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Az propriedades anelasticas do dioxi-
do de urdnic foram estudadas através de medidas de atrito in
terno, a baixas frequencias de solicitacac (da ordem de 1lHz).
0 egtuds fol realizado na faixa df temperatura de - 160 a

400°c,

Estudou-se o efeito da variagdo de es
tegquiometria atraves da oxidaqio das amostras, o gue afeta a
estrutura de defeitos presente no didoxido de uranioc nac-este
quiométrico. Chservou~se a presenga de largo s irregular /

plco de atrito interno a baixas temperaturas devido a oxida-

cao.

Calculos da energia de ativagao indi-
cam a ccorréncia de varios processos de relaxacio e assumin
do—~se a existéncia de um pico entre - 80 e - 0% o valor
obtido para a energia de ativacao (0,54 eV) & consistente /
com 08 valores observados, a frequéncias médias e altas, pa

ra reorientagio de defeitos induzidos por tensao,

U efeito da microestruturaz nas pro -
priedades anelisticas, foi estudado em didxido de urdnic es-
teguiometrico, através da variagic do tamanhe de grao e poro

sldade, Estes parametros afetam as medidas de atrito inter




r
no a altas temperaturas. A variagac do atrito interne aci-

ma de 340°C & atribuida a fenfmenos de relaxacao por contor=

no de graoc.
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The uranium dioxide annelastic proper
ties were studied measuring internal friction at low freguen
cies (bf the order of 1 Hz). The work was developed in the

- 160 to 400°C temperature range,

The effect of stoichiometry wariation
was studied oxidizing the sample with conseguent change of
the defect structure originally present in the non-steoichic-
metriec uranium diexide. The presence cf a wide and irregular

peak due to oxidation was observed at low temperatures,.

Activation energy calculations indi -
cated the occurrence of various relaxation processes and
assuming the existence of a peak between - 80 and - 70°C '
the zbsolute wvalue obtailned for the activation energy (0,54
eV) is consistent with the observed values datermined at

medium and high freguencies for the stress induced recorien -

tation of defects.

The microstructure effect on the
annelastic properties was studied for stoichiametric uranium
dioxide, by varyving grain size and porosity. These parame-
ters have influence on the high tcmperature measurements of

internal friction. The internal friction variation for
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temperatures highor than 340°% is thought to be due to grain

boundary relaxation phenomena.
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1, INTRODUCEQ

1.1, CONSIDERACOES GERAIS

A utilizagao do d4idxido de urdnio como
combustivel nuclear, nos reatores de poténcia comerciais, lg
vou a intensas pasgulsas a respelto de snas propriedades fi

sicas, quimicas e nucleares.

Lentro do estudo geral desenvolvideo so
bre as propriledades mecanicas, poucos trabalhos faoram reali-
zados acerca das propriecdades anelisticas do didxido de ura

nio, levando-se em consideragac todos of parametros envolvi-

dos,

O termo "anelasticidade" se refere a de
pendéncia da deformagac em relagao 3 tensao e ao tempo.  Em
estruturas sujeitas a cargas clclicas ou vibragbes, o atraso
da deformagac em relagac a tensao causa uma dissipagio de

energia ou "amortecimento®,

0 termo "capacidade de amortecimento" /
se refere A4 habilidade, mostrada por um material sujeito a
esforgos ciclicos, de dissipar energia por "atrite interno®,
ou seja, a habilidade de um =58lido vibrante, completamente /

isplado, de converter energia mecanica de vibragac em calor,

EEFTNE BE E0E49R O



Em geral o que ocorre & uma evolugao de
um sistema termodinimico com o tempo, atraves do ajustamento

de varidveis internas, para um novo estado de equilibrio,

Portanto, o atrito internce & um fendme-—
no gue ocorre dentro dos materiais, wvia variaveis internas /
gqus envolvem processos de transportes como difusac atdmica ,
ralaxagdo de tensces através de contorno de grao, tensdao in

duzindo ordenacdo, movimento de discorddncilas e interagoes /

magnéticas.

As principais teéconicas utilirzadas na ve
rificagac das propriedades anelasticas baseiam-se em tres me

todos de medida de atrite interno, os quals sao:

a) método do péndulc de torgac a baixas

frequencias {(da ordem de Hz).

b} método da barra resscnante 3 freguen

cias médias (100 Hz a 100 kHz).

c) método do pulso ultra-sonico, A al

s

tas frequéncias f{ordem de MHz).

