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Abstract
Recent experiments have shown that the multimode approach for describing the
fission process is compatible with the observed results. A systematic analysis of
the parameters obtained by fitting the fission-fragment mass distribution to the
spontaneous and low-energy data has shown that the values for those parameters
present a smooth dependence upon the nuclear mass number. In this work,
a new methodology is introduced for studying fragment mass distributions
through the multimode approach. It is shown that for fission induced by
energetic probes (E > 30 MeV) the mass distribution of the fissioning nuclei
produced during the intranuclear cascade and evaporation processes must be
considered in order to have a realistic description of the fission process. The
method is applied to study 208Pb, 238U, 239Np and 241Am fission induced by
protons or photons.

1. Introduction

There is a growing interest on the fission process and on its products due to its importance in
applications such as nuclear reactors and nuclear medicine. The possibility of transmutation of
nuclear waste [1–3] from traditional reactor in the so-called brewing reactors, for instance, has
attracted the attention of researchers willing to solve the long-standing problem of storage of the
radioactive material produced in nuclear reactors. The mass distributions of fission fragments
are fundamental information to development brewing reactors as well as to understand material
damage induced by radiation from nuclear fuel.
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Fission-fragment mass distributions can also give much information about the fission
mechanism, allowing the study of the dynamical process leading to nuclear fission [4, 5].
The different processes by which fission takes place can result in different masses of the
fragments produced. Theoretically, the fission process has been successfully described by
the statistical scission model (SSM) [6–8], which takes into account the collective effects of
nuclear deformation during fission through a liquid-drop model, and includes single-particle
effects through microscopic shell-model corrections. The microscopic corrections create
valleys in the space of elongation and mass number, each valley corresponding to one different
fission mode [8]. The fission cross section results from the incoherent sum of the contributions
of each channel, σi(A,Z), which are usually written in the form

σi(A,Z) = Ki√
2π�i

exp

[
− (A − Ai)

2

2�2
i

]
σ(Z), (1)

where Ki is the intensity of the ith channel, the parameter Ai is the position of the most probable
mass for the fission fragments and �i is the width of the mass distribution according to SSM.

For the charge distribution, σ(Z), many authors utilize the approach of a uniform-charge
distribution (UCD), where it is assumed that the charge density of the fragments is the same as
that for the fissioning nucleus. However, it has been shown [9] that for actinides the fragment
charge distribution is better described by a Gaussian function

σ(Z) = 1√
2π�Z

exp

[
− (Z − Z0)

2

2�2
Z

]
, (2)

where �Z is the width of the charge distribution and Z0 is the most probable charge.
Combining this Gaussian distribution for the atomic number with the mass number

distributions according to the multimode model one gets the yield of fragments produced
in intermediate- and high-energy fissions of actinides [10, 11]:
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where the summation runs over the asymmetric modes. The parameters for the symmetric
mode are KS, AS and �S, while K

H(L)
i , A

H(L)
i and �

H(L)
i are the parameters for the heavy

(light) fragment produced in the asymmetric mode i. For the atomic number distribution the
parametrization used is [9]

Z0 = μ1 + μ2A (4)

for the most probable atomic number of the fragment, and

�Z = ν1 + ν2A (5)

for the width of the atomic number distribution. μ1, μ2, ν1 and ν2 are the fitting parameters.
The dependence of distributions on the atomic number will not be relevant in the following
discussion.

Yield, position and width parameters for each mode in equation (3) and μ1, μ2, ν1 and ν2

in (4) and (5) are usually considered free parameters for the fitting procedure. This method
has been used for describing spontaneous fission [12], low-energy induced fission [13–15],
fission induced by thermal neutrons [16–18] and 12 MeV protons [19], and even for fission
induced by intermediate-energy probes such as 190 MeV protons [20], neutrons at energies
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up to 200 MeV [21], and also by heavy-ions [22, 23]. More recently, it has been applied for
describing 238U fission induced by photons from bremsstrahlung [10] with end-point energies
of 50 and 3500 MeV, and fission induced by 660 MeV protons on 241Am and 237Np [11]. The
results obtained have shown that for most of the actinide nuclei three modes are needed for
explaining the existing experimental data, namely the symmetric (superlong, SL) mode, and
two asymmetric modes, the standard I (S1) and the standard II (S2). For some nuclei, however,
additional modes have to be included [4]. In many works, the parameters for the asymmetric
modes for heavy and light fragments are not considered independent, usually being related
through the equations �L

i = �H
i , KL

i = KH
i and AL

i = 2AS − AH
i .

