a re arbi t rary fo r v c ( l / o 1) 
Howeve r as later equations show Al±i>) a r e a lways 
found in our fo rma l i sm to be propor t ional ta V"'{v) f o r 
V e (1/0 1) and thus cons ider ing E q s (5) (7) and (9) w e 
can wri te Eq (5) in the m o r e c o m p a c t f o r m o f Eq (11) 
We always separate pos i t ive and negative e igenvalues , a s 
in Eq (11) and use the s y m b o l s v { and q to denote 
pos i t ive eigenvalues 

/ C TheH Matrix 

The H matr ix Introduced in Ref 10 p lays a pr ine^ial 
r o l e in the half range orthogonali ty theorem and has been 
d i scussed in detaU in Ref 11 We Ust s o m e of the 
equations it sat isf ies fo r use in ou r p r o b l e m s 

The HI matrix sat isf ies the integral equations 



and 

£ e ' ( o 1) 

I 1 

(13a) 

( U b ) 

where 

9(H) 
fl((i.) 0" 

. 0 1. 

e(M) 1 tor Me (0 I / o ) and e((X) 0 o therwise (14) 

T o calculate the H matr ix numerica l ly we can ube the 
equation 

HU) I + zH(z)C / „ H(M)»(M) z / { \ 0) (15) 

The d ispers ion matrix A ( e ) can be factored in t e rms of the 

H matr ix as 

H( z)CmzWz) C 2 / ( 1 1 ) (16) 

If we let z - f ± «0 in Eq (13a) we can find 

HW)\W) + P £ H(M)9(M) ^ diiC I' e (0 1) (17) 

Since the ex is tence of a unique solution of these equations 
has been established we use them freely in our p r o b 
l em for example we have f rom Eq (15) 

z J„ H(M)e(M) ^ k-C k C H (z)k z^{ I 0) 

(18a) 

and f rom Eq (17) 

V / „ H(M)e(n) duk C 'k H(i')X(i')C 'k 

V t {0 I) (18b) 

for an arbi t rary 2 x 2 matr ix k We ca l l these equations 

co l l ec t i ve ly the H equations 

/ D Half Range Orthogonality and Related Integrals 

Half range orthogonality re la t ions of the eigenfunctions 
a r e given m Ref 10 However s ince we use a different 
f o r m to wri te the solution we redefine the adjoint func 
tions 

The d i sc re t e adjoint v e c t o r is the same as in Ref 10 

B{v, = v,K(v, M)»((i)H ' ( i ' , )CP( i ' , ) 1-, > 1 o r 1-; - ili-, I 

(19a) 

We define the continuum adjoint matrix as 

e(v n) = [vK(v M)ft(M)H {v)C + 6(u M)X(I')]W(I.) . - € ( 0 1) 

(19b) 

where the symmet r i c matrix 

VIM = e(f) + ü"'MU" Mil eM\ 

is the same matr ix as was used in Ref 13 and 

•/ / i i (M /o) H,i(ii/o)' 

with / / j being the elements of the H matrix 

* ( M ) (i e (0 1) 

(20) 

(21) 

With these adjoml (unctions the orthogonality re la t ions 
ran be written as 

(22a) 

(22b) 

(22c) 

and 

/ 9(1/ ß)ndß M ) 6 , 

/ „ ' 9(i' ti)«l.i' n)iulii 0 

/ ' 9(1/ iJ.)*{v ß)iidß = 0 

/ „ «(i/ M)*(I/ ß)A{i' )MrfM W(i')i4(i')fi(i' V ) (22d) 

whe ie AW) in the last formula is an arbi t rary two v e c t o r 
and the N functions in Eqs (20) (22a) and (22d) a re given 
expl ic i t ly in Refs 10 and 13 

Since we need var ious half range integrals of the 
product of eigenfunction and adjoint function we s u m m a 
r ize s o m e of these fo rmulas he re T o simplify the nota 
tion we let 

and 

X{,' ) = Viv )CH )C ' (23a) 

(23b) 

When the eigenfunction and adjomt belong to the same 
medium we can evaluate the fo l lowmg integrals using the 
H equations to obtain 

/ fld^ M ) » ( U, ti)MrfM = 'H '(>',)Cl^(i' ,) (24a) 

/ 9(1- M ) * ( V ii)tidix - -^-J-^X{v )H '(o)C (24b) 

and 

eif ) X ) » ( V ß)iidij. • 

(24c) 

(24d) 

If the eigenfunction and adjoint tielong to different 
media the integral o f their product i s m o r e involved All 
integrals can be pe r fo rmed however if we d e c o m p o s e the 
K matrix as 

m M) = 

with 

and 

kj -

1 

Lo 

0 

Lo 

k + 

(25b) 

(25c) 

and use the H equations e g Eqs (IB) Since these 
formulas a r e rather lengthy and s ince the la ter equations 
for the three p r o b l e m s show mos t of them c l ea r ly we 
repor t here only one the s imples t 

/ (i9 if |JL)G*a( J), M) d(i 

o „ , 

La27), + a fj 

yGCV {i},) 

H (o27/,/o )ki + -H,'(T),)k, 

(26) 

where G is a diagonal 2 x 2 matrix and the subscr ip ts a re 
used to re fer to the media 

We note that among the var ious integrals involving 



eigenfunction and adjoint only the following two a re 
singular after integration o v e r ji 

/ „ ' 110 {v (i) / „ ' •,(»( iL)A,{n)d-ndii. v I) £ (0 1) t*j 

(27) 

and 

/„' (i» (c ti)BMf' ii)Ai{v')dv dn vv ({0 1) 

