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A mathematical model to calculate the build-up of residual stresses during quenching of carbon (AISI
1045) and low-alloy (AISI 4140 and 4340) cylindrical steel bars is proposed. The model is implemented as
a combination of the commercial software AC3®, to simulate the microstructure evolution, and Abaqus®,
to model the heat transfer and the elastic, plastic, thermal, and phase transformation strains/stresses by
the finite element method. All steel properties required in the model are calculated as an average of the
properties of individual microconstituents (austenite, pearlite, bainite, or martensite) weighted by their
local volume fractions, enabling the model application to any type of carbon or low-alloy steel. To thor-
oughly verify the simulation results, experimental measurements were carried out in cylindrical bars
quenched in stirred water and these measurements were compared with model results. The heat transfer
coefficient between the bar and the water was calculated by an inverse solution technique, resulting in
the constant value of 7 200 W m–2 K–1 for the whole quenching period. For the low-alloy steels, measured
and calculated volume fractions of martensite in the bar cross sections are in very good agreement, but
for the carbon steel, large discrepancies are observed in the fractions of most constituents. Tangential
and axial residual stresses were measured on the lateral surface of the quenched bars using the X-ray dif-
fraction method. These stresses, which are compressive, agree well with those calculated by the present
model, showing discrepancies generally lower than 10%.
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1. Introduction
Quenching of steels from a relatively high temperature to

change their microstructures from austenite to martensite is
an important step in industrial heat treating processes. The
relatively high heat extraction rates during quenching estab-
lish a significant temperature gradient within the steel, giv-
ing rise to heterogeneous thermal and phase transformation
deformations. These heterogeneous deformations are a
source of internal stresses that cause quenching cracks,
residual stresses, and distortions at room temperature, which
are frequently detrimental to steel properties.1,2)

Mathematical models have been proposed to help under-
stand and control the formation of these defects. These mod-
els, generally implemented by combining user subroutines
and commercial software packages (Marc®, Abaqus®,
Ansys®, Dante®, or Lusas® 3–5)), usually suffer from limita-
tions. For example, although the expansion from austenite
to martensite plays a significant role in the formation of the
residual stresses, Hamouda et al.6) and Toparli et al.7)

neglected this phase transformation and the accompanying
strains. Heming et al.,8) Carlone and Palazzo,9) and Wang et

al.,10) however, modeled the phase transformations, but not
the resulting strains.

Another type of limitation is the use of inaccurate input
data or its incomplete description. Although Şimşir and
Gür,11) Ehlers et al.,12) and Ferguson and Freborg13) com-
pared their calculated and measured residual stresses, show-
ing agreements ranging from reasonable to good, they have
not described all properties used in the simulations. Ehlers
et al.,12) Jahanian and Mosleh,14) Ferguson and Freborg,13)

Huiping et al.,15) and Şimşir and Gür11) adopted a quenching
heat transfer coefficient, but did not verify whether the cal-
culated and measured cooling curves agreed, despite its
importance to predict thermal and residual stresses. Lee and
Lee,16) on the other hand, obtained the heat transfer coeffi-
cient from an inverse solution of the heat conduction equa-
tion using their own cooling curves measured within asym-
metrically cut cylinders of a low-alloy AISI 5120 steel. The
calculated residual stresses, though, were not compared with
experimental measurements. Inoue et al.17) proposed one of
the first comprehensive models of quenching and tempering
of steels, considering strains caused by plastic flow, thermal
stresses, and phase transformations. Calculated and mea-
sured cooling curves and residual stresses for cylindrical
steel bars were compared, showing good agreement, but a
quantitative comparison between calculated and measured
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fractions of microconstituents was not carried out. All steel
properties were assumed independent of temperature and
the boundary conditions for the heat transfer model were not
given, although calculated and measured cooling curves
agreed well. Later, Liu et al.18) included the effects of trans-
formation plasticity and the strains caused by the diffusion
of carbon and nitrogen into the model, calculating the resid-
ual stresses formed during carburizing, carbonitriding, and
quenching of steels. Oliveira et al.19) have also implemented
a comprehensive model to predict the residual stresses
formed during quenching of steel cylinders. Calculated and
measured cooling curves and volume fractions of constitu-
ents were in very good agreement, but the calculated resid-
ual stresses were not compared with measurements.

The main objective of the present work is to propose and
thoroughly validate a model to simulate the formation of
residual stresses in carbon and low-alloy steel bars during
quenching in agitated water. Heat transfer, microstructure
formation, elastic, thermal, plastic, and phase transforma-
tion deformations are considered in the model. To evaluate
each modeling step, careful experimental measurements are
also carried out for three types of steel grades, namely, AISI
1045, 4140, and 4340, displaying respectively the following
microstructures after quenching: (1) a mixture of martensite,
bainite, and pearlite; (2) a mixture of martensite and bainite
and; (3) only martensite. Different parts of the model were
verified by comparing calculated and measured cooling
curves, volume fractions of constituents, and residual stresses.