With the advent of new experimental facilities, such as the Fragment Separator (FRS)
at GSI, the fission-fragment mass distributions can be measured with great accuracy, and
fragments coming from different processes, such as spallation or fragmentation, can be
separated experimentally. A systematic study of the values obtained for the parameters in
formula (3) by fitting to experimental data for spontaneous or low-energy fission of several
nuclei was performed by Böckstiegel et al [15], showing that those parameters can be described
by smooth functions of the fissioning nucleus mass number. In this work, a new method for the
analysis of fragment mass distributions from fission induced by intermediate- and high-energy
probes is developed. The main feature of this method is that it takes into account the fissioning
nucleus distributions that are generated in intermediate- or high-energy nuclear reactions.

The paper is organized as follows: section 2 shows a discussion of the effects of the
fissioning system distributions on the fragment mass distributions calculated in the multimodal
approach; section 3 describes a Monte Carlo method used for obtaining fissioning system
distributions, where intranuclear cascade and evaporation processes are considered; section 4
describes two different calculations where the new methodology is applied with two sets of
parameters for the multimodal calculations; in section 5 the method is used to describe the
mass distribution of fission fragments produced in the fission of 208Pb induced by 500 MeV
and in section 6 the conclusions are presented.

2. The problem of the fissioning nucleus

Whereas, for spontaneous or low-energy fission the parameter AS in (3) may be correctly
substituted by Ao/2, with Ao being the mass number of the target nucleus, for the fission
induced by intermediate- or high-energy probes this substitution cannot be done, and AS is
then a free parameter in the fitting procedure, which is associated with the mass number of the
fissioning nucleus, Af. This mass number, however, depends on the probe used, its incident
energy and the properties of the target nucleus. Moreover, it is rather a mass distribution (see
figure 1), not a fixed value. The parameter AS must be, indeed, interpreted as the mean value
for the mass of the symmetric fission fragment.

At intermediate and high energies, the values for the position and width for each fission
mode, as obtained by direct fitting of the expression of the type shown by equation (3), may
be altered because of the fissioning nuclei mass and atomic number distributions [24, 25].
The effects of the Af-distribution on the parameters describing the multimode fission have
already been observed in 1 GeV/nucleon 238U on deuterium reaction [24], and may also have
effects on the results obtained by intermediate-energy photon and proton reactions [10, 11].
Therefore, at intermediate and high energies, the fragment mass distributions are folded into
the fissioning system mass distributions. A more realistic calculation of fission-fragment mass
distribution must take into account the broad mass distributions of the fissioning nuclei. As
it will be shown in the following, these distributions not only affect the calculated fragment
mass distributions, but also are dependent on the probe used and on its incident energy.
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Figure 1. Mass distribution of the fissioning nucleus in reactions induced by 660 MeV protons on
241Am (a) and 237Np (b) target nuclei and in the fission of 238U induced by bremsstrahlung with
end-point energies of 50 MeV (c) and 3500 MeV (d) as obtained by the CRISP code.

It is possible to unfold the contributions due to fission modes and to fissioning nuclei
distribution in the fragment mass distribution by using Monte Carlo methods and to obtain
values for the multimode parameters corresponding to each fission mode by taking into account
the Af-distributions. CRISP is a Monte Carlo code for simulating nuclear reactions [26] that
uses a two-step process. First, an intranuclear cascade is simulated following a time-ordered
sequence of collisions in a many-body system [27, 28], and when the intranuclear cascade is
finished the evaporation of nucleons and alpha particles starts in competition with fission [29].