(28) 

where E(k) is a 2 x 2 matr ix Here we not ice a dif ference 
lietween one group and two group theor ies in that in one 
g roup theory the integral co r respond ing to Eq (28) i s 
regular s i nce it r educes to one cor respond ing to Eq (22d) 
Finally the following integral i s o f interest 

whe re Ho i s a moment o f the H matr ix 

Ho = / „ ' »(ji)H((i)rf)i 

n THE TWO SLAB PROBLEM 

(29) 

(30) 

We cons ide r a s lab o f thickness Oi o f medium 1 
iO s X £ a,) adjacent to another o f thickness 02 o f medium 2 
(a, s X s y Y = Oi + oi) i r radiated on the x - 0 surface by a 
flux o f neutrons/ ( f i ) ( i t (0 I ) 

We wri te the solut ions o f Eq (4) as 

•.(* (J = E {AAfimv, n )exp( x/u,) 
I 1 

+ i4i( !')•,( c, j i )exp( (oti x)/Vi\) 

+ / , ' { • . ( > ' n ) i 4 . ( « ' ) e x p ( x/v) 

+ * i ( i* n)i4i( v)atp[ (a x)/v]]dv 0 s x « Oi 

(31) 
and 

»i) = S {4I(»7/)«S(t; / pi) exp{ (x a,)/r,,] 
I 1 
+ i4j(-ij )«a( Vt »i)exp[ ( r - * ) / » » J } 

+ / . ' { fc ( ' J (i)Ai(')) e x p ( - ( x o . ) / ! , ] 

+ «i( irft)Aa( Jj)exp{ (r x)/ij]}rfij a, ^ I 5 y 

(32) 

subject to the condit ions 

• i ( O n ) = P / ( n ) neiOU (33a) 

« b ( r fi) = 0 fi c (0 1) (33b) 

and 

• i ( o i lH = © * , ( « , ( i ) M « ( 1 1) (33c) 

We a s sume cons ider ing the data se t s for our ca lcula 
t ions that the g roups a re s imi l a r ly o rde red fo r both 
media and thus the matr ix G Is diagonal and given by 
G = P.Pa ' 

The condi t ions at ou te r boundar ies Eqs (33a) and (33b) 
resul t in the equations 

and 

S i4,(i',)»,(i'( (i) + /„' «.(!' tilAMdv = P,/(/J S i4.( v,)*,( V, tUBM) - fl • ! ( V p ) A ( pjE.d;)!/!/ ( l e (0,1) 

(34) 

E Aii Vi)*2(ril M) + /o •.(>» viAai tjjrfij 

= E A,{r,,)*A 7,, n)£.(7,() £ • , ( tj pi)i4.(i,)B,(.,)di, 

(0 1) (3S) 

and we wri te the Interface condition Eq (33c) In two 
equations 

pAii W ) « i ( i ' / ( i ) + / „ ' • . ( I ' ( i ) i 4 , ( v)dv 

= ^ A , ( i / , ) * , ( jOBid-r) / , ' • , ( i '»i)il,(v)B,(v)rfi> 

+ E Q[A,irn)*i{ t)i »i) + A , { n,)*,{ni (Jftdi*)! 
i 1 

+ / o G [ * i ( n,lU,{v) * (i)A.( .»)B.(>j)]«ffl , 

H€ (0 1) (36) 

and 

E Ai('J<)»»(»)( + / , ' • . ( I »iM.(»l)<fi> 

= E Q-'lA.iuimv, ^E,{u,) * i4,( u,l%l V, ^i] 

* / . ' G ' [ • . ( . ' iJiAiMEM + • . ( » v y r f " 

E ^( ')()•»( >;( tĴ Ci*) 
< 1 

• . ( D PM.( n)E,{n)dv M£ (0 1) <ST)S 
where £ , ( « ) = exp( 0,/«) 

Our a im i s to de r ive a se t o f regular Integral equatlipm 
for the expansion coeff ic ients s o that the coef f ic ien ts caft 
be found numer ica l ly by a standard Iterative qaethod If we 
apply the half range orthogonali ty theorem to Eq (34) I e 
multiply Eq (34) by iiiM p) { = x< o r v < (0 1) we obtain 

AAvi) = A'M) i>,lfiHvi)Xi{vt)rM) (38a) 

and 

A^M^AUV) m'MXMTiio) , (38b) 

and in the s a m e way we obtain f rom Eq (35) 

A,( i b )= ViKHrn)X,(vi)r,{vi) (89a) 

and 

A i ( i}) = -t)/ff'(»l)2li(»))R.(ij) , (89b) 

where 

i 4 ? ( > ' ( ) = J » r ' ( i ' , ) / , ' • . ( . ' ( »i)P,/((i)»«»H , (40a) 

' A\W) = NlHv) i l «Av p) P^(n)Mdfi (40b) 

r,(|) = Hi'(«',)C.ir.(i',)i4.( vdB^M 

* / o 7 7 7 W' ' ( ' ' )C . i l i ( v)EMdv (41) 



and 

+ / „ ^ H (r})C2A2(i})EAv)dr, 

Ait. n)G 

5 

£2(0 « / o . ) 0 

0 E,(i). 

and integrate o v e r c (0 1) We find on tlie left s ide the 
(42) s a m e singular mtegra l s but with different exponential 

(44a) 

(44b) 

functions as those f r o m Eq (36) Then subtracting this 
Next we apply the orthogonali ty theorem for medium 1 resul t f rom the p rev ious equation we obtain equations with 

to Eq (36) to isola te the coeff ic ients on the left s ide After r emovab l e s ingular i t ies 

integrating o v e r n the Aii ij) t e r m s r e m a m to be pr inc i A{ vi) = v Nt ' ( v )Xi{vi)Ya{v ) 
pal value integrals for Í = v Fol lowing the method of 
regular izat ion summar i zed m Sec I we multiply Eq (35) 

by i4.( W - »' iVr'(i ' )X,(i ')r ,( i ' ) 