2. Mathematical Modeling and Simulations
A model to predict the residual stress formation in cylin-

drical carbon and low alloy steel bars during quenching in
agitated water was constructed. Two software packages
were used, namely, Abaqus® and AC3®, to model the fol-
lowing important coupled phenomena: (a) the heat transfer
within the bar and between the bar and the quenching water;
(b) the microstructure evolution from austenite; (c) the ther-
mal strain originated from temperature variations; (d) the
elastic strain; (e) the strain caused by phase transformations;
and (f) the plastic strain. Although Inoue and Arimoto,20)

Inoue et al.,21,22) and Denis23) emphasized the importance of
transformation plasticity to the formation of residual stress-
es during quenching of steels, this effect was not included
in the present model as a first approximation towards the
development of a more elaborate model. The AC3® software
was used to calculate the evolution of the fraction of all
microconstituents in any point inside the cylinder as a func-
tion of time for the cooling conditions observed in the
experiments described in section 3. These results were trans-
ferred to Abaqus®, which was responsible for the simula-
tions of heat transfer and deformations, calculating strains
and associated stresses. All steel properties required in
Abaqus® were calculated using the properties of the individ-
ual microconstituents, namely, austenite, pearlite, bainite,
and martensite, weighted by their volume fractions calculat-
ed with AC3®. Therefore, the model can be used to simulate
the formation of residual stresses in any type of carbon or
low-alloy steel after modeling its microstructure evolution.
This is an important feature of the present model, which is
described in detail in the next sections.

2.1. Modeling Microstructure Evolution
When steel bars with fully austenitic microstructure at

elevated temperatures are immersed into water for quench-
ing, heat is transferred to the water giving rise to tempera-
ture gradients in the radial and axial directions within the
bar. As the bar cools, the austenite decomposes into differ-
ent microconstituents of different densities, causing phase
transformation strains and related stresses. The microstruc-

ture evolution within the bar was modeled by the commer-
cial software AC3®, which was specially developed to solve
problems of coupled heat transfer and phase transforma-
tion.24) For the case of cylindrical bars, it first solves the heat
conduction equation considering only radial heat transfer
(axial heat transfer is neglected) to obtain the cooling curves
at several radial positions in the steel bar. These cooling
curves are then superimposed on a continuous-cooling-
transformation (CCT) diagram for the specified steel
composition to predict the volume fractions of all microcon-
stituents, namely austenite, pearlite, bainite, and martensite
as a function of temperature or time during quenching. The
CCT diagram is calculated by the software applying Scheil’s
additivity rule25,26) to the time-temperature-transformation
(TTT) diagram available for the steel.

The heat conduction equation was solved within the bar
with AC3® assuming only radial heat flux and considering
the following boundary condition at the cylindrical bar sur-
face

.......................... (1)

where k is the thermal conductivity of the steel; T is the tem-
perature field in the steel bar; r is the radial position of a
cylindrical coordinate system fixed at the bar axis; h is the
heat transfer coefficient between the bar surface and the
quenching water; and Tw is the bulk water temperature
(24°C). The heat transfer coefficient inserted into AC3® for
the simulations was experimentally obtained, as described in
section 3.

Given the composition of the three types of steels, the
software AC3® automatically calculates the CCT diagram
and selects the thermophysical properties from a large data
basis of more than 150 types of carbon and low-alloy steels.
The graphic output of the simulations was converted into a
table of volume fractions of microconstituents (austenite,
pearlite, bainite, and martensite) as a function of time or
temperature during the quenching process. This microstruc-
ture evolution was calculated at 20 equally spaced radial
positions from the bar center to surface. A computer pro-
gram routine was written using the Java language and some
graphical interface libraries to collect and transfer these
tables to Abaqus® for simulations of heat transfer, deforma-
tions, and stress build-up.

2.2. Modeling Residual Stresses
Modeling residual stresses during quenching requires

knowledge of the time evolution of the temperature field
and microstructure to calculate all types of strains and
stresses. These phenomena were modeled within the cylin-
drical bars using the commercial software Abaqus® (version
6.9), which is a nonlinear elastic-plastic, thermal-mechanical
coupled, finite element computer software capable of
numerically solving the coupled governing equations. A
two-dimensional axisymmetric domain coincident with half
of the longitudinal section of the bars (Fig. 1) was adopted.
A one-dimensional model in the radial direction could also
be used, but this would not give information about maxi-
mum residual stresses developed along the axial direction or
stresses at the bar ends, which are frequently responsible for
the initiation and propagation of quenching cracks.

Abaqus® was used to simulate the transient heat transfer,
deformations, and stresses within the cylindrical steel bars
during water quenching. To account for the volumetric
changes due to phase transformation, the volume fractions
calculated with AC3® as a function of temperature at differ-
ent positions within the steel bars were transferred in tabular
form to Abaqus®. This microstructure evolution was also
necessary to obtain the local steel properties, such as a ther-
mal conductivity, by averaging over the individual properties
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of microconstituents weighted by their volume fractions.
Note that, although the temperature field was calculated
with AC3® to simulate the microstructure evolution, it was
also calculated with Abaqus® by numerically solving the
energy conservation equation, described below

.... (2)

where t is time; ρ, Cp, and k are the steel density, specific
heat, and thermal conductivity, respectively; Li is the volu-
metric latent heat of phase transformation from austenite to
microconstituent i (Table 1), which in the present work can
be pearlite, bainite, or martensite; and fi is the volume frac-
tion of the microconstituent, obtained from AC3®. The sum-
mation on the right-hand side of Eq. (2) represents the total
latent heat released during quenching as a result of phase
transformations. The thermal conductivity, k, and specific
heat, Cp, were calculated as averages of the corresponding
properties of all microconstituents within each finite ele-
ment, weighted by their volume fractions in the element.
The thermal conductivities and specific heats of austenite,
martensite, and bainite are given in Table 2. The volume
fractions of these constituents for a specific location and
temperature within the bar were interpolated in Abaqus®

from the volume fractions calculated with AC3® at different
radial positions.