0 método utilizado no desenvolvimento /
do trabalho foi ¢ do péndulc de torgi3c, a baixa freguéncia /

de oscila¢ao.



Na primeira parte do trabalho & desen -
volvida uma analise da teoria de anelasticidade, onde 530
destacadas as bases matemiticas e equagdes que regem os fend
menos anelisticos e tambdm sac examinadas tedricamente as
Drigens fisicas da variagao do atrito interno, devida acs de
feitos existentes na estrutura cristalina e ao contornos de
grac, E realizada também uma revisao tedrica dos trabalhos

degenvolvidos neste campo de pesquisa.

Devido ao fato da estrutura de defeitos
existentes no didxido de urdnio nao estequiomgtrica alnda
niae estar totalmente estabelecida, & tendo em vista que esta
estrutura defeituosa provaca efeitos nos fendmenos anelidsti-
cos, fol efetuada uma analise do sistema oxigénico-uranio e

da correspondente egtrutura de defeiteos.

A sequir foi feita uma descrigac experi
mental do trabalho realizado, destacando-se ¢ eguipamento em
pregado e os procedimentos desenvolvidos na preparagaoc das

amostras,

Os resultados cbtidos 530 expostos enm
forma de graficos de atrito interno e frequéncia de oscila -

cac em fungdao da temperatura.

Finalmente, sao apresentadas discussoes

de resultados, conclusces e sugestOes para futurcs trabalhos.
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1.2, OBJETIVOS '

0 presente trabalho wisa ceontribuir pa
ra o estudo do comportamento anelistico do didxido de urinio
a baixas frequénciaz de sclicitagdo,

As propriedades anelasticas do uo, sa0
verlficadas atraves de medidas de atriko internn, na faixa /
de temperatura de -1£0 a JGDDC, sendo estudados os efeitos
dos principais parametros que podem dar origem aos fendmenos
de relaxacgio. Assim, & verificeda a influéncia da microes-
trutura, atraveés das variagdes de tamanho de grac e porosida
de, bem como o efeito da relagao oxigeénio-uraniso, gque afe

ta a estrutura de defeitos & fases presentes no solido,

Os picos de atrito interno, observados/
em didxidos de uranio estequioﬁétricc e nhao estequiométrica,
sio analisados em fungio das varlagoes microestruturais gue
afetam fortemente as propriedades dos sdlidos, de wna forma

geral.



2, FPUNDAMENTOS TEORICOS

2.1, TEOQRIA DA ANELASTICIDADE

2.1.1. ANELASTICIDADE

0 estudeo do comportamento dos s5lideos ,
guando submetldos as solicitacdes meclnicas, realizado atra
ves de idealizagdes mecanicas e matematicas, deu origem a va
rios modelos, onde se destacam os propostos por Voight =
Maxwell. Entretanto, ¢ gque melhor descreve este comporta —
manto & ¢ do "s6lido linear padrao", proposto por Zener{qZ},
equivalente ao do "solido anelastico padrac”™, proposto  por

Nowick EBGJ.

Uma descrigac formal da teoria de ane -
lagticidade deve considerar a estrutura principal da teoria
classica de elasticidade, conde uma rigorgsa proporcionalida-
de @ assumida existir entre a tensic e a deformagadc em um s
lido. Fortanto, a defcrmagﬁc de um s56lido perfeitamente [
elistico & fungac unicamente da tensac aplicada, gue pode
ser representada pela lei de Hooke, a gual relaciona a ten
sdo aplicada o, a deformagio e, através de uma constante M ,

conheclida com médulo de elasticldade:

onde

!
[

M e (2.1}



M o= o (2.21

Esztas equagces definem o gue se chama
de "s5lido elistico ideal" e nelas estioc implicitas trés con

dicoes que definem este comportamento, as guais sao:

1] a tada vazlor de tenrsac aplicada Cor

respaonde um unico valor de equill -

prio da deformagac e vice-versa.

2} o valor de equilibric da defcrma@ﬁmﬁ

€ atlngido instartaneamente.

