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Abstract

R.A. Vandermeer and D. Juul Jensen introduced the concept of impingement-compensated chord length as an al-

ternative to Cahn and Hagel�s interface-average grain boundary migration rate. In this work a new expression for the

impingement-compensated chord length is derived.
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1. Introduction

This paper comments on a recent paper by

Vandermeer and Jensen [1] on the microstructural

path analysis of the recrystallization of commercial
aluminum.

Cahn and Hagel�s [2] interface-averaged grain

boundary migration rate, hviCH, can be estimated

from microstructural quantities by:

hviCH ¼ 1

SV

dVV
dt

ð1Þ

where VV is the volume fraction of transformed or

recrystallized region and SV is the interface area

between transformed or recrystallized region and

untransformed or unrecrystallized region per unit

of volume.
The above expression is normally accepted to be

the standard way to estimate growth rate during

recrystallization [3]. In recent papers, Vandermeer

and Jensen [1,4] proposed a new quantity: the

impingement-compensated chord length, hkiex, to
study the growth of the recrystallized grains. This

impingement-compensated chord length is given

by:

hkiex ¼ hki� lnð1� VV Þ
VV

ð2Þ

where hki is the mean intercept length of the re-
crystallized regions.
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Their idea is interesting and it has an advantage

over hviCH: it does not require the determination of

the derivative but it depends only on quantities

that can be readily measured from a planar sec-
tion. The disadvantages are that it implicitly as-

sumes that all regions are randomly distributed

and that it is not really the growth rate but it is

related to the integral of the growth rate. In any

case it looks advantageous to have an alternative

way of estimating growth rate, particularly if it is

easy to calculate from experimental quantities.

Unfortunately Eq. (2) has some problems. In
this work it will be shown why this is so and a new

expression will be proposed for the impingement-

compensated chord length. Although in what

follows frequent allusions are made to recrystalli-

zation the treatment is general and the results can

be applied to any heterogeneous transformation.

2. A new expression for impingement-compensated

chord length

2.1. Problems of Eq. (2)

Eq. (2) will be applied to the simple case in

which one has an assembly of equal spheres in

extended space so that according to Fullman [3,5]

hkiex ¼
4Rex

3
ð3Þ

where Rex represents the radius of the growing

spherical grains in extended space.

For equal spheres the following is valid:

VV ex ¼
4pR3

ex

3
NV ð4Þ

SV ex ¼ 4pR2
exNV ð5Þ

where VV ex and SV ex are the extended volume and

extended interface area per unit of volume. There

is no impingement in extended space and SV ex al-
ways represents the total extended interface area of

the growing grains.

Moreover from JMAK theory [6–8] and from

DeHoff [9]:

VV ex ¼ ln
1

1� VV

� �
ð6Þ

SV ex ¼
SV

ð1� VV Þ
ð7Þ

It is worthy of note that as VV ! 1, VV ex ! 1,

SV ex ! 1 and Rex ! 1.

One can also recall a standard result from

quantitative metallography [10]:

hki ¼ 4VV
SV T

ð8Þ

where

SV T ¼ SV þ 2SVR ð9Þ
SV T is the total interface area per unit of volume,

SVR is the interface area between the recrystallized
regions per unit of volume. It is clear that as

VV ! 1 then SV ! 0 and SV T ! SVR ! finite va-

lue, SVRðVV ¼ 1Þ and hki tend to the mean intercept

length of the fully transformed microstructure.

Combining Eqs. (3)–(8) with Eq. (2) one ob-

tains:

SV ex ¼ SV T ð10Þ
The above equation is clearly incorrect. It pre-

dicts that for VV ! 1, SV ex ! SV T ! finite value,
SV TðVV ¼ 1Þ. As a consequence it predicts that SV ex
tends to a finite value whereas it goes to infinity for

VV ! 1. Moreover SV ex can only be approximately

equal to SV T before impingement, afterwards:

SV ex > SV T ð11Þ
So Eq. (2) yields a wrong consequence and

therefore it cannot be correct.