— . where 

y ^ ' i ) ¿ H, '(i- ) / ! . ( » ' )B,{t>) / J H. ' ( i ' )Ci i*i( i ' )£ , ( f ) r f i ' 

* ^ { a2v7^o,i / " ' " " t* E,(a,iM)E,{vi)] + H, ' ( . ; )k2[l £ , ( « ) £ » ( , . ) ] [ GCiU.ivM^in,) 

* ¿ { s ¡ ^ i r W '< MV.i[E2(ni) E^yd/<J.)\ * H . ' ( i , i ) k , E . ( Í ) ] | g C , V , ( i ) , ) A 2 ( t;,) 

* ^ ' { g 2 q ° ! l , { ("»''/<")'<'ll £2(o .Í/o2)£2(';)J + ^ Hi'(7j)k2ll E2 ( i )E , (»! ) ] |GC,A(n) r fT) 

* \ o , v ' \ l . " • ( " ' " / " ' JCr 'X . (aa . j / a . )k . [£2 (T , ) £,(ff .{/(7 ,)J + J - j - Hi(»j)Ci ' X.(r,)k.lB,(n) ft(i ) j | GC ,A , ( »;) <fq 

O.Í ' o,n " •<< '» ' ' / ' ' ' > ' ' ' t^2 ( i ) «^" fa i í / f» ) ] t j - ^ H.(i))k2[E2(>;) í i ( í ) J •.(»l)GX,(j7)i4.( T,)rf», (45) 

In the s a m e way we f i rs t multiply Eq (37) jj) | = tj o r »j £ (0 1) and Integrate o v e r M e (0 1) next w e 
mulbp ly Eq (34) by 

p.fc(i fi)G ' 
"£,(0 ,1 /0,) 0 

. Q EM). 

integrate o v e r ti, and then subtract between the two r f eiflts tp obtain 

A2(n,) = Alixii) + mNi'iriiix^d) nMi) 

and 

where 

A,(J/) = 4S(!}) + nN;\r¡)X,(r,ÍYÁTi) 

L 0 £,(!),) J 

i4?(n) - ' (n) / ; fc(q (JG ' P ' ^ " ' " ^ " ' " 1 P,/(,i)Mrf.x 

(46) 

(47nl 

(47b) 

(48a) 

(48b) 

and 

= É H , '(.ji)C,K(i7,)>l2( T, )£ , (» ; ( ) / „ ' ^ H , ' (» l )C ,Ai ( t | )£.( ' l )<il 

* P, { o . u T a a t ' ' < " ' ' ' / < "> ' ' ' [ l ^ ' i " )*^i( ' '» i /<")) + ' ^ " ' ^ ^ E . ( „ , ) £ , ( i ) ] j G ' C , f f . ( . ' , ) A ( Xi) 

* S { q . u ° ' ' ^ ' a . { / " ' J ' t J ^ l i " . ? / " ! ) ] + H2'( VíMEÁvi) £ . ( í ) j | G 'C , f f . ( i ' ( )A . ( i ' , ) 

+ / „ ' ¿ ü ^ r k l « « ( " ¡ « i t e . ? / " ! ) ] + T ^ H a V W k í í l E , ( i ' ) £ , ( í ) j | G 'C,A.( i»)*/!/ 

+ / ' C2 | ¿ ; ; r ^ H2(o,í'/<T,)C2 'X.(a,i ' /<72)k,[E,(i ') £ , ( a , í / a , ) ] . H.( i ' )C, 'Xa( i ' )k , [£ . ( i ' ) E . ( í ) ] | G ' C A d " ) * » 

* f 0 , 4 ° 1../ H2(o ,i'/0'2)k.[£.(i ') £ , ( o , í / o , ) ] + ^ H2(í')ka(E.(.') £ . ( í ) ] | »,(i /)G 'X,( i ' ) i» ,( . / )di / (4 

(«) 
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Equations (38) (39) (44) and (47) a re our final eqna 
t ions for the coef f ic ien ts Al l s ingular i t ies a re r e m o v e d in i4 i ( i ' i ) 
t e r m s of the exponential function and therefore numer ica l 
I t e r a t i o n s can be pe r fo rmed in a standard manner It i s 
c l e a r f rom these equations that as was mentioned be fo re 
the continuum coef f ic ien ts for Region (g) a re proport ional 
to u"' 

We note that if we let a, - 0 all t e r m s m Y, excep t the 
f i rs t two vanish and Eq (44) together with Eq (38) r e 
d u c e s to the c a s e o f a single s lab Simi lar ly in the l imi t 
a -> 0 Eqs (39) and (47) reduce to the c a s e o f a s ingle 
s l ab of medium 2 

1 + h vJii'MXi(vM'(vi)CiUM)BWi) 

= i'.Ni'(i'i)X.(i',) 

X H.'(i' .)CiPi(i ' . )E(i' ,)A,(i' .) 