2} a relagac entre tensac e deformagac

linear.

o)

Existem ccrtas situagoes onde para se
atingir o equilibric deve ocorrer um processo de transporte,
atraves do ajustamento de wvariaveis internas, gue  demandam
um determinado tempao. Esta dependencia da deformagaoc [ ou
tensdol ,em obter um estado de equilibrio, & gque caracteriza/

o tipo de comportamcnto conhecido como anelasticidade.

UDa definigac de anelasticidade podem

ser deduzidos tres postulados:



#) a cada valor de tensac aplicada cor
responde um Unico valor de equili

brio da deformagao g vice-versa.

b} o eguilibrio da deformacac [(ou ten
sac) € atingido somente apds a passa

gem da tempo suficlente.

c) a relacao entre tensac e deformagao/

£ linear.

Os dois primeires postulados baseiam-se
em conceitos termodinimicos e cineticos e saoc satisfeitos /
por todo solide termodinamico. 0 terceiro postulado é in
corporado a definicac de anelasticidade para efeito de faci-
lidade, pois a teoria torna-se bastante dificil de outra for
ma. Afortunadamente, ¢ comportamento observado dos mate
rias a baixos niveis de tensac satisfaz o reguisito de linea

ridade,

A evolucao de um sistema termodinamico/

com o tempe para um nove sstado de equilibrie, implicita no

" segundo postulado, & denominada relaxagao. Quando a varia-

vel externa € mecinlca (tensao ou deformagac), o fendmeno &

conhecida como relaxagao anelistica ou relaxagac mecanica.
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2.1.2. EFEITOS ANELASTICOS

2 eguagdo que melhor descreve o compor-
tamento anelastico & deduzida atravées do "sblido anelastico/
padrac" e estabelece ums relacao entrs tensido e deformacaoc
contendo linearmente as derivadas primeiras em relagaoc ac

tempo, da tensao e deformacac:

M o{e + 1 £} {2.3)

o
adn
—
e
Il

onde:

g & a tengio aplicada

e & a deformagdo
Te & 0 tempo de relaxagiao a deformagio constante
T = = =
d e o tempo de ralaxagac a tengao constante
M & o mbdulo relaxado
Os efeitos anelasticos podem ser estuda
dos de duas formas: sob tensac ou deformagac estatica, oL

respondente ao efelto eldstico posterior, ou sob tensac  ou

(1}

deformagdac ciclica, que & o atrito interno

z.1.3.  TENSAQ OU DEFORMACAO ESTATICA

Quando um =6lido & submetido a uma ten-—



r
230 ou deformagan estatica, por exemnplo, uma tensac  candgtan
to aplicada no tempo & = 3, a cqunqﬁo (2.3} pode sy resclyi

da e a deformagac serid dada pors:

eft] = By * {e - E::-] [_J. - t‘:x]_:u['-t;“[c']lj {2.4)
onde:
o
£, =
M
Esta variagao da deformagac com ¢ btem

pe € esquematizada na figura 1, com a aplicacac c remogho da

tensao,
J
G---——--
(a) ‘
| : t
I 1
L |
El f :
El----mmmrmm oo
i
(b} |
h I
0 P
t
FIGURA 2.i. - Variagao da tensao {a] ¢ deformagac (b] em fun
cao do tempo
g = Tensdo £ = Deformacao t = Tempo



2.1.4. TENSXO OU DEFORMACEQ cIcLIca

Cuando um sdlido & submetido a um esfor
¢o ou tensaoc ciclica a uma fregquoncia £, a tensao pode ser

escrita na forma:

g =a & (2.5}

com a freguéncia angular w = 2 I} f, sendo.f a frequéncia de

solicitacsdo.

De acordo com o terceiro postulado do
comportamento aneldstico, a deformagdc correspondente a apli
cagado de uma tensdo ciclica, serid também ciclica, mas atrasa
da de um Angulo @ em relagio & tensio, e serd da forma:

E = E Ei&ut - B [2.8)

Substituindo as egquagoes (2.5) e (2.6}

na equaqaa f2.3), temos:

a= oy e {2.7)

onde ¢ &€ o mbdulo complexo:

+
I ﬂuTU

B o= M {2.8)%

1 + dar
£

- 10 =



e o angulo de defasagem & dado pele argumento do médulo:

tg g = {2.9})

onde: 1 = LR e T=71_T, ., sendo 7 o tempc de rg

laxagao médio. A defasagem passara por um maxime para a fre

gquencia

W= —= {2.10}

2,1.5. ATRITO INTERNO

guands um solido € colocade em oscila —
¢ao livre, existe uma dissipagdo de energia por cicle, dada

por:
20

AW = WA o d+ = g0 & 1 sen [ f2.11)
' dt 0o

A energia elastjca maxima armazenada [/

por ciclo & dada por:

W o= = €7 f2.12})

- 11 -




0 atritc interno, Q_l & definide pela

relagdo entre a energia dissipada por ciclo, W, & a energla

elistica maxima, W, atingida durantec o ciclo. Portantos:
AW - 21 sen g (2.13}
W

Come em geral, o angulo de defasagem @&
-5

muito pequenc ([ ~ 10 rd} tem-se:
M- 218 (2.14)
W

Sendo a guantidade —i W uma medida do angule de /
2 1 W

defasagem e portanto, do atritc interno. Assim:

Q =g = —— —— (2.15)

Pode-se mostrar também gue as oscila -
goes livres sao amortecidas gquando o atrito internc intervem
{(Figura 2}, ou seja, a amplitude de oscilagac decai com .

tempo segundc uma lei logaritmica do tipo:

o
ot
I

hm expE"fD tal {(Z2.16)

onde =00 tg g =109 (2.17}



A, —-mmm- A
-“ | 'r., Decaimanto livre
l ?r AlNI= A expi-1,15)
Amplitida
o
— = 3 - FH -
|2
1] ﬁ"’
=t =T=Farga de excitag@o removida
FIGURA 2.2. - Decaimento Livre de Vibragoes Naturais de um

50lido Anelastico.

Dimensionalmente a gquandidade § repre-
senta o logaritmo natural da razac de n amplitudes sucessi -

vas, ou s€ja:

§ = L gn (—2y (2.18)
i

Das equa¢oes {2.17} e (2,18} tem-se:

g=_% -1 en (—2 ) (2.19)
I n il A

que substituida na eguagao (2.15) dA a expressan para o cal-

cule do atrito tnterno




! LB
-1 1 i
n Il A

[
]

i (2.20) !

2.1.6. EFEITO_DA TEMPERATURA

Pode-se dizer que a freguéncia de salto/
dos atomos varla com a temperatura segundo um fator (denomi-

nado de Boltzmann) dado pela expressdo exp (=Q/KT} {9}'

A ocorréncia de um processo de relaxacao ;
sb & possivel apds superar uma barreira de energia e a ' taxa
de relaxagao le, pode ser expressa pela relagdo de Arrhenius
do tipo:

~1 - T
e Q/K

T =

o (2,21}

onde v & um fator de frequencia, { a energia de ativagdc e

K a constante de RBoltzmann.

A zquagac (2.21) pode ser escrita também

pela relagao:

T = TD EQKRT 2,22}

A importincia desta relagac & gue a quan

tidade <1 pode ser variada sob uma larga faixa, simpleamen-

.
T FATI LT T ey



te pela mudanga de temperatura,
Desta relagan podemos escrever:

in wT = 4n woT + (Q/8) [1/T) f2.23)

gue & uma relagao linear entre in wt € o reciproce do valer

da temperatura absoluta.

Para o caso de un plco de Debye, a Con

digao na gual &n wt = 0, isto &, no maximo do pico, tem—se:

in W Ty + {(Q/K) {lfTP} = (Z2.243

onde TP @ a temperatura do pico,

Se uma sé&rie de picos & gbtida para dife
rentes frequencias, uma linha reta pode ser tragada de /
En ow X lfTP, cuja inclinacac & /K, sendo este o método mais
comum para cbtencis da energia de ativagao do processo de re

laxagao.

A energia de ativacao pode ser calculada
também atraves da largura do pico, definida como a separacgido
entre os pontos onde Q-l = —%m Q;l , onde Q;l e o valor /

maximo Ao atrito interno. A energia de ativacdc & dada pela

-~ 153 -




seguinte relagac:

ﬂ{—i—} = 2,63 X {2.25])
T Q

Este métcdo & valido somente guando o pi
co de relaxagdo pode ser descrito por wna nica expressao de

relaxacac de Debye.