In the simulation, reactions can be initiated by intermediate- and high-energy protons [28]
or photons [30–32]. It has been extended to energies up to 3.5 GeV [33], and it was shown
that the CRISP code can give good results for total photonuclear absorption cross sections
from approximately 50 MeV, where the quasi-deuteron absorption mechanism is dominant,
up to 3.5 GeV, where the so-called photon-hadronization mechanism is dominant, leading to
a shadowing effect in the cross section [33]. One important feature in the simulation of the
intranuclear cascade is the Pauli blocking mechanism, which avoids violation of the Pauli
principle. In CRISP, a strict verification of this principle is performed at each step of the
cascade, resulting in a more realistic simulation of the process. The advantages of such an
approach have been discussed elsewhere (see [26] and references therein).
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Table 1. Values for some of the relevant parameters in the multimode formula for the fission-
fragment mass distributions. The low-energy parameters are those obtained from the systematic
study for spontaneous and low-energy fission [15] (here the errors are estimated range), those for
241Am and 237Np are results of fittings for 660 MeV protons [11], and the parameters for uranium
are those obtained from fittings to data of fission induced by bremsstrahlung photons with end-point
energies of 50 and 3500 MeV [10].

Low 238U 238U
Parameter energy 241Am 237Np (50 MeV) (3500 MeV)

�S 10.0 ± 2 15.0 ± 0.9 13.7 ± 1.0 12.0 ± 0.48 12.0 ± 0.48
AH

1 135.0 ± 1 133.5 ± 0.72 133.0 ± 0.98 133.32 ± 1.03 133.32 ± 1.03
�H

1 3.75 ± 2 4.2 ± 0.5 4.5 ± 0.4 3.54 ± 0.4 3.54 ± 0.4
AH

2 141.0 ± 2 139.0 ± 1.17 138.0 ± 1.03 137.5 ± 1.41 137.5 ± 1.41
�H

2 5.0 ± 1 7.0 ± 0.5 6.5 ± 0.6 6.0 ± 0.21 6.0 ± 0.21

Type 1 Calculation
KS(mb) – 2970.0 ± 20.5 2590.0 ± 23.3 23.75 ± 0.7 23.75 ± 0.7
K1(mb) – 45.8 ± 0.2 49.0 ± 0.3 7.5 ± 0.04 7.5 ± 0.04
K2(mb) – 220.5 ± 1.5 252.0 ± 1.3 140.0 ± 7.2 140.0 ± 7.2

In the evaporation/fission competition that follows intranuclear cascade, Weisskopf’s
model is adopted for calculating the branching ratios of the evaporating channels, which
includes evaporation of neutrons, protons and alpha particles [29, 31, 32] and the Bohr–
Wheeler model is adopted for fission. The code has provided photofission cross sections
in good agreement with experimental data [26]. The CRISP code has already been used
for evaluating mass distributions of fragments for fission induced by photons at intermediate
energies [25], and to calculate spallation yields and neutron multiplicities for reactions induced
by high-energy protons [34], giving results in good agreement with experimental data. Also,
the code has already been used in the studies of the ADS (accelerator driving system) nuclear
reactors [34–37].

This work reports on a study of the characteristics of the different fission modes, as
observed through the fission-fragment mass distributions, applying the multimode fission
approach to individual fissioning nuclei. Effects of fissioning nucleus mass number and
atomic number distributions are included in the Monte Carlo simulations with the CRISP
code, and the widths and peak positions for each fission mode are those obtained from the
systematic analysis of low-energy fission (first column in the upper table 1). Thus, no free
parameters are used here, the results being dependent only on the fissioning system formed
at the end of the reaction simulated through the intranuclear cascade and evaporation/fission
competition, and on the parameters of the multimode description of the fission process. It
is considered the possibility for fission through the three most important modes, namely
superlong, standard I and standard II.

3. Monte Carlo simulations with the CRISP code

As mentioned before, CRISP simulation is performed in a two-step framework: intranuclear
cascade and evaporation/fission competition. To simulate intermediate- and high-energy
reactions, due to computational reasons, it is usually better to simulate a number Nc of
cascades, recording all relevant information about the residual nuclei, which are kept in a file
as triplets containing mass number, AR, atomic number, ZR, and excitation energy, ER, formed
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at the end of the intranuclear cascade. Afterward, the values AR, ZR and ER in the triplets
are used as input to perform the evaporation/fission competition process. A number Nef of
simulations are performed for each residual nucleus obtained at the end of the intranuclear
cascade, so that at the completion of the simulation one has a total of Nt = Nc Nef simulated
events for the evaporation/fission process.

