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ractal characterization of brittle fracture in ceramics under mode I stress loading

na Lúcia Horovistiza , Kamila Amato de Camposb , Silvia Shibatab , Camila C.S. Pradob , Luis Rogerio de
liveira Heinb,∗

Instituto de Pesquisas Energéticas e Nucleares (IPEN/CNEN/SP), Av. Prof. Lineu Prestes, Cidade Universitária, 2242, 05508-000 São Paulo, SP, Brazil
Faculdade de Engenharia de Guaratinguetá, UNESP - Univ Estadual Paulista, Campus de Guaratinguetá, Departamento de Materiais e Tecnologia, Av. Ariberto Pereira da Cunha,
33, 12516-410 Guaratinguetá, SP, Brazil

r t i c l e i n f o

rticle history:
eceived 15 November 2009

a b s t r a c t

The self-affine behavior of Brazilian disk test titanium oxide specimens for KIc measurement was inves-
tigated from 3D elevation maps obtained at regular intervals following crack extension. The bifractal
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approach could be adopted due to the self-affine characteristics of crack propagation under linear elastic
regime, determining fractal dimensions associated to micro- (DT) and macro- (DS) resolution scales. It
was found that fractal dimension data were dependent on crack front positions, and could not be related
to fracture toughness.
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. Introduction

Since it was proposed by Mandelbrot, the concept of fractal
imension has been applied to describe surface formation in many
henomena associated to materials structure or failure modes
1,2]. The word “fractal” refers to the multiscale characteristics of
urfaces or profiles in nature. For fractal surfaces, the fractal dimen-
ion is a statistical quantity that describes how these surfaces fill
he space. This introduces the concepts of self-similarity for ideal
ractals, when surfaces or boundaries are nondifferentiable and
ontinuous with the same behavior at any size scale, or self-affinity,
general scaling transformation more appropriate to describe real

ractal objects, due to the intrinsic anisotropy caused by complex-
ty of the thermodynamics processes involved in the evolution of
urface energies changes. Due to their intrinsic complexity, real
ractures are not simple fractals, or “monofractals”, with a single
ractal dimension, but described by many or multiple fractal values
ccording to the size scale. “Multifractal” surfaces have self-affine
haracteristics, due to the heterogeneities among different direc-
ions.

Mecholsky [3] assumes the monofractal behavior for fracture
f brittle materials with controlled crack propagation speed, find-

ng correlations between the fractal dimension and the square
oot of fracture toughness or theoretical strength. The monofractal
pproach is clearly restricted by the occurrence of plastic deforma-
ion [4] and by the sampling and fractal measurement methods
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[5,6]. Carpinteri and Pugno [7] proposed that fractal dimension
describes toughness and is not dependent on fracture micromech-
anisms. Sharon and Fineberg [8], Milman et al. [1] and many
others have proposed that the establishment of self-similar or self-
affine behavior is a function of crack propagation speed. Russ [9],
citing Kaye’s concept, described fracture surfaces as mixed frac-
tals, or multifractals, combining the influences of microstructure
and applied loading, proposing two scales for fractal analysis: the
microscale, or textural, corresponding to the microstructure and
micromechanics effects on fine roughness; and the macroscale, or
structural, describing the large anisotropic relief behavior due to
the evolution of stress fields at crack front. More recently, the multi-
fractal approach has been applied to describe brittle or quasi-brittle
fractures, being able to consider the total set of components in
fracture processes, from microstructure to environment and load-
ing contexts [10,11], extending the concepts proposed in Russ [9].
In our later experiments for metallic alloys, we concluded that
fractal vs. local fracture toughness relations will be dependent on
local stress state, at least under elastic-plastic regime, and frac-
tal dimension can be related to local entropy in fracture processes
[12]. In this work, fracture surfaces were characterized as bifractals,
being evident this behavior in every elevation map measured for
each specimen for the self-affine behavior characterization of TiO2
Brazilian disk test specimens for fracture toughness measurements
under mode I loading.
2. Experimental procedure

Central notched Brazilian disc test specimens [13] for determin-
ing mode I fracture toughness were prepared by using a commercial

http://www.sciencedirect.com/science/journal/09215093
http://www.elsevier.com/locate/msea
mailto:rhein@feg.unesp.br
dx.doi.org/10.1016/j.msea.2010.04.014
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Fig. 1. Example of extended depth-from-focus reconstruction process: (a) images
stack at 1.0 mm from machined notch; (b) reconstructed image showing intergranu-
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between transgranular and intergranular fracture facets (Fig. 1b)
ar and transgranular aspects on fracture surface, for the crack growing from bottom
o top (scale bar = 10 �m); (c) corresponding 3D elevation map, axes scales in [�m].

itanium oxide powder. The powder was uniaxially pressed, obtain-
ng cylindrical discs with 16.5 mm diameter by 2.0 mm thickness.
he plates obtained were calcinated at 1000 ◦C for 1 h before
achining central notches. The resulting pallets were sintered at

450 ◦C for 5 h. Diametral compression tests were performed on
n electromechanical testing machine at 1 mm/min displacement
ate. The pure mode I fracture toughness, K , is computed as:
Ic

Ic ∼= 1.25
pc

RB

√
˛

�
(1)
Fig. 2. Multifractal characterization of elevation maps: (a) example of singularities
(or multifractal) spectrum revealing heterogeneities on fracture surface formation;
(b) the bifractal approach with the determination of textural and structural fractal
dimension values.

where the factor 1.25 is related to geometry for pure I mode [14],
Pc represents the critical load, R is the disk radius, B is the specimen
thickness and a is the half of crack length.