2.2.  TFENOMENOS ANELASTICOS DEVIDD A DEFEIT0OS ESTRUTURAIS

As origens fisicas dos processos de rela
xagac anelastica, através das Jj& menclonadas variavels jinter

nas, podem ser analisadas tedricamente em relacac acs defei -

togs exlstentes na estrutura cristalina dos materlais, Somo
defeltos puntiformes e contorncs de graoc. Uma revisao  bi
bliografica a respeito da influéncia destas variavels, no

comportaments anelasticsa dos materiais ceramicos, € realiza-
da com eénfase nos trabalhos desenvolvidos em dioxidogs de ura

nic.

2.2,1. ATRITO INTERNG DEVIDO A DEFEITCS PUNTIFORMES OU AGLO-

MERADOS DE DEFEITOS

As consideragoes gue formam a base do

- 16 -




comportamento anelﬁsticg do sblido lipear padrao, podem ser
aplicadas aos £0lidos que contem defeitus puntiformes ou
aglomerados de defeitos. Esta condigac € gque um defelto [/
submetido a uma tensao externa pode passar por uma mudanga /

‘ e -
configuraciomal, adicional a wna deformacao do especime.

Entretanto, a exlsténcia de uma deforma-
cao devido a um rearranjo do defeito, dentro de um sdlido ,
por si1 sb nao & suficiente. A deformacac devido ao defeito

deve obedecer a uma eguacao de taxa, de tal forma gue se tor

ne dependente do tempo.

Varios problemas devem ser consideradas/
na investigagac das propriedades anelasticas correspondentes
& defeltos puntiformes em cristais. O principal deles con -
siste em saber, quando um defeito ira dar grigem a um COMPOX
tamento anelistico. Tal problema & solucionado por um estudo

tarmodinamico.

Um estudo termodinamice poderd indicar
guando um defeito, dentro de um cristal, ira diminuir sua
energia pela ocupacao de uma posicdo cristalogriafica difereﬁ
te. Tera tal estudo também possibilidade de prever quando/
ocorrera um rompimento energetico das posigoes disponlveis /
para o defeito, como resultado da aplicacac de uma tensao ex

terna ao especime contendo defeitos.



A respcsta a estas guestoes foram dadas

pelos maétodos de classificagdo de defeitos, desenvolvidos [/

por WACHTMAN et alii [39], chamadog respectivamente de apro

ximagdo cristalogrifica e de métode do dipolo elastico, de

i
senvolvido por NOWICK ¢ HELLER Ejl].

Cuando um ¢ristal contendo defeitos exi-
be efeltos de relaxagido, trés caracteristicas sao importan -

tes na obtengac de resultados experimentais:

a) a "tenmsao de relaxagio" determinada /
pelo numero de defeltos presentes no

criztal;

b} o "tempo de relaxagdo” gue & uma medi
da da velocidade com que o novo esta-

do de equilibrio & atingido;

c)] a "depondéncia do efeito de relaxagao

com a orientacac".

A primeira observagao do fenomeno de re-
laxagac devido a defeitog puntiformes foi realizada por /

Snoek (35)

cuja teoria, em essencia, considera gue um dtomo/
de soluto intersticial, em um metal beoco, constitui um dipolo
elastico de simetria tetragonal, podendo assim produzir rela

xagao aneldstica, por um processco de tens3o induzindo ordena

- 18 =
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2.2.2., ATRITO INTERENO DEVIDO A CONTORNO DE GRAD

¢ estudoc de fenomenos anelasticos devido
i contorno de grac fol realizado principalmente com  metais
e ligas contendo agregados pollcristalines de toda a nature-
za, cobrindo uma larga distribuigao de tipos de contorno e

orientacao (303

O fentmeno de relaxagdo devido & contor-
no de grac foli previsto por Zener, com base numa variedade /
de evidencias de gue 0 escoamento visecosoc poderila ocorrer an
tre dols cristais adjacentes, Na descricac de Zener a ten-
s3p de cisalhamento, gque atua inicialmente em um contorno, &
gradualmente reduzida através de escorregamento viscoso, 2n
guante os eXtremos do contorno sustentam malis e mais a forga
de ¢isalhamento total. A fiqura 3 mostra esguematicamente/

come és5te processo OSOITe.

