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ABSTRACT

In order to simulate a real cascade performance in terms of the external and inter-
nal flow rates and isotopic compositions, it is necessary to solve a system of equations
composed of the internal mass balances for the element (U) and for the desired iso-
topes. Considering the separation of a binary isotopic mixture for a cascade with n
stages, we have a system of 4n independent equations with 6n unknowns. This kind
of system has infinite solutions unless we introduce practical or theoretical new equa-
tions describing the centrifuge separation performance and/or use approximations in
terms of restrictions to the stages behavior. Depending on the equations and/or re-
strictions we use, the simulation results can be quite different. Six different combina-
tions of theoretical equations and stage restrictions are analyzed and compared in this
paper using experimental results in order to establish the best mathematical model for
the theoretical simulation of a real cascade performance.
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INTRODUCTION

An ultracentrifuge is a separation device that, when fed with a stream com-
posed of an isotopic mixture, produces two other streams: the product, en-
riched in the isotopes with lower molecular weights, and the tails, enriched in
the isotopes with higher molecular weights.
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The main characteristic of the ultracentrifugation process is a high level of
separation in only one stage, but with low throughput.

In the design of a plant to produce enriched uranium, the amount of mate-
rial to be produced and the isotopic compositions to be achieved are specified.
In order to obtain material with the specified isotopic compositions, ultracen-
trifuges are connected in series, composing separation stages. In order to pro-
duce the amount of material specified, ultracentrifuges are connected in par-
allel in each stage. This complete arrangement is known as an isotopic
separation cascade. The separation stages are interconnected in such a way
that the feed stream of a generic Stage i is composed of the product stream of
Stage i � 1 mixed with the tails stream of Stage i � 1.

Normally, the design of an uranium enrichment cascade intended to per-
form a given separation task in terms of product composition and quantity is
also intended to minimize the operational costs. If the material to be processed
is a binary mixture, this results in a cascade profile as similar as possible to the
ideal one (1), with an established tails composition. Other optimization crite-
ria may be used in cascade design (2–4), but they will not be considered in this
paper because of the lack of experimental results.

Simulation of the real behavior of a cascade depends on knowing the char-
acteristic ultracentrifuge curves relating the separative parameters and the
flow and pressure variables. By using these curves and the criteria for maxi-
mizing the installed separative capacity for a given product and tails compo-
sitions, we can obtain a flow distribution in which some ultracentrifuges can
operate very close to the optimal point while others can operate far from this
same point.

However, by using theoretical relations and/or restrictions to the stages’ be-
haviors, we can achieve results similar to these without knowing the real
curves cited above. This level of information is sufficient for starting a cas-
cade design.

Six different possible kinds of approximation for use in the theoretical cal-
culations of internal flow and composition distributions will be compared in
this paper with experimental results in order to establish the best method for
theoretical cascade simulation.

EQUATIONS AND RESTRICTIONS

To establish the flow rate and isotopic composition of all the internal
streams of a given cascade, we have to solve a system composed of the fol-
lowing fundamental equations.

1: Material balance for the U compound in each stage (n equations):

Fi � Pi � Wi (1)
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where Fi, Pi, and Wi are, respectively, the feed, product, and tails flow rates.
2: Material balance for the desired isotope (235U) in each stage (n equa-

tions):

Fizi � Piyi � Wixi (2)

where zi, yi, and xi are, respectively, the feed, product, and tails 235U weight
percentage.

3: Material balance for the U compound in the streams mixing points (n
equations):

F1 � W2

Fi � Pi�1 � Wi�1 � �i,f Fc, for i � 2, . . ., n � 1

Fn � Pn�1

(3)

where Fc is the cascade feed flow rate and �i,f is equal to 1 for the feed stage,
and 0 for the others.