The present analysis focuses on the results obtained with 660 MeV protons on 241Am and
237Np target nuclei, and on bremsstrahlung with end-point energies of 50 MeV and 3500 MeV
on 238U. The number of intranuclear cascade events was Nc = 3000, and the number of
evaporation/fission simulations for each residual nucleus was Nef = 2500, so that the total
number of simulated processes was Nt = 7.5 × 106 events. For bremsstrahlung photons on
238U the energy, ω, was sorted according to a distribution B(ω) = C/ω (C is a normalization
constant). Although all nuclei studied show high fissility values, not all simulated events end
at the fission process, and some of them generate spallation products.

Whenever the fission channel is chosen, the masses and atomic numbers of the heavy
fragments produced, AH and ZH, respectively, are sorted according to a probability distribution
given by

p(A,Z) =
{∑

i

pi√
2π�i

exp

[
− (A − Ai)

2

2�2
i

]}
1√

2π�Z

exp

[
− (Z − Z0)

2

2�2
Z

]
, (6)

where pi is the probability that fission occurs through the ith mode which is related to the
intensities Ki by the relation

pi = Ki∑
i Ki

, (7)

the index i = S, 1, 2 corresponding to the modes SL, S1 and S2, respectively. The light
fragments are obtained according to AL = Af − AH and ZL = Z0 − ZH. The Z dependence
of the probability is explicitly shown in (6) for the sake of completeness only, since it will not
be relevant in the results presented in this work.

It is important to stress that the evaporation process has as input the distribution of nuclei
obtained at the end of the intranuclear cascade; therefore, the fissioning nucleus may be
different from the cascade residual nucleus because some neutrons, protons and/or alpha-
particles are allowed to evaporate before fission takes place. The mass distributions of the
fissioning nucleus are shown in figure 1. For both target nuclei, the distributions are wide and
asymmetric, and of course the related distributions for AS, which is a relevant parameter in
equation (6), show the same shape. In many works, these distributions are not considered, and
AS is used as a free parameter. This kind of substitution has effects on the values obtained
for the other free parameters used for fitting formula (3) to experimental data, such as the
peak position and width of the Gaussian distributions representing each channel, as discussed
above.

In the systematic study carried out by Böckstiegel et al [15], for spontaneous fission and
low-energy reactions, the fissioning nuclei can be considered identical to the initial (or target)
nuclei, and thus the problem due to fissioning nuclei properties does not arise. On the other
hand, fittings to fission data obtained for high energies lead to values of the parameters that
deviate from the systematics at low-energy fission. Based on this systematics for low-energy
or spontaneous fission, one obtains the estimated values for the relevant parameters in (6),
which are shown in table 1 (upper part), and compares them to the corresponding values
obtained by fittings of high-energy fission data. One can see that for high-energy reactions the
width obtained for the symmetric channel is systematically higher than those obtained with
low energy or spontaneous fission data, and the position for the peak in the asymmetric fission
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Figure 2. Fragment mass distribution for fission induced by 660 MeV protons on 241Am (a) and
237Np (b) targets using values from Karapetyan et al [11] (· · · · · ·) for the parameters corresponding
to the three fission modes considered in this work and as calculated with the CRISP code (——)
by using the fissioning nucleus mass distribution and keeping all other parameters in the mass
distribution formula equal to those found by Karapetyan et al. The open symbols (©) represent
the experimental data [11].

masses is shifted down with respect to the systematic values. This is an evidence of the effect
of fissioning system distributions on the values obtained in the multimode analysis.

Using the CRISP code it is possible to separate the effects of the fission-channel width and
those of the mass distribution of the fissioning nucleus because the fission process is considered
for each individual fissioning nucleus. Note that in expression (6) the symmetric fragment
mass, AS, is no more a free parameter, but it is completely determined by simulations with the
CRISP code till the fission point. The effects of using the fissioning system distribution instead
of the free parameter AS can be observed in figure 2, where the two methods are compared.
Here, the results obtained by Karapetyan et al [11] are plotted along with the simulation with
the CRISP code, where the values for yields, peak positions and widths used are the same as
those used in [11].