The heat transfer boundary condition at the bar surface
was

........... (3)

where q is the heat flux out of the bar; n is the direction nor-
mal to each part of the whole bar surface; σ is the Stefan-
Boltzmann constant; and ε is the emissivity of the oxidized
steel surface (ε = 0.76). Note that, in this equation, the heat
flux by convection and radiation to the quenching water is
accounted for. The same heat transfer coefficient used in the
heat transfer simulations with AC3® was used in Abaqus®

(see section 3). The initial condition was a uniform temper-
ature field of 850°C inside the bar.

The elastic and inelastic deformations arising within the
steel bars during quenching were simulated with Abaqus®

using a fully coupled thermal-stress model. The heat transfer
model described previously was coupled to a deformation
model considering elastic, thermal, plastic, and phase trans-
formation strains. The elastic strains were modeled using
isotropic linear elasticity. The thermal strains were modeled
using a linear expansion coefficient calculated as an average
of the individual values for each microconstituent, weighted
by their volume fractions. For austenite, martensite and
bainite, they were 2.1×10–5, 1.3×10–5, and 1.4×10–5 °C–1,
respectively.27) The Young modulus and Poisson coefficient
adopted in the elastic strain simulations were temperature
dependent and were also weighted averages of the individ-
ual microconstituent properties given in Table 3.

The plastic strains were simulated using the plasticity
model for metals available in Abaqus®. A rate-independent
model with isotropic hardening and von Mises yield criteri-
on (isotropic yielding) was adopted in all simulations. All
stress-strain curves input into Abaqus® for simulations con-
sisted of two straight lines connected at the yield strength:
one to represent the elastic regime and the other, connected
to the end of the first line, to represent the plastic regime.
In the elastic regime, the slope up to the yield strength is
given in Table 3 (Young modulus), whereas in the plastic
regime, the second line connected the yield strength to the
tensile strength. Both strength limits were temperature
dependent and were calculated as an average of the limits
for each microconstituent. These limits are given in the
equations of Table 4 and were published by Bhadeshia,28)

Schröder,29) and Pietzsch.30) Similar data have been pub-
lished by other authors, but were inconsistent,31–34) leading
to erroneous calculated residual stresses, or were not related
to any specific microconstituent.34–36) An examination of
Table 4 shows that the yield and tensile strengths decrease
with an increasing temperature. As temperature increases,
there is more thermal energy to help dislocations overcome
obstacles to their movement across the atomic lattice,
decreasing the strength limits.37)

The strain due to the transformation of austenite into mar-
tensite, bainite, or pearlite was also considered by adding the

term  to the average linear expansion coeffi-

cient, where  and αvi are respectively the linear
dilatation coefficient17,21,22) and the relative volumetric

Fig. 1. Schematic drawing of the simulation domain and the
numerical mesh of 0.3125 × 0.30 mm elements for the steel
bars of 0.0254 m diameter and 0.1 m length immersed in
water and exchanging heat by a flux q during quenching.
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Table 1. Volumetric latent heat and relative volume expansion
(αvi) during phase transformations from austenite into
bainite, pearlite, or martensite.16,38)

Transformation Latent heat (J/m3) αvi (%)

Austenite → Bainite 5.12×108 4.07

Austenite → Pearlite 5.26×108 3.75

Austenite → Martensite 3.14×108 4.43

Table 2. Thermal conductivity and specific heat of austenite, mar-
tensite, bainite, and pearlite as a function of temperature
(°C).28–30)

Constituent Thermal conductivity (W/m °C) Heat capacity (J/kg °C)

Austenite –6×10–9T3 + 9×10–6T2 +
8×10–3T + 15

–4×10–8T3 + 4×10–5T2 +
9×10–2T + 532

Martensite –1×10–6T2 – 2×10–2T + 43 6×10–8T3 – 8×10–5T2 +
0.3T + 484

Bainite or
Pearlite

–1×10–9T3 – 2×106T2 –
2×10–2T + 49

5×10–8T3 – 8×10–5T2 +
0.3T + 484
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expansion38) (Table 1) of microconstituent i (pearlite, bainite,
or martensite), and  is the change in volume fraction of
this microconstituent per unit temperature variation,
obtained from the microstructure evolution model. To define
the boundary condition for the strain-stress simulations, the
whole quenched bar surface was assumed free from forces
or stresses.

To carry out all the numerical simulations, a two dimen-
sional axisymmetric model in cylindrical coordinates was
used in Abaqus® (Fig. 1). The rectangular domain of the
model was discretized by a mesh of CAX4T type elements
(axisymmetric quadrilateral with 4 nodes and bilinear in dis-
placement and temperature), containing 40 (r direction) ×
333 (z direction) = 13 320 elements connected by 13 694
nodes at the element corners. To define this mesh, a refining
test was conducted by comparing the calculated residual
stresses for increasingly more refined meshes. As shown in
section 5.3, the mesh with 13 320 elements provided a very
good compromise between computational time and mesh
independent results. The initial time step for the simulations
was 0.01 s, but it was automatically adjusted by Abaqus®

when necessary, changing in the range between 0.004 s and
0.1 s.