V + u 
X H i ' ( i ' , ) C . t f , ( v , ) E ( v , ) A ( i / , ) 

(54) 

(55a) 

and if K, = 2 

AM 

where 

m THE CRITICAL PROBLEM 

The c r i t i ca l p r o b l e m for bare r e a c t o r s has been so lved _ • / „ \y („ ) 
by K r i e s e et al " We cons ide r he re the c r i t i ca l p r o b l e m ' " i ^ " " 
for re f lec ted s lab r e a c t o r s a typical textbook p r o b l e m in 
diffusion theory The c o r e of multiplying medium 1 
extends f r o m a to 4« surrounded by infinite r e f l ec to r s o f 
nonmultiplying medium 2 We assume that both media a re 
spec i f ied and thus ou r a im i s to de termine the value o f a 
such that nontrivial solut ions ex i s t 

We wr i te the solut ions of Eq (4) a s 

• . ( * ,H) = E A,W )*M (i)exp[ {x*a)/v ] 
I 

+ E A i ( i ' ( ) » i ( V ti) exp[ (a x)/Vi] 
i 1 

+ /„' •i(i' m)A,(i') exp[ (* + «)/«'J<ii' 

+ /„'»i( « ' ( i )Ai( i ' )exp[ (a x)/v]dv (50) 

and 

*i(jc ji) = E A^(ni)*2(rti ji) exp[ (x a)/n ] 
i 1 

+ / „ ' f c ( j ) ( i )A ! (T , ) exp[ ( « 0 ) / » ) ] * ? (51) 

The s y m m e t r y condit ion and the condition for Ixl - «> a r e 
al ready mcorpo ra t ed in the solut ions and we cons ide r 
hereafter only x ^ 0 The remaining continuity condition 
zt x = a can be written m two equations for fi e (0 1) 

i J A i d ' ) • , ( ! ' , fl) + / „ *^(v ii)Ax(v)dv 

= S >»•(" )»i( "/ ViE(v,) i l •>( V tiiA^W)E(u)dv A^ij,,) 
I 1 

+ E i4»(l*)G*B( Vi H) + Jl G * i ( 1 viA»(n)dv (52) 

and 

E Ai(m)*j(»I( (i) + SI ^ ( t ) n}Aa{ri)dv 

= S AAv,)G '•,(!', n)E{vi) + E>*»(' ' ' )G ' * ( "( 
1 1 ( I 

+ / „ ' G ' • . ( k n)Ai{v)EMdu + / „ ' G ' * . ( V tiiA^(v)dv 

(53) 

where £ ( ( ) = exp( 2 a / { ) F o r the moment we assume that where 
a i s a given constant and multiply Eq (52) by nOM ti) 
f = v/ o r v £ (0 1) and integrate o v e r m « (0 1) to obtain 
equations for the coef f ic ien t s 

1 +1 i'.Ari'(i'.)Xi(i'2)Hi'(i',)CiUi(i^i)E(i^) 

YiW.) 
"i + ft 

X Hi-(<' , )C.K(i ' i )E(. ' . )A,( i ' . ) (S5b) 

X QC,V,(v )A,(in) 

X GC,A,(.7)<'17 fl 7 ^ H . ' {v)CiA,Mmi')dv 

(56) 

Simi lar ly w e multiply Eq (53) by ( i % ( | p) t = i|< o r 
ri € (0 1) and integrate o v e r fi to isola te the coef f ic ien ts in 
the left expansion The Ai( i ' ) t e r m on the right Pide 
r emains singular Next we multiply Eq (52) by 

[ 0 E ( d 
and Integrate o v e r tie {0 1) On the left s ide w e find tb? 
s a m e singular integrals with different exponential func 
Hons a s m the prev ious equation A l l o ther t e r m s a r e 
regular Then subtracting the last equation f r o m Uie 
p rev ious one we obtain equations with r emova lde s ingu
lar i t ies 

1 I ViN, '(>Ji)Xii(>J<)H,-'(t;*)E(77,)C.ft(»J,) 

JL ( 1 - 8 « ) 

X H, '(t>,)B(.j,)C.ft(ii ,)A,(ij,)] (SBa) 

and 

A2(»)) = nW(T))3Gi(»i) 

X YM + E :aj^ Hf'(ij,)B(.,)C.tt(n/)i*p(.|,) 

m ) 
E(o,i/ai) 

0 

0 

E ( « ) J 

(58b) 

(59) 



and where 

{a V /o)k [EW ) ^ (a j^ /a , ) ] + »zH v }K2[Eiv ) E(i)\ 

/ „ | ^ ; j r r W " "^"'^^ E{u)E(oA/o )J + ¡777 Ha E W f i U ) ] ! ^ 

/ • c . { 

02^ ~ 
Of at, 

;H2(a, i / /a2)k [ E M £ ( a 2 4 / a i ) ] + H2(>')ka [ f i W E(i)^ G '6 MKMAMdv 
(02? Oil' 

+ ; ^ H 2 ' ( n ) E U ) C 2 i 4 2 ( t , ) d n 

The condit ion of c n t i c a l i t y can be incorpora ted as the 
condit ion of nontriviality of the solution Jf lyp no rma l i ze " h e r e 

the solution by takmg A,{vi) = exp(o / i / , ) \\\e c r i t i ca l » > ,̂ 4 . , > / i , , o w 1 
half thickness of the c o r e is given by ' ^^ " S Mv ) { • . ( . ' exp[ (x + 2 a . ) / . ' ] 

(61) + *ii " p)e3tpt>t/i',)} 

+ / o { • > > ! ) exp[ (* + 2a,)/i 'J 

(!i2a) 

and 

(60) 

where 

a = | | . ' J + ^ l n ( J V / D ) 

iV = I I 'JV. 'd/JJf .d ' ) H . ' ( i ' . ) C , y . ( » ' , ) 
(65) 

D = 1 - i ' ,N , ' ( . / , )X , ( i ' , ) exp( o / i ' , ) 

y - * " ' ) l ) ; ; p p ; ; ^ H i ' ( i ' . ) C i l f , ( . ' 2 ) E ( , / 2 ) A . ( , / , ) 

+ • , ( f i )exp( jcA)}j4i ( i ' ) r f i ' 

*2(x ^J) = •¿ A,{r„){*,{r,i (i)e3tp( x/vi) 