O grdo 1 desliza sobre o grdc 2 sob a in
fluéncia de uma tensao de cisalhamento aplicada, originando/
tensoes opostas nas extremidades dos contornos e no interior

dos yracs 3 e 4,

- 19 =




Tensdo Deslizamenio
de ax
cigalhomanto
FIGURA 2.3. - Relaxagao da tensac de cisalhamento, inicial-

mente uniforme, por deglizamento de contorno

de grao.

Este processo de relaxagdo tende a de
cair quando a tensao de cisalhamento atingir zerc atraves do
comprimento do contorno. A baixos nlveis de tensdo, a dis
torgﬁo nas extremidades do contorno e puramente elastica, /
Apds remogaoc da tensac aplicada, a distorgac submete o  ¢on

torno a4 uma tensao de cisalhamento reversa e produz o efeito

elastico postericor.

Se a relaxagdo do contorno de grdc & de
vida ac cisalhamento entre yracs, tal movimente pode ser ob-
servado diretamente como um deslocamento nos contornos de

grac em bhicristais omn policristais. Alguns experimentos [/

- T T 1




mostram que isto ocorre numa escala muite malor gque em expe
rimentos de atrito interno { - 10 ;}, desde gue os movimen-
tos devem ser de pelo mengs 100 ; para serem detectados.

! Embora os trabalhos experimentais de re-
laxagac de contorno de grac sejam realizados a hastante tem
po, uma teoria atomistica guantitativa do fendmeno, ou mes
mo o mecanismo envolvido, nao estac ainda perfeitamente es-

takelecidos.

0 primeiroc trabalho experimental que
confirma ¢ modelo de escoamente viscoso proposte por Eener

fol realizado por Ke (22)

r © gual cbteve resultados que com
plementados postertormente levaram a uma série de ambiguida
des, tornando o fendmenc bem mais complexo do gue o inicial

mente previsto por Ké.

2.2.3. ATRITO INTERNO EM MATERIAIS CEREHICQE

As propriedades anelidsticas dos materi
ais cerdmicos, verificadas através de medidas de atrito 1in’
terno em funqﬁo da temperatura, freguéncia e porosidade fo
ram obleto de uma revisao biblicgrafica realizada por

(26) (5)

MARLOWE et alli e ASTBURY et alii

As verificacoes das propriedades anelds




r

ticas do didxido de urdnic nao tem sido frequentes,  guando
se ohserva os trakalhos publicados sobre atrito interno a

frequéncias altas e médias de vibragao.

Um dos principais estudos realizados em
ditxide de uridnic fol desenvolvido por HASIGUTI et alii (16)
i altas frequéncias de vibragido. Os resultados obtidos mos
tram um pico largo cuja temperatura nag & claramente estabe-—
lecida, Embora a energia de ativagao nﬁﬁ tenha sido deter-
minada sxatamente, calcula-se um valeor menor gue 0,1 eV, o

que leva a considerar que este pico seja devido a relaxagao/

de discordancias,

NAGELS et alii (28)

investigaram © atri
to internc do diGxido de uranileo na falxa de fregquéncia mé
dias, onde observaram a presenga de dois picos, gue foram as

sociados a reorientagdo de defeitos produzidos por oxidagio.

No trabalho realizado por SQCING et alii

{35}, em monocristals de UOE' ¢ efeito de orientagac do es

pecime & observado a freguéncias m&dias de vibragio. Nota-
-se 0 aparecimentc de picos de atrito interno cuja ensergia /
de ativacaoc @ calculada em 0,47 eV, o gual se julgou devido

a reorientacaoc de defeitos introduzidos por oxidagao.

Os picos de relaxagdo observados em did-

xido de uridnio nao estequiométrico foram kem estabelecidos /

- 22 -
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por DOMOTO et alii {ll}; na falxa de temperatura de -196& a

206°¢, incluindo—se também a fase U409.

0s resultados foram obtidos a altas fre
quéncias de Dscilgqﬁa, mostrando a presenga de um pico de
atrite interno a tamperaturas abaixo de -lGDGC; observou-se/
ser a altura do pico proporclonal a quantidade da fase Uqﬂg
e sensivel a deformagdc por compressdo. Afirma-se que o

pico pode ser causado por relaxagio devido ac movimento  de

digcordancia.