4: Material balance for the desired isotope in the streams mixing points (n
equations):

F1z1 � W2x2

Fizi � Pi�1yi�1 � Wi�1xi�1 � �i,f Fczf, for i � 2, . . ., n � 1 (4)

Fnzn � Pn�1yn�1

where zf is the 235U weight percentage in the feed material.
Introducing into these equations the concepts of cut (�i), heads separation

factor (�i), and tails separation factor (�i ):

�i � Pi /Fi (5)

�i � Rpi /Rfi � yi (1 � zi) /[zi(1 � yi)] (6)

�i � Rfi /Rwi � zi (1 � xi)/[xi(1 � zi)] (7)

where Rfi, Rpi, and Rwi are, respectively, the feed, product, and tails 235U abun-
dance ratios. They can be transformed into the following relations:

Pi � �iFi, i � 1, . . ., n (8)

Wi � (1 � �i)Fi, i � 1, . . ., n (9)

�i � , i � 1, . . ., n (10)
(�i � 1)[1 � zi (�i � 1)]
			

�i�i � 1
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F1 � (1 � �2)F2 � 0 (11)

��i�1Fi�1 � Fi � (1 � �i�1)Fi�1 � �i,fFc, i � 2, . . ., n � 1

��n�1Fn�1 � Fn � 0

Fizi � (1 � �2)F2x2 � 0 (12)

��i�1Fi�1yi�1 � Fizi � (1 � �i�1) Fi�1xi�1 � �i,fFczf � 0,

i � 2, . . ., n � 1

��n�1Fn�1yn�1 � Fnzn � 0

yi �	
1 � z

�

i (
i

�

z

i

i

� 1)
	, i � 1, . . ., n (13)

xi �	
�i � zi

z
(
i

�i � 1)
	, i � 1, . . ., n (14)

The ideal cascade (1) is defined as the cascade arrangement that minimizes
the total internal flow rate and, consequently, the power consumption. The ra-
tio between the calculated flow rate per stage and the optimal feed flow rate
of one ultracentrifuge (G) gives the number of centrifuges in each stage. In
this case all the ultracentrifuges operate in the same optimal flow and separa-
tion conditions, which means the same feed flow rate, cut (symmetric), and
heads and tails separation factors (� � �) that maximize the ultracentrifuge
separative power, defined as:

�U � �� 	
R
R

p

p

�

�

1
1

	 ln Rp � (1 � �) 	
R
R

w

w

�

�

1
1

	 ln Rw � 	
R
R

f

f

�

�

1
1

	 ln Rf�*G*	
2

3

3

5

8

2
	

(15)

In the real case, however, it is not possible to maintain all those variables at
the optimal point because we have to round the calculated numbers of cen-
trifuges per stage to integer values and, at the same time, respect the mass bal-
ance equations described above.

In order to simulate the real cascade behavior, we can add to this system of
equations the following restrictions based on the ideal cascade behavior:

Constant cut for all stages
Symmetric separative behavior for all stages (� � �)
Constant separation factor (
 � �*�) for all stages
Constant separative power for all stages

The symmetric separative behavior of one ultracentrifuge can be estab-
lished using theoretical relations to calculate the heads and tails separation
factors. The solution of the diffusion-convection equation in the internal cen-
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trifuge field gives the following equations for � and � (5):

� � (16)

� � (17)

where zc and zs are related to the feed flow rate introduction position, and C1

and C5 are theoretical parameters that can be written as functions of the cen-
trifuge efficiency (e) and its components (5) eC, eF, and eI:

C1 � 	
�

2
2�
R
�
T
M

	 �D�2a3 �	
1�e

�
F�e

e
C�C

	� � b �	
1� e

��/e�e
I

C
	� (18)

C5 � �a2 D(1 � m2) � C�5 	
1 �

1
eC

	 (19)

The three efficiency components can be calculated by assuming a theoreti-
cal internal flow profile (2). An alternative procedure to estimate these com-
ponents without the assumption of a theoretical internal flow profile is to con-
sider that the component eI reaches its maximum value in the optimal
separation conditions (Got, 
ot, �ot, �Uot, or eot ). For these conditions the cen-
trifuge operates in a symmetric process (1) for which the following equations
are valid:

�ot �

(20)