J ) / » i ) exp [ (202 x)/ri,]] 

+ /„ ' {»2( t ( n )exp( */ij) + •,( t) ji)exp[ (202 *)/?;]} 

X A2(q)<iti (66) 

(62b) <,n(« 

Equations (55) (SB) and (61) a r e ou r fmal equations to 

be so lved by numer ica l i terat ions 

IIIA The Case of Fmtte Reflector 

If the thickness o f the r e f l ec to r i s finite the c o r e 
solut ion Eq (50) i s the s a m e but that for the r e f l e c t o r 
has m addition to the expansion in Eq (51) two m o r e 
t e r m s co r re spond ing to negative e igenvalues Conse 
quently the equation for 4i{i>) must be rpg^ la r lzed o n c e 
and th^t for Aiiri) m two s teps In addition we have 
equations for Azi rji) and Ati ri) which a re o f the s a m e 
f o r m as Eqs (39) We do not l i s t these equations he re but 
s imp ly note that the functionals K i ( | ) and Yi(i) have s o m e 
additional t e r m s and that numer ica l solut ions can be 
obtained m the s a m e way as for the c a s e o f infinite 
r e f l e c to r s 

IV THE CELL PROBLEM 

We cons ide r here an infmitely repeating a r ray o f two 
s l abs o f d i s s imi l a r media as a s impli f ied mode l o f flat 
plate fuel a s s e m b l i e s and analyze a unit c e l l cons is t ing o f 
a half s lab o f medium 1 ( a. s x s 0) and a half s lab o f 
medium 2 (0 ^ x s a,) with the condit ion o f s y m m e t r y with 
r e s p e c t to the boundary sur faces We a s sume uniform 
s o u r c e s o f neutrons in medium 2 

The s y m m e t r i c solut ions can b e written as 

litr M) = Pr'*i(» n) a, s x s 0 (63) 

and 

I Ot (i) = P, ' [ • , ( * Jl) + (* IX)] 

t2p(jfH) = (S2 2C2) ' P 2 S (67) 

with S betng 9 FFLNSTQAT twp v e c t o r 
We wrltp tll9 F P B t W y FfitidiUon in two equations for 

M « (0 1) 

pA,WI)*M H) + • , ( f ' , ( « ) 4 i ( x )<ll' 

= e f c p ( o (J s A . ( . ' , ) » , ( Vi,iiiE,{„f\ 

/,'•.( V piAA»)E,W)di>> 

+ E A2 (7 , ( )G[# , ( T), (j) + • , ( 7 1 , lt)E2(n,)\ 

* SI n (i) + • . ( »? M)Ea(n')]Aa(T) )<*»! (68) 

and 

0 s x s o. (64) 

E Airii)*^(n n) + »2(71 (i)i4.(i,')dJ)' 
i 1 

= *w (0 M) + S A,(vt)G '[*AVi piEAvi) + • , ( V, p)] 
I 1 

+ / o G ' [ • . < x n )£ , ( i ' ) + * , ( V ii)]Ax(v)dv 

E A2(uJ*2( r,, n)B,(j),) 

i I 

/ „ ' • 2 ( n Mziri )E,(i\ )dr\ (69) 

where £ * ( { ) = exp( 2 a , / t ) 

In this p rob lem because we a re actually dealing with an 
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i n f in i tL array a straightforward application of the method 

of regular izat ion requi res an infinite number of s teps 

Th i s is due to the fact that at each step we multiply an 

equation not only by the adjoint function but a l so by a 

matr ix of exponential functions as in Eqs (43) (46) and 

(57) and that the integrals of the type that appear in 

Eq (28) a re s ingular after integration o v e r M In one 

g roup theory integrals of this type a re regular and the 

regularizat ion i s accompl i shed after a finite number of 

s teps even for an infinite a r ray o f mult islab c e l l s 

However the s e r i e s o f opera t ions required for our 

p r o b l e m can be summed up n ice ly and we can de r ive a 

regular ized equation for A iv) by the following steps 

Multiply Eq (68) by titfiiv n) and integrate o v e r (x. 

On the left s ide i l i ( i ' ) i s isolated 

•2(1) M) t e rm remains singular 

2 Multiply Eq (68) by 

EAt>)E2{<Jiv/a,) 

1 EMEziOxU/a,) 

On the right s ide the 

M i l d ' M ) 

0 

0 

ExMEziv) 
(70) 

and integrate o v e r 

r e m a m smgular 

3 Multiply Eq (69) by 

I Ex{v)E,{v)_ 

The • i d ' il) and • j d j ' »i) t e r m s 

IJ-Hv ii)G 1 E,d')£j(CT,i'/o2) 

0 

0 

EÁV) 
(71) 

I E,MEM. 

and Integrate o v e r (i Again the • , ( » ' fi) and i ad j (i) t e r m s 

remain s ingular 

If we now add three resulting equations on each s ide we 

find an equation for A i d / ) in which all s ingulari t ies a r e 

r e m o v e d in t e r m s o f exponential functions Obviously the 

equation fo r A i d ' ) can be regular ized s imi la r ly 

1 Multiply Eq (69) by iShiv /i) and integrate o v e r n 

2 Multiply Eq (69) by the following and integrate o v e r 

A(ri (j) 

El (0,17/01) Ead)) 

1 - Ei(a,J)/oi)Ej(T;) 

0 

0 

EME,(ri) (72) 

I E i ( T , ) E , ( I , ) . 