3. Quenching Experiments and Calculation of Heat
Transfer Coefficient

Experimental results were obtained to validate the model
described in section 2. Cylindrical bars of 0.0254 m diameter
and 0.1 m length made of the three types of steels, namely,
AISI 1045, 4140, and 4340 (Table 5) were first austenitized
at 850°C for 1 h and subsequently quenched by immersion
into a cylindrical tank (0.28 m diameter, 0.29 m depth) of
water at the temperature of 24°C. During quenching, the
bars were manually stirred by a continuous circular motion
at approximately 96 rotations per minute.

At least three quenching experiments were carried out for
each steel grade under the same conditions: one for micro-
structural characterization, one for residual stress measure-
ments, and the other for cooling curve measurements. In the

latter case, two cooling curves were measured by inserting
two type K (Chromel-Alumel) thermocouples at two differ-
ent locations within the steel bar (Fig. 2). The thermocouple
wires were insulated by compacted ceramic and sheathed by
a stainless steel tube of 1.5 mm external diameter. These
wires were connected to a data acquisition system that
included a personal computer to collect the thermocouple
signals at a rate of 10 s–1 and convert them into cooling
curves. Each pair of cooling curves measured in one exper-
iment was used to obtain, by an inverse solution technique,
the heat transfer coefficient (h) between the surface of the
steel bar and the quenching water. This coefficient was
adopted to describe the boundary conditions in all heat
transfer simulations with AC3® and Abaqus® (section 2).

The measured cooling curves were used to inversely
solve the heat conduction equation without the latent heat of
phase transformation, which is Eq. (2) without the last term
on the right-hand side. The latent heat was neglected during
the inverse solution, because the microstructure evolution
was still unknown at this step. During the final simulations
of residual stresses, however, the complete Eq. (2) including
the latent heat term was solved. The heat conduction equa-
tion was subject to the boundary condition given by Eq. (3),
in which the value of h was unknown. The inverse solution
technique consisted of a trial-and-error process in which dif-
ferent constant values of h were tested. For each value, the
cooling curves were calculated with Abaqus® at the same
position as those of the thermocouples and the total squared

Table 3. Young modulus and Poisson coefficient of austenite, mar-
tensite, bainite, and pearlite as function of temperature
(°C).28–30)

Constituent Young modulus (GPa) Poisson coefficient

Austenite –6×10–9T3 + 6×10–6T2 –
0.084T + 200

8×10–11T 3 – 7×10–8T2 +
7×10–5T + 0.29

Martensite –6×10–5T2 – 0.033T + 200 8×10–11T 3 – 9×10–8T2 +
7×10–5T + 0.28

Bainite 4×10–8T 3 – 3×10–5T 2 +
0.045T + 200

2×10–11T 3 – 3×10–8T2 +
6×10–5T + 0.28

Pearlite 2×10–8T 3 – 0.0001T2 +
0.016T + 200

2×10–11T 3 – 3×10–8T 2 +
6×10–5T + 0.28

Table 4. Yield and tensile strength of austenite, martensite, bainite,
and pearlite as a function of temperature, T (°C).28–30)

Constituent Yield strength (MPa) Tensile strength (MPa)

Austenite 31×10–8T3 – 43×10–5T2 +
0.05T + 299

3×10–7T3 – 42×10–5T2 –
44×10–3T + 373.7

Martensite –0.001T 2 – 0.1T + 1 000 –103T2 – 0.1T + 1 075

Bainite 10–9T 4 – 30×10–7T3 +
18×10–4T2 – 0.65T + 549

–9×10–7T3 + 8×10–4T 2 –
0.5T + 624

Pearlite –4×10–7T3 + 56×10–5T2 –
0.6T + 360

–4×10–7T 3 + 55×10–5T2 –
0.6T + 435

∂
∂
f

T
i

Table 5. Chemical composition of the AISI 1045, 4140, and 4340
steel bars.

Steel
Chemical Composition (%Mass)

C Cr S P Mn Mo Ni Si

AISI 1045 0.44 0.017 0.008 0.016 0.86 0.0007 0.0062 0.15

AISI 4140 0.39 1.01 0.025 0.018 0.87 0.17 0.12 0.17

AISI 4340 0.41 0.82 0.004 0.010 0.77 0.23 1.74 0.19

Fig. 2. Schematic drawing of the cylindrical steel bar and its longi-
tudinal section indicating the locations of the two sheathed
thermocouples inserted to measured the cooling curves dur-
ing quenching (dimensions are in mm).
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error (SE) was obtained between the measured and calculat-
ed cooling curves as follows:

.............. (4)

where TM and TC are the measured and calculated cooling
curves, respectively; i indicates either of the two thermocou-
ple positions; and N is the number of temperature measure-
ments made along the quenching time by the data acquisition
system for each thermocouple. The final adopted value of h,
representing the inverse solution, was one that gave the small-
est SE. Generally h is a function of time, but very good agree-
ment between calculated and measured cooling curves was
obtained using a simple constant value h = 7 200 W m–2 K–1,
adopted in all simulations, as discussed in section 5.1.