Fractured surfaces were pictured with a digital camera in a
light microscope at regular 1.0 mm displacement intervals, from
crack initiation to end of fracture, following the centerline relative
to specimen thickness. At each position, image stacks were pic-
tured for ordered and successive vertical positions, using 1.0 �m
intervals for 3D mapping by an extended depth-of-field reconstruc-
tion algorithm (Fig. 1a). Fractal dimension data were computed
from elevation maps by using Minkowski–Bouligand method, also
known as box-counting dimension. NIH Image J [15], a freeware
image processing software developed by Wayne Rasband, was used
for overall image processing.

3. Results and discussion

After reconstruction from image stacks, the multifractal char-
acter was confirmed for all elevation maps, as can be observed
in all singularities spectra (Fig. 2a), denoting the heterogeneity in
crack propagation speed, associated to their self-affine scaling laws.
This heterogeneity, probably associated to the severe alternation
as can be observed on the real fracture surface map at Fig. 1c,
can be explained by the large spacing between Q ≥ 0 and Q ≤ 0
curve regions in the singularities spectrum presented in Fig. 2a.
The box-counting method was applied to evaluate fractal dimen-
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old values for the whole set of fractal curves.
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ions, resulting in characteristic plots as shown in Fig. 2b. These
lots can be approximated to three regions: the low resolution one
hat represents the microscale range; the intermediary region that
s associated to macroscale; and the third one, not representative
or fractal description. The boundaries between those three regimes
ere determined as the following rules:
(a) The discarded data range is defined by the threshold values
from box-counting algorithm, as dependent, in practice, on the
number of images in each reconstruction stack.

b) The threshold between textural and structural fractal ranges
was determined as the most evident discontinuity in the graph

ig. 3. Behavior of fractal dimension data: (a) textural dimension vs. position on
racture surface; (b) structure dimension vs. position on fracture surface; (c) scat-
ering of textural and structural values.
Engineering A 527 (2010) 4847–4850 4849

of the first derivative of the log (box count) against − log (box
size), after median filtering. This procedure is robust, since the
less important discontinuities are naturally discarded, reveal-
ing the more regular topographic behavior at both micro- and
macro-ranges, validated by the very small dispersion in thresh-
In both scale ranges, fractal data have presented no evident cor-
relation to investigated positions in each corresponding specimen
(Fig. 3a and b), or among the micro- and macroscale fractal data

Fig. 4. Fractal and fracture toughness correlations for bifractal and monofractal
approaches: (a) KIc × square root of mean textural dimension; (b) KIc × square root
of mean structural dimension; (c) KIc × square root of mean fractal dimension in
monofractal approach.
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nd positions on crack advance. It suggests that the monofractal
pproach is not appropriate to describe the fracture events in these
aterial and testing conditions. Also, fractal dimension data can be

onsidered as local fracture process descriptors, being dependent
n crack path, but these may not represent the behavior of entire
racture surface as proposed elsewhere. Also, textural and struc-
ural data could not be correlated (Fig. 3c), being independent from
ach other.

In the same context, the correlation of the square root of mean
ractal dimension data to fracture toughness was negligible (Fig. 4a
nd b), even adopting the monofractal approach as proposed by
echolsky [3] (Fig. 4c).
In synthesis, for microscale related fractal (or textural fractals,

T, according to Kaye’s concept for bifractals), the following char-
cteristics could be observed:

Large heterogeneity on crack path and no evident correlation with
crack positions, or stress intensity factor data (Fig. 3a).
Large scattering may be explained due to local changes in activa-
tion of fracture micromechanisms associated to microstructural
heterogeneities, at microscale, or the local changes in microme-
chanics during fracture process.
No correlation between KIc and mean textural dimension data
was found (Fig. 4a).

For macroscale or structural fractals (DS), it was found that:

Heterogeneity on crack characteristics and scattering is reduced
at macroscale relative to textural values, or at microscale, but is
still significant and there is no significant correlation with crack
positions, too (Fig. 3a).
There is no correlation between structural fractal dimension and
crack position, which suggests that there is no correlation between
structural dimension and the crack propagation mechanics, at
macroscale, such as there is no correlation between KIc and mean
structural dimension data.

These results are also coherent with the self-affine character,
escribed by the confirmed multifractal condition, of fractured
elief, since crack propagation in brittle materials tends to assume
bidimensional behavior with the growth in the speed of crack

ip, being more heterogeneous to better dissipate large amounts
f energy. The inherent heterogeneity in crack speed and fracture
urface formation also can explain the large scattering in textural
ractal values.
. Conclusions

In summary, the following comments can be done at this
ime:

[
[

[
[
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• The bifractal approach is a good approximation due to the
shape of box-counting curves and the inherent multifractality
in elevation maps. Structural fractal values are somewhat sta-
ble with crack propagation, but textural ones present larger
scattering, being sensible to local micromechanics changes. The
lower scattering for structural fractal dimension values is due
to the brittle character of fracture, which provides a somewhat
uniform evolution of bidimensional crack advance. The larger
scattering for textural fractal data can be attributed to the hetero-
geneous interaction among stress field and local configuration of
microstructure.

• The monofractal approach is not reasonable for titanium oxide
brittle fracture under mode I loading. Since the crack velocity
could not be controlled, no correlation between fractal values and
fracture toughness could be established.

It is certainly necessary to conduct more experiments, test-
ing specimens design of many other material systems in order
to improve reliability, such as to test other loading modes (II and
mixed I/II, at least). However, since verifying the systematic bias, we
confide that such results will provide more compelling evidence in
order that approaches based on fractal analysis of fracture surfaces
for brittle materials find widespread utilization.
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