It is possible to observe that the simulated results are shifted to lower masses with respect
to the calculated ones. Besides, the simulated width is somewhat larger due to the mass
distribution of the fissioning nucleus, and some structures observed in the calculated curve,
due to the different mode contributions, are smoothed in the simulation results, again due to
the initial distribution of mass numbers. This result corroborates the conclusion obtained in
[24] about the effects of the distribution of fissioning systems on the analysis of the fission
channel when intermediate- and high-energy probes are used to induce fission in the target
nucleus.

Note that the mass dependence on the multimode parameters is not considered here, and
that the shift observed is due to the fact that the distributions presented in figure 1 are not
symmetric. The effects of the fissioning nuclei distributions will be more relevant when the
dependence of the multimode parameters on the mass of the fissioning nucleus is included, as
shown below.

4. Multimode parameters

In the following, the methodology outlined above is used to study the fission process at high
excitation energies. It is interesting to investigate fission induced by photons and by protons,
since these probes lead to the formation of different fissioning systems. In fact, comparing the
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Figure 3. Excitation energy distributions of the fissioning nuclei obtained with the CRISP code
for different fission reactions of heavy nuclei as indicated.

mass distribution of the fissioning nuclei for reactions induced by photons from bremsstrahlung
with end-point energies of 50 MeV and 3500 MeV shown in figures 1(c) and (d) with those
for reactions induced by 660 MeV protons shown in figure 1 it is possible to observe that the
Af distributions obtained with these probes are very different.

For the determination of the fission fragment masses it will be necessary to attribute
values for the parameters used in the multimode approach, which is not a trivial problem. As
observed in figure 1, the mass number of fissioning nuclei varies over a broad range, and the
multimode parameters that appear in equation (6) are not determined for all of them. Also,
as shown in figure 3, the excitation energies of the fissioning nuclei are in many cases around
hundreds of MeV, and the parameters are not determined at these energies.

It was believed that at low energies fission should be predominantly asymmetric, while at
high energies the symmetric mode should be dominant because at these energies the effects
due to nuclear structure would be washed out. However, Siegler et al [38] showed that there is
an important contribution of the symmetric mode even at energies around 5 MeV. Therefore,
the calculation has to include contributions from the symmetric and asymmetric modes with
corresponding intensities depending on the fissioning nucleus mass. In this work, two different
calculations were carried out. One calculation (type 1) was performed by using for KS, K1 and
K2 the values found by Demekhina et al and Karapetyan et al [10, 11], which are presented
in table 1 (lower part) to calculate the corresponding probabilities through equation (7), while
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Figure 4. Fragment mass distribution for fission induced by 660 MeV protons on 241Am (a) and
237Np (b) targets considering calculation type 1 (——) using the values for KS, K1 and K2 presented
in table 1 (lower part). Best fit found in [11] is represented by the dotted line (· · · · · ·). All results
are compared with experimental data (©) [11].

A
80 100 120 140 160

(A
),

 m
b

σ

-110

1

10

210

Type 1

Type 2

Demekhina fitting

Experimental

(a)
A

80 100 120 140 160

(A
),

 m
b

σ

-110

1

10

210

Type 1

Type 2

Demekhina fitting

Experimental

(b)

Figure 5. Fragment mass distribution for fission of 238U induced by bremsstrahlung of 50 MeV
(a) and 3500 MeV (b) end-point energies considering calculation type 1 (——) using the values
for KS, K1 and K2 presented in table 1 (lower part) and type 2 (- - - -) performed considering the
probabilities p(S,1,2) as Gaussian functions of the fissioning nucleus mass number. The dotted line
(· · · · · ·) represents the best fit of the formula (3) as done by Demekhina et al [10] and open circles
(©) are their experimental results.

keeping all other parameters unchanged. The second calculation (type 2) was performed
considering the probabilities p(S,1,2) as Gaussian functions of the fissioning nucleus mass
number, which are obtained by fitting the systematic values from Böckstiegel et al [15] and
using linear extrapolation to lower masses (A < 220). Again all other parameters are kept
unchanged.