3 Multiply Eq (68) by the fol lowing and integrate o v e r 

Ei(a , i j /o i ) 

1 Ei(a , i ) /o )E,(ij) 

0 

0 

Eid7) 

1 - E d , ) B , d j ) J 

A s in p rev ious p r o b l e m s we apply these opera t ions to the 

equations for the d i sc re te coeff ic ients a l so We obtain the 

following equations 

i i ' ,Arr ' (x,)X,d ' , )H, 'd ' i )J i i"! v,)CxVM) 

E (1 6„)YM v,)AÁv,) 
L/ i 

= A?d ' , ) + i ' ,Ni ' ( i ' , )X, ( i ' i ) 

+ SI Yi(v, V ) A i ( f jdi/ + ¿ YAv, »)/)A,(?),) 
/ 1 

f K d ' i u )Ac(r) )dv (74a) 

A {v) - A°(u) + vN, '{u)XM 1 

L P . 
Vid ' " / jAid- / ) 

+ / „ ' YAf V )AÁv )dv + ¿ nd, T„)A,(t , , ) 

+ SI YA>' V )A (T) )dv (74b) 

A d , ) 

I t /N j ' d i )X,(7, )H2 in )iAv U )C,P , ( i | , ) 

= A ° d , y ) + T)7V2 {vi)xAn) 

+ / „ ' Y(r, V )A2(i) )rf7/ + E r d,i i ' ; )Aid ' , ) 

+ / o Y,{ri V )AAv )dv 

E d 6,)yi,(T)i t),)A.(iJ,) 

(75a) 

and 

A,d;) =AS(i,) + TjAT'djWhd?) E , ^'i" n,)AAni) 

*So Y'iVfl)A2(.n)di, 

+ S YÁV i',)A,d';) + / „ ' y.dj K jAid- )dv (75b) 

where A° and A j are constant t e r m s due to the sou rce the 

J s a re 2 x 2 ma t r i ce s of exponential functions and the I"8 
are known v e c t o r s and ma t r i ces involvmg the H mat r i ces 

and exponential functions s imi l a r to the exp re s s ion? that 

appear in Eqs (45) and (49) we l i s t these functions U> the 

Appendix 

V NUMERICAL RESULTS 

Computations w e r e pe r fo rmed on an IBM 370/155 co in 

puter in double p r ec i s ion ari thmetic usmg standard GauB 

sian quadrature se ts to represent integrals Our resnltii 

repor ted here a re obtained usmg a 20 and a 40 point set 

in the intervals (0 l / o ) and ( l / o 1) respec t ive ly The 

accu racy of i terative solut ions depends on the quadrature 

se t s used Because o f long computation t imes we did not 

use any higher o r d e r quadrature se t s and the accuracy o f 

our resul ts i s genera l ly five o r s ix significant figuree a e 

ver i f i ed by calculat ing moment s o f va r ious o r d e r s o f the 

equations for the boundary and interface condi t ions 

VA Cross Section Sets 

Several c r o s s sec t ion se ts fo r two group calculat ions 

a re available in the l i t e r a t u r e " ' ° " However s ince In 

two media p r o b l e m s the group ene rg ies must be c o m 

patible we have generated the c r o s s sec t ion se t s given in 

(73) T a b l e s I and U usmg the XSDRN c o d e " The entire energy 

range (0 < E < 15 MeV) Is divided at 0 3 eV (0 2994 e V in 

the c o d e ) to g ive thermal and fast energy groups 

Group 1 E < 0 3 e V 

Group 2 E 2 0 3 e V 

Th i s dividing energy may be cons ide red too l ow for a 

conventional divis ion o f thermal and fast g roups We have 

se lec ted this value to keep the matr ix Q f r o m becoming 

triangular s ince for higher dividing ene rg i e s the up 

scattering c r o s s sec t ion b e c o m e s quite smal l Sets 1 

through 4 a r e calculated fo r Infinite media T o calculate 

»»N M GREEN and C N CRAVEN XSDRN A Discrete Oidinate 
Spectral Averaging Code ORNUTM 2500 Oak Ridge Nation^ Latiotatory 
(19««») 
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T A B L E I 

Definition of the C r o s s Sect ion Sets 

Set Mater ia l 

1 H O 
2 H O + B B / H = 3/2000 
3 HjO + " ' U U/H = I/IOOO 
4 H2O + ' U U/H = 1/500 
S 

resul ts a re for Oi - I and we use the notation (set t 
set ; ) to denote that set 1 i s used for medium 1 and s e t ; 
for medium 2 The g roup 2 s ca l a r flux i s unchanged to the 
third digits with the r eve r sa l of the media The number o f 
i terat ions i s ~ 3 5 and the computation t ime for one c a s e i s 
~12 m m 

se t 5 we took the m i c r o s c o p i c c r o s s sec t ions fo r ' " u f r o m 
the calculat ion o f set 3 and multiplied them by the normal 
densi ty o f uranium The f iss ion c r o s s sec t ions a re taken 
to be z e r o for use in the c e l l p r o b l e m 

T h e e lements o f the m a t r i c e s £ and Q are calculated 
f rom the data se ts as fo l lows 

2 0 

= O i / o a 9 , = (0 / + x,V,aii)/2a2 

V B The Two Slab Problem 

We c o n s i d e r three c a s e s o f incident flux 

0 

/(m) 

= 2 
L i 

1 0-

3ti 

and 

c a s e 1 

c a s e 2 

c a s e 3 

and use se t s 1 and 2 for sample ca lcula t ions 
The sca la r f luxes a re defined by 

0I(*) 

We repor t in Table UI the group 1 scalar flux for c a s e s 1 
and 2 and m Fig 1 the s ca l a r f luxes for c a s e 3 Al l 

X (maan-free-psths) 

Fig 1 The «alar fluxes in two slabs with an incident flux 

...rol •(0, í i ) » 4|i' 