4. Characterization of Samples
The cross section of the quenched bars was ground, pol-

ished, and chemically etched to reveal its microstructure.
The section of the AISI 1045 carbon steel bar was etched
first with Nital 2% (2 ml of HNO3 and 98 ml of ethyl alco-
hol) for 10 s and subsequently with Vilella (0.5 ml of picric
acid, 2.5 ml of HCl, and 50 ml of C2H5OH) for 5 s. The AISI
4340 and 4140 low-alloy steels were etched with modified
Le Pera,39) consisting of one part of 1% sodium metabis-
sulfite (Na2S2O5) diluted in water and two parts of 4% picric
acid (C6H3N3O7) diluted in ethyl alcohol. In the micro-
graphs, the volume fractions of pearlite, bainite, and mar-
tensite at the surface and center of the bars were measured
by the point count method. Following this method, a square
mesh of 391 points was superimposed on the microstructure
and the fraction of points within the specific constituent was
manually counted according to the ASTM E562-02 stan-
dard.40) This fraction of points gives an estimate of the vol-
ume fraction of each constituent, which can be compared
with the results of the simulations.

The residual stresses formed in the middle length of the
bars during quenching were measured on a ~3 mm2 region
of the lateral cylindrical surface by the X-ray diffraction
method.41–43) In this method, the normal component (σφ) of
the residual stress vector acting on planes perpendicular to
the surface is calculated from measurements of the spacing
between atomic planes in the crystal lattice of the surface
grains. This calculation is possible because the spacing
between planes is sensitive to the presence of residual
stresses.

During the measurement process, an X-ray beam of con-
stant wavelength is incident on the sample surface with an
orientation angle that changes in steps until a diffracted
beam is obtained. When the incident beam is diffracted, the
angle between the surface normal and the normal to the dif-
fracting atomic planes is calculated and denoted as ψ. As
usual, the angle of diffraction θ of these planes is the angle
between the diffracted or incident beam and the diffracting
atomic planes. The incident beam orientations in relation to
the surface are chosen to guarantee that the normal to the
diffracting atomic plane (given by ψ) and the desired stress
component σφ form a plane normal to the sample surface.
In this case, the following equation can be written from a
combination of elasticity theory for isotropic bodies and
Bragg’s law of diffraction41)

................. (5)

where θn is the angle of diffraction for an atomic plane
parallel to the surface (ψ =0); E (210 GPa) is the Young
modulus, and υ (0.29) is the Poisson’s ratio. The numerical
values used for these two parameters are those generally
adopted for steels at room temperature.44–46)

The desired stress component, σφ, is calculated from the
slope of the curve of 2θ as function of sin2ψ for X–ray
beams incident on the surface in different orientations, being
diffracted by atomic planes with normal vectors of different
angles ψ in relation to the surface normal. As mentioned
before, the normal vector to the atomic diffracting plane and
the direction of σφ should form a vertical plane perpendicu-
lar to the sample surface. Since in the present work σφ was
obtained in the axial (σφ = σz) and tangential (σφ = σθ) direc-
tions, this plane was parallel and then perpendicular to the
axis of the bar, respectively. The angle φ is an angle between
σφ and one of the principal directions of the stress tensor on
the sample surface. Although this angle is unknown, it is not
necessary to calculate σφ from Eq. (5).

The diffraction angle measurements were carried out in a
Rigaku Rint 2000 diffractometer with a chromium tube
(CrKα = 0.2291 nm). The orientation of the diffracting
atomic planes, ψ, changed from –50° to +50° in steps of 10 s
by changing the orientation of the X-ray beam incident on
the sample surface. For this variation in ψ, two times the dif-
fraction angle, 2θ, changed from 154.1° to 157.7° in 0.2°
steps with reference to the (211) crystallographic planes.
The lateral surface of the cylindrical bars, on which the mea-
surements were carried out, was ground with emery papers
with grains up to 1 200 mesh before and after quenching to
remove any sign of oxidation and coarse surface roughness.

5. Results and Discussion
5.1. Analysis of Heat Transfer during Quenching

Experiments
The heat transfer coefficient between the steel bar surface

and the quenching water was calculated by the inverse solu-
tion of the heat conduction equation using the cooling
curves measured in two positions within the bar (Fig. 2). In
Fig. 3(a), the measured cooling curves are shown for three
repetitions of the same quenching experiment. The curves
calculated with Abaqus® (Fig. 3(a)) for the constant heat
transfer coefficient of h = 7 200 W m–2 K–1, which was the
adopted value in all simulations with Abaqus® and AC3®,
are in very good agreement with the measured cooling
curves. A constant heat transfer coefficient indicates that a
unique heat transfer mechanism prevailed during the whole
quenching period, although in the pool boiling literature
three stages are usually identified, namely, film boiling,
nucleate boiling, and free convection.47,48)

The heat transfer coefficient in simple forced convection
flow was estimated in the present experiments using the
relation presented by Churchill and Bernstein,49) adopting
1.2 m/s as the relative velocity of water (bar quenched in cir-
cular motion of radius 12 cm at ~ 96 rotations per minute)
and thermophysical properties of water at the film tempera-
ture of 100°C. The calculated value was 6 600 W m–2 K–1,
which is lower than that obtained from the inverse solution
(7 200 W m–2 K–1). The larger value from the inverse solu-
tion can be explained by an enhanced heat transfer caused
by the vapor bubbles observed during quenching, immedi-
ately after immersing the steel bar into the water. Since a
constant heat transfer coefficient (suggesting a constant heat
transfer regime) yielded very good agreement between cal-
culated and measured cooling curves, the prevailing heat
transfer regime might have been one near the transition
between forced convection and nucleate boiling.