2.2. New derivation of Eq. (2)

In order to derive Eq. (2) Vandermeer and

Jensen defined two quantities, Z and Zex, as a

function of the intercept lengths k and kex of the

growing grains in real and extended space, re-

spectively:

Z ¼ VV ¼ 1

L

XN
i¼1

ki ð12Þ

Zex ¼ VV ex ¼
1

L

XN
i¼1

kex
i ð13Þ

where L is the length of an arbitrary test line.
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Definitions cannot be wrong but in this case

they are misleading. The problem lies in the upper

value of the summation, N . Eqs. (12) and (13)

suggest that they are the same when in fact they
are not. Eq. (13) must be rewritten as:

Zex ¼ VV ex ¼
1

L

XNex

i¼1

kex
i ð14Þ

N in Eq. (12) represents the number of intercepts

of a test line of length L with recrystallized grains
in real space. On the other hand Nex in Eq. (14)

represents the number of intercepts of a test line of

length L with recrystallized grains in extended

space. In extended space there is no impingement

and grains can grow freely into one another. As a

consequence, a test line of length L will intercept

more recrystallized grains in extended space than

in real space. Therefore:

Nex > N ð15Þ

So the impingement-compensated chord length

defined by Vandermeer and Jensen must be rede-

fined as:

hkiex ¼
1

Nex

XNex

i¼1

kex
i ð16Þ

or:

hkiex ¼
N
Nex

PN
i¼1 ki

N

 !
LPN
i¼1 ki

 !
1

L

XNex

i¼1

kex
i

 !

ð17Þ

Substituting Eqs. (6), (12) and (14) into Eq. (17):

hkiex ¼
N
Nex

� �
hki� lnð1� VV Þ

VV
ð18Þ

Eq. (18) is the correct expression instead of Eq.

(2). Eq. (18) is not very useful as it requires

knowledge of N=Nex. It can be shown with the help

of Eq. (24), which is derived below, that:

N
Nex

¼ SV T
SV ex

ð19Þ

The right hand side of Eq. (19) can be estimated
using an equation proposed by Yamamoto et al.

[11] for site saturated transformations:

SV T
SV ex

¼ a
VV
VV ex

� �2=3

ð20Þ

where a is a shape factor, not too far from unity

for equiaxed grains. Using Eqs. (6), (19) and (20):

N
Nex


 VV
� lnð1� VV Þ

� �2=3

ð21Þ

The ratio N=Nex is the factor missing in Eq. (2).

It can be regarded as the magnitude of the error

that is made when Eq. (2) is used instead of Eq.

(18). It can be seen that the factor N=Nex decreases

slowly from N=Nex ¼ 1, for VV ¼ 0 to

N=Nex 
 0:36 for VV ¼ 0:99.

2.3. Alternative expression for the impingement-

compensated chord length

In order to preserve the idea of an impingement-

compensated chord length another expression has

to be found, preferably relying only on measure-

ments carried out on a planar section. This can be
done noticing that:

SV ex ¼
4Nex

L
ð22Þ

Combining Eqs. (14), (16) and (22):

hkiex ¼
4VV ex
SV ex

ð23Þ

Eq. (23) is the application in extended space of a
well-known real space quantitative metallography

result [10]. Notice that since VV ex varies as ðRexÞ3
and SV ex varies as ðRexÞ2, hkiex varies as (Rex) so that

hkiex ! 1 as Rex ! 1 for t ! 1.

Using Eqs. (6) and (7), Eq. (23) can be expressed

in terms of SV and VV :

hkiex ¼
�4ð1� VV Þ lnð1� VV Þ

SV
ð24Þ

This expression is not undefined but VV ! 1 and

SV ! 0 as t ! 1 and, as shown above, hkiex ! 1.

Eq. (24) is the expression proposed here for the

impingement-compensated chord length that
should be used instead of Eq. (2).
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3. Conclusions

A new expression was proposed for the im-

pingement-compensated chord length, hkiex, a
concept introduced by Vandermeer and Jensen

[3,4]. It is believed that such an expression can be

useful to analyze growth rate during recrystalli-

zation in addition to the more usual Cahn and

Hagel expression. Its main advantage is that it can

be easily determined from quantities measured on

a planar section without the need to experimen-

tally measure time derivatives. Its disadvantages
are: it is not the growth rate but the integral of the

growth rate, so the growth rate has to be inferred

from the slope of a hkiex vs. time plot; it is im-

plicitly assumed in the derivation of Eq. (24) that

all regions are randomly distributed.

Finally it is important to stress that although the

present work was done in the context of recrystal-

lization the final result is general and the impinge-
ment-compensated chord length obtained here can

be applied to any heterogeneous transformation.
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