�ot � (21)


ot � �ot*�ot (22)

b�	
1� e

��/e�e
I

C
	� exp ��b�	

1� e
��/e�e

I

C
	� � (1 � �ot )Got		zs(1

C

�

�5

eC)
	�

� (1 � �ot )Got

								

b�	
1� e

��/e�e
I

C
	� � (1 � �ot)Got

b �	
1� e

��/e�e
I

C
	� � �otGot

							

�otGot � b �	
1� e

��/e�e
I

C
	� exp���b�	

1� e
��/e�e

I

C
	� � �otGot	 	zc(1

C

�

�5

eC)
	�

C1 exp{[C1 � (1 � �)G]zs /C5} � (1 � �)G
					

C1 � (1 � �)G

C1 � �G
				
�G � C1 exp[�(C1 � �G)zs /C5

ULTRACENTRIFUGE ISOTOPIC SEPARATION CASCADES 719



ORDER                        REPRINTS

T
A

B
L

E
 1

Pe
rc

en
ta

ge
 R

el
at

iv
e 

D
ev

ia
tio

n 
be

tw
ee

n 
C

al
cu

la
te

d 
V

al
ue

s 
an

d 
E

xp
er

im
en

ta
l R

es
ul

ts

M
at

he
m

at
ic

al
dR

p
d

R
w

d
P

/F
d�

U
m

od
el

C
as

ca
de

(%
)

(%
)

(%
)

(%
)

1
1

1.
52

28
�

1.
16

66
�

1.
70

03
5.

64
00

2
3.

24
83

�
1.

78
38

�
1.

54
81

7.
09

63
3

�
0.

28
41

0.
41

27
�

0.
54

87
�

1.
99

51
4

�
11

.7
69

9
2.

78
33

8.
08

44
�

11
.5

75
2

A
ve

ra
ge

�
1.

82
07

0.
06

14
1.

07
18

�
0.

20
85

St
an

da
rd

 d
ev

ia
tio

n
6.

78
78

2.
03

67
4.

70
29

8.
56

27
C

on
fi

de
nc

e 
in

te
rv

al
�

12
.6

20
0 

�
d

�
8.

67
86

�
3.

17
91

 �
d

�
3.

30
19

�
6.

41
04

 �
d

�
8.

55
40

�
13

.8
31

8 
�

d
�

13
.4

14
8

2
1

0.
85

49
0.

12
96

�
1.

70
03

0.
76

69
2

1.
17

74
0.

10
49

�
1.

54
81

0.
35

35
3

�
0.

19
97

0.
41

27
�

0.
54

87
�

1.
84

50
4

�
6.

08
26

�
0.

39
76

8.
08

44
�

1.
02

85
A

ve
ra

ge
�

1.
06

25
0.

06
24

1.
07

18
�

0.
43

83
St

an
da

rd
 d

ev
ia

tio
n

3.
39

80
0.

33
70

4.
70

29
1.

21
20

C
on

fi
de

nc
e 

in
te

rv
al

�
6.

46
87

 �
d

�
 4

.3
43

8
�

0.
47

37
 �

d
�

 0
.5

98
5

�
6.

41
04

 �
d

�
 8

.5
54

1
�

2.
36

65
 �

d
�

 1
.4

90
0

3
1

1.
52

28
�

1.
16

66
�

1.
70

03
5.

60
35

2
3.

13
00

�
1.

78
38

�
1.

35
46

7.
00

73
3

�
1.

12
80

0.
41

27
0.

68
59

�
2.

08
06

4
�

12
.7

36
1

2.
58

45
9.

66
61

�
11

.6
47

9
A

ve
ra

ge
�

2.
30

28
0.

01
17

1.
82

43
�

0.
27

94
St

an
da

rd
 d

ev
ia

tio
n

7.
17

37
1.

94
87

5.
33

28
8.

56
72

C
on

fi
de

nc
e 

in
te

rv
al

�
13

.7
16

1 
�

d
�

 9
.1

10
5

�
3.

08
87

 �
d

�
 3

.1
12

1
�

6.
66

03
 �

d
�

 1
0.