The first derivative of the cooling curves measured at the
bar center always displayed a peak of low cooling rate mag-
nitude at the temperature of about 300°C, followed by a
sharp peak of high cooling rate at the temperature of approx-
imately 100°C, as illustrated in Fig. 3(b). Note that this
sharp peak is caused by an abrupt decrease in temperature
observed in the cooling curve at ~23 s (Fig. 3(a)). This
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behavior was also observed in quenching experiments car-
ried out by different authors8,50) and might be related to the
latent heat released during the austenite to martensite phase
transformation (Table 1), which occurs in this temperature
range for the three types of steels examined in the present
work.51)

The heat transfer coefficient calculated in the present
work was compared with that obtained by Fernandes and
Prabhu52) in Fig. 4. Fernandes and Prabhu52) carried out lat-
eral quenching experiments with 28 mm diameter AISI
1040 steel bars in water at Tw = 30°C, agitated at a velocity
of ~0.3 m/s. These conditions are very similar to the present
work conditions, except for the water velocity relative to the
bar, which was estimated in the present work to be ~1.2 m/s
at the beginning of the simultaneous quenching and stirring,
decreasing to an unknown value as the water was dragged
along during the circular motion of the bar within the water
tank. The heat transfer coefficient (h) in the experiment of
Fernandes and Prabhu52) was estimated from their reported
surface heat flux (q) as a function of the surface temperature
(Ts) using the equation h = q/(Ts – Tw). In Fig. 4, h from
Fernandes and Prabhu52) is ~ 400 W m–2 K–1 at 850°C, a

relatively low value probably owing to film boiling, increas-
ing to ~ 8 000 W m–2 K–1, maybe as a result of nucleate boil-
ing, approaching the present work constant value of
7 200 W m–2 K–1.

The discrepancy between the h values at the beginning of
quenching, for temperatures above 500°C, might be related
to the higher agitation velocities in the present work. Higher
velocities are known to disrupt the vapor blanket, eliminating
the film boiling stage and consequently imposing nucleate
boiling from the beginning of quenching.48) Another possi-
ble reason for the discrepancy can be seen in Fig. 3(a),
showing that the surface temperature calculated with
Abaqus® for the present samples decreased from 850 to
400°C in about 1 s. During this short period, only 10 tem-
perature measurements were recorded by the data acquisi-
tion system. Therefore, in general, very few temperature
measurements are available to calculate the heat transfer
coefficient at the beginning of quenching, which is conse-
quently more inaccurate during this first short initial period.

5.2. Microstructural Evolution
The micrographs of the three types of steels are given in

Fig. 5 for the bar surface and in Fig. 6 for the bar center.
The microstructure of the AISI 4340 steel is fully marten-
sitic (Figs. 5(a) and 6(a)), while that of AISI 4140 shows
martensite with some dark acicular bainite in both the sur-
face (Fig. 5(b)) and center (Fig. 6(b)), but a larger volume
fraction of martensite exists in the surface region owing to
its higher cooling rate. For the AISI 1045 carbon steel, in
addition to martensite and acicular bainite, some pearlite is
also seen. The volume fraction of pearlite is larger at the bar
center, because of the lower cooling rate (Fig. 6(c)). The
microstructures in Figs. 5 and 6 show that, at corresponding
bar regions, the amount of martensite increases in the stud-
ied steels in the order AISI 1045, 4140, and 4340, indicating
an increasing hardenability as a result of the larger concen-
trations of alloying elements in this same order.

The volume fractions of each microconstituent were mea-
sured at the center, mid-radius, and surface positions of the
quenched bars by the point count method as described pre-
viously. Since the microstructure of the steel AISI 4340 was
completely martensitic (Figs. 5(a) and 6(a)), the measure-
ments were carried out only in the AISI 4140 and 1045
steels. The results are given in Table 6 and confirm the pre-

(a)

(b)

Fig. 3. Cooling curves during quenching: (a) measured (Experi-
ment) and calculated (Model) cooling curves at three differ-
ent radial positions within the water-quenched bars in three
experiments; and (b) the cooling curve measured at the cen-
ter and its first derivative in relation to time (cooling rate)
as a function of the measured bar center temperature.

Fig. 4. Heat transfer coefficient calculated in the present work and
obtained by Fernandes and Prabhu52) as a function of the
calculated surface temperature of the bar.
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vious qualitative analysis of the micrographs: the volume
fractions of martensite increase from steel AISI 1045 to
4340. Furthermore, an increase in martensite is also
observed from the center to the surface and this increase is
larger for the 1045 owing to its lower hardenability.

The microstructure evolution was modeled with AC3®

using the calculated heat transfer coefficient of 7 200 W m–2

K–1, giving the volume fraction of all microconstituents as
a function of time during quenching. The evolution of the
calculated martensite volume fraction for the surface, mid-

Table 6. Volume fractions (%) of martensite, bainite, and pearlite at the bar surface, mid-radius, and center for steels AISI
1045, 4140, and 4340. Fractions calculated with AC3® (model) and measured by the point counting method (exp)
are given.