In figures 4 and 5 the results obtained are compared to experimental data and to the
fitted distributions from [10, 11]. Type 1 and type 2 calculations are quite different from the
calculations performed in [10, 11]. These results show that the effects of the fissioning nucleus
mass distributions are significant, and that it must be included in a realistic calculation.

The comparison with the experimental data shows that the calculations correctly describe
the position and width of the fragment mass distributions. More accurate data for heavy
nuclei fission induced by energetic probes would be useful for extracting information about
the fission process.
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Figure 6. (a) Mass distribution of the fissioning nucleus in reactions induced by 500 MeV protons
on the 208Pb target nucleus as obtained by the CRISP code. (b) Fragment mass distribution for
fission induced by 500 MeV protons on 208Pb as simulated by CRISP (——circle). Experimental
data are from GSI [39] (©).

5. Application of the method to 208Pb fission induced by 500 MeV protons

Precise measurements of fragment mass distributions were obtained for fission induced by
high-energy protons at GSI [39]. Here, the newly introduced method will be used to describe
the experimental results obtained for the reaction p (500 MeV) + 208Pb.

The fissioning nucleus mass distribution is shown in figure 6(a), and it is possible to
observe a broad mass distribution around A ∼ 198. This distribution shows that the method
outlined above is necessary for a correct description of the fragment mass distribution.

Unfortunately, there is not any systematic study of the multimodal parameters in the mass
region of interest in this case. To obtain those parameters, we used a linear extrapolation of
the data from the systematics for KS for masses below A = 220, and used the Gaussian fits
from calculation type 2 for K1 and K2.

For heavy fragment distributions the peak for the asymmetric modes are calculated by

AH
1 = a1Af + a2 (8a)

AH
2 = a3Af + a4, (8b)

while the width for each mode is assumed to be constant, with

�S = a5 (9a)
�H

1 = a6 (9b)
�H

2 = a7. (9c)

The linear behavior for peak position and width is in agreement with the behavior of the
parameters for the low-energy fission [15]. In table 2, the best values obtained are presented,
and in figure 6(b) the fission fragment mass distribution calculated according to the method
developed in this work is plotted and compared with experimental data.

The results presented in figure 6(b) show a fair agreement between calculation and
experiment. The calculated distribution reproduces the shape of the experimental distribution
remarkably well, but there is a shift of 9.82±0.05 mass units of the overall distribution toward
the high mass region. This shift could be corrected by including the emission of prompt
neutrons during the fission process and including the evaporation of nucleons and clusters
from the fission fragments.
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Table 2. Values of the relevant parameters found for the best agreement between simulated and
experimental data for the fission of 208Pb induced by 500 MeV protons. Errors indicated represent
the superior limit for uncertainties.

Parameter Value

a1 0.01 ± 0.05
a2 121.68 ± 0.05
a3 0.23 ± 0.05
a4 125.66 ± 0.05
a5 14.93 ± 0.05
a6 3.97 ± 0.05
a7 5.21 ± 0.05

6. Conclusions

In this work, a Monte Carlo calculation method has been used for simulating the fission process
in reactions of 660 MeV protons on 241Am and 237Np, 500 MeV protons on 208Pb and for
bremsstrahlung with end-point energies of 50 and 3500 MeV on 238U. First, it was observed
that these reactions result in fissioning nuclei of very different masses. Also it was shown that
the mass distribution of the fissioning system has evident effects on calculated fragment mass
distributions.

The fission fragment masses were obtained according to the multimode approach based
on the statistical scission model, with three different assumptions for the relevant parameters,
namely the symmetric mode dominance, fixed probabilities for each mode and probabilities
dependent on the mass numbers of the fissioning nuclei. The mass dependence of the fission
mode probabilities was determined by fitting Gaussian functions to the low-energy systematics
for the parameters used in the multimode approach. None of the parameters was determined
by fitting mass distributions.

The results show that fissioning nucleus distributions are relevant for intermediate- and
high-energy induced fissions, and one needs to take them into account in the calculation of
fragment mass distributions.

Applying the method introduced here to analyze the p(500 MeV) + 208Pb fission data,
fair agreement is obtained between calculation and experiment. The result can be improved if
prompt neutron emission and/or fragment de-excitation via nuclear evaporation are included.
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