30
89

�
13

.9
09

8 
�

d
�

 1
3.

35
10



ORDER                        REPRINTS

4
1

0.
58

78
�

0.
19

44
�

1.
11

09
0.

68
34

2
0.

05
33

�
0.

31
48

0.
48

38
0.

21
14

3
�

1.
18

42
0.

21
62

0.
96

02
�

1.
84

58
4

�
1.

09
80

0.
19

88
0.

87
87

�
0.

96
20

A
ve

ra
ge

�
0.

41
03

�
0.

02
36

0.
30

30
�

0.
47

83
St

an
da

rd
 d

ev
ia

tio
n

0.
87

23
0.

27
14

0.
96

52
1.

14
44

C
on

fi
de

nc
e 

in
te

rv
al

�
1.

79
81

 �
d

�
 0

.9
77

6
�

0.
45

53
 �

d
�

 0
.4

08
2

�
1.

23
27

 �
d

�
 1

.8
38

7
�

2.
29

91
 �

d
�

 1
.3

42
5

5
1

2.
72

51
1.

74
98

�
6.

18
91

1.
39

91
2

6.
62

09
1.

78
38

�
10

.7
88

6
0.

95
55

3
16

.5
08

7
2.

37
77

�
20

.0
27

4
�

1.
59

60
4

18
.4

45
3

2.
38

57
�

20
.7

38
1

�
1.

40
74

A
ve

ra
ge

11
.0

75
0

2.
07

43
�

14
.4

35
8

�
0.

16
22

St
an

da
rd

 d
ev

ia
tio

n
7.

60
28

0.
35

53
7.

12
50

1.
55

92
C

on
fi

de
nc

e 
in

te
rv

al
�

1.
02

10
 �

d
�

 2
3.

17
10

1.
50

91
 �

d
�

 2
.6

39
5

�
25

.7
71

7 
�

d
�

 �
3.

09
99

�
2.

64
29

 �
d

�
 2

.3
18

5

6
1

0.
72

13
�

0.
19

44
�

1.
22

42
1.

61
80

2
0.

64
49

�
0.

52
47

0.
09

68
1.

47
96

3
�

0.
36

85
0.

01
97

0.
41

52
�

0.
98

01
4

1.
22

97
�

0.
19

88
�

0.
87

87
0.

96
81

A
ve

ra
ge

0.
55

69
�

0.
22

46
�

0.
39

87
0.

77
14

St
an

da
rd

 d
ev

ia
tio

n
0.

66
93

0.
22

46
0.

77
76

1.
20

07
C

on
fi

de
nc

e 
in

te
rv

al
�

0.
50

79
 �

d
�

 1
.6

21
7

�
0.

58
19

 �
d

�
 0

.1
32

7
�

1.
63

58
 �

d
�

 0
.8

38
4

�
1.

13
88

 �
d

�
 2

.6
81

6



ORDER                        REPRINTS

Using these relations, we can find the value of eC for which eI reaches its
maximum value. After obtaining eI and eC, we can calculate C1 and C5 for the
optimal point. This calculation procedure can be converted into a theoretical
restriction for the cascade stages: Constant values of C1 and C5 for all stages.

THEORETICAL MODELS FOR CASCADE SIMULATION

Combining the 7n mass balance relations and 2n of the restrictions cited
above, we can construct the different mathematical models described below.

1. Cascade with constant cut and constant separation factor (6–11). In this
model it is assumed that all stages work with the optimal cut �ot and the
optimal separation factor 
ot.

2. Cascade with constant cut and constant C1 and C5 theoretical parameters.
In this model the cut is assumed to be �ot for all stages, and the heads or
the tails separation factors are calculated using the theoretical relations
described above.

3. Cascade with symmetric stages and constant separation factor (11). In this
model we assume �ot � �ot � �
�ot� for all stages.

4. Cascade with symmetric stages and constant C1 and C5 parameters. In this
model we assume � � � for all stages, with � or � calculated using the
theoretical relations.

5. Cascade without restrictions of cut or symmetric behavior and constant
C1 and C5 parameters. In this model we assume that � and � obey the the-
oretical relations for all stages.