Steel

Surface Mid-Radius Center

Martensite Bainite Pearlite Martensite Bainite Pearlite Martensite Bainite Pearlite

Exp Model Exp Model Exp Model Exp Model Exp Model Exp Model Exp Model Exp Model Exp Model

1045 88 85 2.1 15 9.8 0 60 20 8.6 30 31 50 6.1 10 9.8 10 84 80

4140 90 95 8.1 5 0 0 90 85 12 15 0 0 84 85 16 15 0 0

4340 100 100 0 0 0 0 100 100 0 0 0 0 100 100 0 0 0 0

(a)

(b)

(c)

Fig. 5. Microstructure at the quenched bar surface for the three
types of steels: (a) AISI 4340; (b) AISI 4140; and (c) AISI
1045. The microconstituents martensite (M), bainite (B),
and pearlite (P) are indicated. (Online version in color.)

(a)

(b)

(c)

Fig. 6. Microstructure at the quenched bar center for the three
types of steels: (a) AISI 4340; (b) AISI 4140; and (c) AISI
1045. The microconstituents martensite (M), bainite (B),
and pearlite (P) are indicated. (Online version in color.)



ISIJ International, Vol. 54 (2014), No. 6

1403 © 2014 ISIJ

radius, and center positions of the 4340 steel is presented in
Fig. 7. As expected, the largest calculated fraction is seen at
the bar surface. At the end of quenching, as observed exper-
imentally (Table 6), the structure is completely martensitic.
In Table 6, measured and calculated volume fractions of
microconstituents for the three types of steels are compared.
This table shows that the best agreement occurs for the pre-
dictions of martensite volume fractions at the surface, mid-
radius, and center of the two low-alloy steel bars. On the
other hand, the largest discrepancies are observed in the
fractions of all microconstituents for the AISI 1045 steel,
especially at the mid-radius position.

5.3. Residual Stresses
The diffraction angle, 2θ, as a function of sin2ψ (where

ψ is the angle between the normal to the diffracting plane
and the normal to the surface) obtained for the measure-
ments of the axial (σz) and tangential (σθ) residual stresses
on the surface of the AISI 4140 steel bar is given in Fig. 8.
For each type of stress, there is one set of points for ψ > 0
and another for ψ < 0. It can be seen that the points lie
approximately on a straight line, as predicted by Eq. (5),
indicating accurate measurement procedures and good sam-
ple surface preparation. The two lines have approximately
the same inclination, showing the absence of shear residual
stresses at the surface. Similar curves of 2θ versus sin2ψ
were obtained for all steel bars.

As described in section 4, the measured axial and tangen-
tial residual stresses were obtained from the slope of these
straight lines fitted to experimental points, as shown in Fig.
8 for the AISI 4140 steel. These measured stresses and their
fitting errors are given in Table 7 for the three types of
steels. Both tangential and axial surface residual stresses are
compressive, in agreement with those reported by Lee and
Lee.16) In their calculations and measurements for a
quenched bar of an AISI 1045 steel, Inoue et al.17) obtained
compressive tangential stresses that are larger than the axial
stresses at the bar surface, as observed in the present work
for the same type of steel (Table 7). Nevertheless, their val-
ues are about 30% of those in the present work. The smaller
residual stresses obtained by these authors might be a result
of the smaller bar diameter (20 mm diameter), resulting in
less temperature gradient and more uniform plastic defor-
mation, which usually decrease the magnitude of residual
stresses.   

The components of the residual stresses in the bar were
calculated by the present model in the radial (σr), tangential
(σ θ), and axial (σ z) directions at the bar center and surface.
These calculated values, shown in Table 7, represent the
average value along a ~1 cm line of the domain boundary
(bar surface or center), parallel to the bar axis. Before the

Fig. 7. Volume fraction of martensite calculated with AC3® as a
function of time, at the surface, mid-radius and center posi-
tions of the AISI 4340 steel bar.

(a)

(b)

Fig. 8. Diffraction angle, 2θ, as a function of sin2ψ (where ψ is the
angle between the surface normal and the normal to the dif-
fracting plane) for the measurements of (a) axial, σz, and (b)
tangential, σθ , residual stresses by the X-ray diffraction
method on the surface of the AISI 4140 steel bar. Two sets
of points were collected for the measurement of each type
of stress, one for ψ > 0 and the other for ψ < 0.

Table 7. Components of the residual stresses (MPa) measured
experimentally (exp) at the bar surface and calculated
(model) by the present finite element model at the bar
surface and center: radial (σ r), tangential (σ θ), and axial
(σ z) stress components.

Steel Radial (σr) Tangential (σθ) Axial (σz)

center
(model)

center
(model)

surface
(model)

surface
(exp)

center
(model)

surface
(model)

surface
(exp)

1045 778 1 117 –286 –230 ± 20 1 128 –228 –206 ± 20

4140 892 784 –347 –360 ± 10 1 189 –329 –350 ± 20

4340 1 319 1 321 –391 –390 ± 50 1 848 –323 –350 ± 30
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beginning of simulations, a mesh refining test was carried
out to indicate the minimum number of mesh elements nec-
essary for mesh independent results. In this test, σθ and σz
at the cylinder surface were calculated using meshes succes-
sively refined from 1 660 to 53 360 elements. Finally, a
mesh of 13 320 elements was chosen for all simulations,
since further mesh refining did not change the calculated
stresses significantly.