T A B L E n 

M a c r o s c o p i c C r o s s Sect ions and the D i s c r e t e Eigenvalues 

Set 1 Seta Set 3 Set 4 Set 6 

Oi 2 9865 2 9664 2 9727 2 9628 25 826 
Oa 0 88798 0 88731 0 88721 0 88655 1 2182 
<Jii 2 9676 2 8876 2 9183 2 8751 0 59934 
<Tl2 0 04749 0 04S88 0 0463S 0 04S36 0 00001421 

021 0 000336 0 00106 0 000767 0 00116 0 Q000033S7 

022 0 83975 0 83912 0 83892 0 83807 0 41677 
0 0 0 0 0 07391 0 14324 0 0 
0 0 0 0 0 00209 0 00412 0 0 

X i ' 0 0 0 0 0 0 0 0 0 0 
X2 0 0 0 0 1 0 1 0 0 0 

D i s c r e t e Eigenvalues 

2 604020 2 SS1909 ¿4 721086 f3 437681 1 004466 
2 122979 1 070095 1 152128 -
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T A B L E III 

The Group I Scalar Flux In T w o Slabs 
with an Incident Flux 

X 

0 0 0 16816 0 14545 0 16266 0 14054 
0 2 0 36402 0 31225 0 35678 0 30612 
0 4 0 46469 0 39937 0 46118 0 39702 
0 6 0 51356 0 44804 0 51434 0 44991 
0 8 0 52003 0 46878 0 52444 0 47433 

1 0 0 48805 0 47039 0 49492 0 47875 
1 2 0 43299 0 44800 0 44108 0 45801 
1 4 0 36714 0 39637 0 37541 0 40663 
1 6 0 28974 0 32156 0 29716 0 33078 
1 8 0 20071 0 22618 0 20633 0 23313 
2 0 0 08688 0 09781 0 08939 0 10089 

Case 1 (set 1 set 2) 
•"Case 1 (set 2 set 1) 
Case 2 (set 1 set 2) 

' 'Case 2 (set 2 set 1) 

V C The Critical Problem 

We cons ide r two c a s e s 

C a s e C o r e Ref lec tor 

1 

2 

Set 3 

Set 4 

Set 1 

Set 1 

F o r ca se 2 we cons ide red only the c a s e of infinite ref lec 
tor but for c a s e 1 seve ra l r e f l ec to r thicknesses are 
cons ide red Our resul ts for the c a s e of infinite re f lec tor 
a re shown in Tab le IV together with percen t e r r o r s of 
Pft approximation resul ts The P approximation g ives 
slightly l a r g e r c r i t i ca l s i z e s but the P3 approximation i s 
quite good for the c a s e s cons ide red here We repor t in 
Table V our resul ts for finite r e f l ec to r s where y Is the 
re f l ec to r thickness in mean f ree paths and in Fig 2 the 

T A B L E IV 

Cr i t i ca l Half Th ickness o f the C o r e and Percent 
E r r o r s o f Pn Approximat ions for the 

Case of the Infinite Ref l ec to r 

Exac t 
a 

Percen t E r r o r s 

Case 
Exac t 

a Px 

1 4 15767 1 0 < 0 1 

2 2 1826 1 9 < 0 1 

T A B L E V 

Cr i t i ca l Half Th ickness for Case 1 with a Finite Ref lec to r 

Reflector 
thickness r 0 1 2 3 5 

Core half 
thickness a 6 85725 5 94147 6 22752 4 75065 4 31485 

Distance from Core Center x/a 
Fig 2 The scalar fluxes in a slab reactor with an infinite reflector 

sca la r fluxes for c a s e 1 with an infinite r e f l ec to r The 
number of i terations i s 51 and 39 and the computat ion 
t ime IS ~61 and 53 min for c a s e s 1 and 2 respec t ive ly 
with the infinite r e f l ec to r The long computation t ime \a 
partly due to the fact that mos t of the calculation must b e 
pe r fo rmed in c o m p l e x mode 

We have a l so cons idered two c a s e s o f fast r eac to r 
mode l using the c r o s s sec t ion se t s for " " U ' " U and " " P u 
given m Ref 21 The conve rgence i s quite s low and we 
have not pursued to obtain resul ts of repor table a c c u r a c y 

V D The Cell Problem 

We use set 5 for the fuel and set 1 for the modera tor to 
calculate the thermal disadvantage fac tor defined a s 

I = ( O i / O a ) <l>2Ax)dx/f\^ <i>n{x)dx 

where (jiii is the thermal group scalai ; flux m nfediium i In 
the fuel region we take va/ = 0 and in the modera tor we 
cons ide r uniform s o u r c e s of thermal neutrons 

1 / 0 , 

. 0 . 

F igure 3 shows the thermal flux for three fuel Mck 
n e s s e s with a , = 0 2 and we repor t in Table VI thp tliermal 
disadvantage factor for severa l c e l l s i z e s Tl»fi Ss resu l t s 
w e r e obtained by the ANISN c o d e " F o r the exact ca lcu la 
tion the number o f i terat ions and the computation t ime a r e 
o f the s a m e o r d e r as for the two s lab p r o b l e m F o r the 5N 
calculation the computation t ime i s f rom 12 s (Si) to 30 B 
(Sia) with 20 spatial mesh points in each o f (he fuel and 
modera tor reg ions Al l resu l t s fo r the disadvantage 
fac tor are sma l l e r than our resul ts 

" Reactor Physics Constants ANI^SSOO Table 7 5 Aisonne National 
Uboratory(1963) 

"W W ENGLE,Jr A User s Manual for ANISN A One-Dbnenaional 
Discrete Ordinates Transport Code with Anisotropic Scattering'' K 1693 
Oak Ridge Gaseous Diffusion Plant (1967) 
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X (mean free-paths) 