A temperaturas acima do ambiente sac ob

servados dois picos de atrite internc, sendo o primeire atri
bulde a transigac de fase para U4Dg_y' 0 segundo pico obser
vado, a cerca de 105°C, & atribuido i relaxagac de oxigénio/
em eXcesso na réde cristalina., Em uma curva de Arrhenius ,
este segundo pico estd priximo 3 linha extrapolada utilizan-

do-se 0s valores obtidos por Socino, gque resulta numa sner -

gla de ativagao de 11,5 Keal/mol.

Embora ¢ efeito da microestrutura afete
de uma maneira geral as propriedades dos materiais {20}' poﬁ
cos foram os trabalhos realizados rolacionando os fendmenos/
anelidsticos a4 variagdo de microestrutura. FORLANO et aliil
t12) desenvolveram um trabalho no sentidc de ohservar a com
portamento elastico e anelidstieo do didxido de urdnic & tem

peratura ambiente, em fungidoc de aspectos microestruturais /
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taiz comp porosidade, ‘tamanho de grac e fases presentes.

0 estude do camportamante anelidstico a

i £
altas temperaturas estac relaciconades a relaxagao de contor-

nos de graoc como hostrado por CHANG {3}, para varios materi-

ais ceramicos,

Os trabalhos desenvolvidos a altas tem

peraturas com materials cerimicos de interesse nuclear, rea

{15) (33)

i lizados por HALL e PADEL et alii , englobam carbcne

|‘ tos, nitretos e Oxidos de uranio e plutdnic,

O trabalho de HALL para dioxido de urd
nic estequiométrico, em freguéncias mé&dias, mostrou a presen
¢a de um pequenc pico de atrito interno a 680°C, que foi

atribuido a relaxagdo de contorno de grao.

Us trabalhos desenvolvidos por PADEL, a

altas frequenclas de oscilagac, mostrando a variagaoc do atri

L

to ¢om a temperatura para dioxido de ur@nic indicam a presen
¢a de um plco de atrito internc gue se localiza entre 400 e
. ?DGDC, dependendc da densidade do material, Observa-ze taé
bem um aumento do atrito internc a temperaturas acima de

IDDGQC, o qual provavelmente seria ligado a transigac fragil-

ductil,

. Na literatura existente sobre as proprie
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dades anelasticas observa-se a total inexist@ncia de experi-
mentos realizados a baixas fregquéncias de ﬂscilagﬁo, o ogue
poderia confirmar muitos dos resultados obtidos a frequén -
clas altas e meédias. A falta de experimentoes nesta faixa
de frequencia devg ser creditada, inicilalmente, a dificulda-
de de preparagdo das amostras e também a impossibilidade de

se atingir altas temperaturas nas aparelhagens existentes.




L)

2.3. O SIETEMA-QOXIGENIO-URANIO

A compreansac do sistema de fases oxige
nio-urdnio e de swas proprledades termodinimicas & de funda-
mental importancia na indiistria nuclear, devido ao crescente
aumento do uso de dioxido de uranio come combustivel, Esta
importancia pode ser apreciada melhor guando considerames [/

que muitas propriedades fisicas da fase UD dependem °© da

21X
relagao oxigénio-urdnio do &xido, que por sua vez depende da
pressac parcial de Dxigéniﬂ.dﬂ meic [(ac gual esta exposto}

Por exemplo, propriedades dependentes da pressaoc parcial de
axlgeénioc sdo as condutividades elétrica e térmica do oOxido,

bem como a difusac dos seus constituintes e solutos [32}.

0 alto ponto de fusao do 6xido de ura
nio e suwa establlidade sob irradiagac levou-o a ser usado co
mo combustIvel nuclear em reatores comerciails. Uma larga
faixa de estudos fisicos e quimicos tem sido estimulada por
estag circunstincias e pela natureza da fase didxido de urd
nio. Una complexa seguéncia de fases 0-0 pode zor formada
durante a preparacac do pd ou durante o processo de sinteri-
zagao, afetando a microestrutura e as propriedades do produ-

te final.

2.3.1. ESTRUTURA CRISTALINA DO DIOXIUDO DE URANIOD

Uma rede perilcdica tri-dimensional de

._25_




atomos em um solide cfistalino constitul a rede cristalina /

da uma substancia,

A gstrutura da rede & restrita pela es
tequiometria do domposte qulmico e pelo fato de que os vizl
nhos mais proximos de um Ion particular, irac ser Ions de
cargas cpostas, para maximizar a energila de Coulomb da estru

tura 1207,

A estrutura do tipo fluorita consiste /
de uma rede ciilbica empacotada de cations na qual todas as PO

sicCes tetraedrails estao ocupadas por anions, como ilustrado

na figura 2.4.