The values of σθ and σz calculated at the bar surface are
in reasonable agreement with the measured values (Table 7),
generally showing discrepancies lower than 10%. Part of
this discrepancy might be a result of neglecting the strain
due to transformation plasticity in the model. The three cal-
culated residual stress components (σr, σθ, and σz) are ten-
sile at the bar center, while at the bar surface σθ and σz are
compressive, and σr is zero (not shown), as imposed by the
boundary condition. The calculated residual stress profiles
are shown in Fig. 9 for the AISI 4140 steel, changing con-
tinuously from tensile to compressive or zero when moving
from center to surface, in agreement with stresses calculated
by several authors.15,53–56)

The measured and calculated residual stresses obtained in
the present work can be explained by the following
sequence of events described by Liscic57) and others:1,58) (a)
there is axial and tangential thermal contraction of the bar
surface during the initial cooling, creating thermal stresses
that deform plastically the bar center in compression, while
the surface is subjected to tensile stresses; (b) later, when the
bar center cools significantly, its thermal contraction occurs,
resulting in compressive stresses on the bar surface, i.e.,
reversing its stress state from tensile to compressive; (c) the
decomposition of austenite occurs, causing a volume expan-
sion first at the surface and later at the center. As explained
by Liscic,57) when the austenite decomposition occurs after
the stress reversal, its volume expansion does not change the
stress sign caused by the thermal contraction/expansion,
which would consequently be compressive at the surface
and tensile at the center (Fig. 9), as observed in the present
experiments and model results.

The magnitude of both axial and tangential stresses gen-
erally increases from the carbon steel (AISI 1045) to the
more alloyed steels (AISI 4140 and 4340), as seen in Table
7, which can be related to the microstructures described in
Table 6. In the carbon steel there was less martensite and

more pearlite, decreasing the yield strength and, therefore,
decreasing the maximum possible magnitude of the residual
stresses. Moreover, for the carbon steel, the difference
between the time at which austenite begins to decompose at
the surface and at the center is smaller, giving rise to lower
residual stress originated from phase transformation.

Maps of calculated σθ and σz in the simulation domain,
which represents the longitudinal section of the bar indicat-
ed in Fig. 1, are given in Fig. 10, showing that, at the bar
center, the axial tensile residual stresses (σz) are always larg-
er than the tangential stresses (σθ), as also observed by sev-
eral authors.15,53–56) The maps also show the distribution of
residual stresses at the bar ends, which is significantly dif-
ferent from that at the middle length, being important to ana-
lyze the formation of quenching cracks. For example, the
tangential stresses at the lateral surface change from com-
pressive in the middle to tensile at the bar end, which could
induce the formation of quenching cracks.

6. Conclusions
A mathematical model was implemented and experiments

were carried out to investigate the build-up of residual
stresses during water quenching of cylindrical carbon and
low-alloy steel bars. The model is implemented using a
combination of the commercial software packages AC3®

and Abaqus® to simulate the different phenomena underly-
ing the formation of residual stresses. Quenching experi-
ments of cylindrical bars made of three types of steel grades,
namely, AISI 1045, 4140, and 4340 were carried out to val-
idate the proposed model.

The heat transfer coefficient between the bars and the
water during the quenching experiments is 7 200 W m–2 K–1,
calculated by an inverse solution technique. Since this con-
stant value (adopted in all simulations) results in very good
agreement between calculated and measured cooling curves
within the bars, approximately the same heat transfer regime
must have prevailed during the experiments. This heat trans-
fer coefficient is larger than that calculated for forced con-
vection without boiling (6 600 W m–2 K–1), indicating that
this constant heat transfer regime possibly corresponds to a
transition between forced convection and nucleate boiling.

In the observed microstructures of the bar cross sections,
a larger volume fraction of martensite exists at the surface
than at the center, as expected because of the larger surface

Fig. 9. Calculated axial (σz), tangential (σθ), and radial (σr) resid-
ual stresses in the middle of the quenched AISI 4140 steel
bar length as a function of the radial position from the bar
center to the surface.

Fig. 10. Maps of the calculated tangential (σ θ) and axial (σ z) resid-
ual stresses in the simulation domain for the AISI 4140
steel bar, representing the longitudinal section indicated in
Fig. 1. (Online version in color.)
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cooling rates. At the center and surface of the bars, the mar-
tensite fractions increase from the AISI 1045 to the 4140
steel, and finally to the 4340 steel, as a result of the higher
hardenability of the low-alloy steels. The fractions of mar-
tensite calculated with the AC3® software are in good agree-
ment with those measured in the low-alloy steels, but larger
discrepancies are observed for all constituents in the mid-
radius position of the carbon steel bar.

Axial and tangential residual stresses measured on the
surface (at middle length) of all quenched bars using the X-
ray diffraction method are compressive. These stresses
increase from the carbon steel (AISI 1045) to the more
alloyed steels (AISI 4140 and 4340) and are in good agree-
ment with those calculated with the present model, showing
discrepancies usually lower than 10%. Part of this discrep-
ancy might be a result of neglecting the strain due to trans-
formation plasticity in the model.
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