I 
10 OS 0 1 

Distance (mm) 
Fig 3 The thermal nux m U ' " HjO cells 

F o r s m a l l e r c e l l s i ze s the c o n v e r g e n c e i s faster if the 
equations for the d i sc re t e coef f ic ien ts a re der ived s imply 
by applying the orthogonality theorem to Eqs (68) and (69) 
i e without s teps 2 and 3 applied to the equations fo r 
the continuum coeff ic ients Th i s s e e m s to be due to the 
fac to rs that appear in the denominator m Eqs (70) through 
(73) The compute r p rog ram based on Eqs (74) and (75) 
can be modif ied to include this c a s e with an addition of a 
few s tatements 

VI CONCLUSION 

F o r the 15 y e a r s o r so s m c e its introduction the 
singular eigenfunction expansion method has r e c e i v e d con 
s lderab le attention among students o f t ransport theory as 
an elegant approach to exact analytical solut ions In the 
past few y e a r s however interest in this approach has been 
decl ining due to s e v e r a l fac tors such as 

1 its l imitation to plane geome t ry 

2 availabili ty o f highly accura te numer ica l methods 

3 developments o f other analytical methods 

4 i ts fai lure to so lve even the highly ideal ized mode l 
p r o b l e m s in two media and two groups due to the 
e v e r p resen t s ingulari t ies 

Th i s Note has two purposes F i r s t we have shown that 
the singulari ty p r o b l e m can be e l lmmated by an extension 
of the es tabl ished bas ic method 1 e using only the half 

T A B L E VI 

T h e r m a l Disadvantage Fac to r for T w o - S l a b C e l l s and 
Percen t E r r o r s of Sn Resul t s 

ai as 
Exact 

Percen t E r r o r s 

ai as 
Exact 

s. s. s. Si, 

0 25 0 5 20 079 15 8 2 9 0 86 0 39 
0 IS 0 5 12 OSS 15 8 2 6 0 86 osa 
0 OS 0 5 4 2910 18 6 3 1 0 91 0 35 
0 15 0 2 9 7457 26 3 8 0 99 0 76 
0 05 0 2 3 4757 27 9 8 4 9 9 0 78 
0 025 0 2 2 1469 27 0 10 4 89 0 8 4 

range orthogonali ty theorem Clea r ly the analytical and 
computational tasks a re quite Involved and this solution 
itaethod i s not suitable fo r routine calcula t ions However 
it can be of use in support of benchmark act ivi t ies in 
providing numer ica l solut ions to wel l defined mode l p r o b 
l e m s Vl̂ e have therefore as the second a im of this Note 
defined three p r o b l e m s and repor ted their solut ions based 
on an exact theory 

APPENDIX 

The r functionals that appear In Eqs (74) and (75) a r e 
as fo l lows 
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YM V . 

V 

H ( i / / ) J , { | v,)C V ivf) 

^ H , ' ( viMi v,)C VAv,) 

-H,'(v)JAiv)C - ^ c A ( v ) 

X [X ) C , 'J a V )C , J a V )0dv )*.Av )] 

H (a r t , / a , ) J3 ({ 

Oil) + ai4 H (027) /a Mi V )k 

+ H, (?) )J . (« T, )k2 GCa 

a J) 

+ H (T, )X.(j/ ) C , 'i*(i n )k2 G C , 

+ C, " • HitojT, /CTV)J,(C t, )ki 

Sziv )GX2(ij ) 

Ha ( J!,)J.(? r;,)CjP2(i7,) 

7, ) = HzHv ) J . (« 1 )C2 — C 2 » 2 { V ) 

X [X8(»/ )C j"J t ( | I, ) C . - J . (« ») )92(V )X,(i7 )J 

YAi V,) = 0,1', + (Jii 

j ; ^ ^ , ' { « ' / ) J T C C 1 - , ) ^ G ' C i K ( i ' / ) 

!^H. ' ( -<r , . ' , /c r , )J .a i/jjki Oil/f 

" > - L " »«' 

V 
Ha ' ( i ' ' ) J7 ( l i ' )ka Q ' C , 

a >Ha(a.l ' /aa)Xa(a,l/ / o , ) C a ' j , ( t )k. 
LOi^ Oat 

+ C2^ 

Ha(l')Xa(l' jCa 'JsU i-jka G ' C , 

Ha(ail' /oa)J,(C v )ka 
a;V 02i 

" H,{v )J,(i V }ka 
V i 

«Av )G 'X (v ) 

where 

J Ax y) -

4a<* y) = 

Js(* y) = 

J . U y) = 

J . ( * y ) = 

J . U y ) = 

JT(X y ) = 

J.te > ) = 

with 

i'ix) = 

£a(aiVa>) EAy) 0 

0 £ . ( * ) 

Eateix/ca) " 

0 £a(x) . 

1 Ea(criJr/aa)Ea(ji) 0 

0 1 E,(*)Ea(y) . 

•Ba(a,x/o.) E,{y) 0 

0 Ea(*) - E,{y) 

EAOiX/Oi) Ea(y) 0 

0 EAx) EAy). 

EAo,x/ai) 0 

J ' W 

J 'W 

J ' W 

J*U) 

0 E,(x). 

1 E,(CTax/oi)E,(y) 0 

0 J £ iWE . (y ) . 

Ei(oax/oi) EAy) Q 
0 EAx\ uy). 

[E.W BAy)]i'{x) 

J ' W 

J ' W 

[ I E . W B , ( o , x / a , ) ] - ' Q 

0 [1 - ^if^W,^)] \ 

[1 E . (oax /o . )E , (x ) ] ' 0 

0 ti i;.(:?)ff2(^]H'. 