6. Cascade with symmetric stages and constant centrifuge efficiency. In this
model we assume that all the centrifuges operate with the maximum sep-
arative power �Uot (efficiency eot) and in the symmetric process (� � �).

COMPARISON BETWEEN CALCULATED VALUES AND
EXPERIMENTAL RESULTS

Experimental results were obtained using four different cascade configura-
tions with different numbers of enriching and stripping stages, different num-
bers of centrifuges per stage, and constituted of ultracentrifuges with different
internal characteristics operating at their nominal point.

The internal and external flow rates and compositions were calculated for
each cascade configuration using the six mathematical models described above.

The relative percentage deviations among the calculated values using each
model and the experimental results obtained in each cascade for the external
variables are listed in Table 1.

The product and tails abundance ratios (Rp and Rw), the ratios between the
product and feed flow rates (P/F ), and the separative capacity (�U) are com-
pared as external variables.
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FIG. 1 Percentage relative deviation comparison for the external variables.
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With the use of these deviation values for each external variable in each dif-
ferent model, the confidence interval for the real average deviation with a 95%
significance level is calculated (12). The results obtained for each model are
listed in Table 1 and plotted in Fig. 1.

The separation factors of all stages were experimentally determined for one
of the four cascade arrangements as internal variables (Cascade 3). The rela-
tive percentage deviations obtained as a function of the relative position of the
stages in the enriching and stripping sections of the cascade are shown in Fig.
2. This figure shows we obtained very good results, with small relative per-
centage deviations for five methods (Models 1, 2, 3, 4, and 6).

By treating the separation factor deviations of all stages as independent
variables, we can calculate the average value and the 95% confidence interval
for the average deviation for the six different models. The values obtained are
shown in Table 2 and plotted in Fig. 3.

724 PORTOGHESE AND RODRIGUES

FIG. 2 Internal separation factors comparison.

TABLE 2
Average Values for  Percentage Relative Deviation of the Internal Separation Factors

Average Standard Confidence
Model deviation deviation interval

1 0.3973 1.0604 �0.0854 � d � 0.8800
2 0.2187 0.9574 �0.2171 � d � 0.6545
3 0.3973 1.0604 �0.0854 � d � 0.8800
4 0.2543 0.9218 �0.1653 � d � 0.6739
5 1.2100 1.4135 0.5666 � d � 1.8534
6 0.3467 0.9284 �0.0759 � d � 0.7693
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FIG. 3 Average internal separation factor percentage relative deviation comparison.

FIG. 4 Residuals analysis.
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In order to prove that the internal separation factors can really be treated as
independent variables, an analysis of the residuals (12) was executed and the
residuals obtained (local value � average value) were plotted as a function of
the average value and of the relative position of the cascade stages the enrich-
ing and stripping sections. These plots are shown in Fig. 4.

This figure shows that there is nothing in the behavior of the analyzed vari-
able, either relative to the calculated values or relative to the position of the
cascade stages, that does not permit the stage separation factors to be treated
as independent variables.

CONCLUSIONS

The tables and figures show that the best method for the theoretical simula-
tion of real cascade behavior is one in which all stages are considered to op-
erate in a symmetric process and with maximum separative power (Model 6),
followed by Model 4. For Model 6 we obtained the smallest relative percent-
age deviation between the calculated and measured values for almost all the
internal and external variables that were compared. This approximation intro-
duces small errors to the model because of the shape of the �U � G curve in
a centrifuge. There is a relatively large feed flow rate interval for which �U is
almost constant. This fact permits an internal feed flow rate profile with dif-
ferent values for each stage to be fitted for each cascade without being very far
from the real separative power value.

However, we have to keep in mind that all these comparisons and models
are completely valid only for cascades designed to operate near the symmet-
ric conditions. If the cascade stages were designed to operate asymmetrically
(� � �), the restrictions proposed might be invalid and, depending on the de-
gree of asymmetry, all these analyzed models could fail to simulate the cas-
cade’s real behavior.
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