.
&
o o
2 u-l-l'
FIGURA 2.4. — Estrutura c¢ristalina do tipo fluorita.

Esta estrutura € importante porque ela
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£ a fase estivel do dldxido de uranioc em uma consideravel /

faixa de temperaturas. G U0, cristalino consiste de lons
+ - - . - - .

U4 e 02 , onde os lons oxigenlo sao arranjados numa rede

- . - 4+ ] el T 1
cubica simples e os icns U formam uma sub-rede do tipo cubi

¢a de face centrada.

2.3.2. DIAGRAMA DE EQUILIBRIO DO NRIOXIDO DE URANIO

0 sistema oxigcnio-urinic & um dos mais
complexos sistemas de Cxidos metalicos devido ac fato do
ion uranic existir com um nimerc de diferentes estados de va

léncia.

05 Oxidos de uranio mostram uma  larga
faixa de nac-estequiometria, onde a relacdc oxigénio-urianio/
{0/} difere substancialmente de 2,00, ainda gque o sistemna
consista de uma Unica fase, {0 sistema U-0 pode apresaentar/
uma variedade de compostos de formula geral Maxb. A distin
¢ao entre uma verdadeira solugio sdlida de oxigénio no  Oxi
do, onde a relagao 0/U0 & varidvel continuamente dentro ura

regiao de fase Unica, & uma mistura de dois compostos de di

fercntes relagdes 0/U, pode ser feita de 2 modos:

a) pela observagiaoc metalografica das

duas fases:

b} pela medida da pressao parcial de




oxigenio, gue & independente da rela
cdo 0/U em uma migtoura de duas fases,
gquando a medida & realizada a tempe-
ratura constante, Ao contrario, nu
ma solugdo stlida, 4e uma unica  fa
se, a presasap parcial de oxigénio, &

fortemente dependente da relagao 0O/U.

Parte do diagrama de equilibrio do sis

{21

tema oxigenio-urdnio € mostrado na figura Z.5. As 1i

nhas verticais inkernas ac diagrama representam compostos

onde apenas dois sdo mostrados na figura, 0 composto esté

vel UD2 aparece gquando /0 = 2,00, Em ©/U = 2,25, o oxide

U 0y & formado. Adigdo de oxig@nlo ao U, 0, produz

475 LEDIE

(0/U = 2,6}. Outros compostos com uma relagac 0/U maicr
540 O U308 2 UDE' Estas dois ltimes &xidos nac s3o de

muaita importﬁncia como combustlveis, mas =sac encontradeos no

reprocessamento de combustiveis e na preparagac do material.

Ag areas sombreadas da figura 2.5, indi
cam regices de uma Gnica Fase dos &xidos nao estequiométri --
COS Uﬂzix = ”4“9-y
pendendo da relagao 0/U, o oxido de uranio pode dissolver /

Acima de aproximadamente 4007¢C e de

oxigénio interstigialmente na rede cristalina, para formar /

dioxido de uranio hiper-estequiometrico, U02+ Ho resfria

x"

mento, © UO2+x desproporclonar-se-a em uma forma menos oxida




da de U02+x e el U409, ou mais exatamente em U4 9-y nao este

guiomé&trico, onde y & muito pegueno,

2000

L‘IJ‘

-

1800

Tempuratura ,*C

ooQ

00
V05" 05-y

| 2l 1
1.9 2.0 2 2.2 23

Ralagdo U/Q

FIGURA 2,5, - Diagrama de Fquilibric do sistema oxigénio-ura

nio.

Para temperaturas mais haixas o diagra-
ma de eguilibric pode ser melhor detalhado, ohservando-se o

diagrama mostrado na figura 2.6, {3?).

Neste diagrama sao mostrados tambem as

fases aletroploas  estaveis do dioxido de uranie, como o UEDB
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TEMPERATLRA

e U0,. fobserva~se na figura 2.6. que, para uma relagao O/U
menor que 2,00, a presenga de varias fases do uridnio metali-
co em equilibric com o didxido de uranio esteguiomiétrico. Pa
ra 00 maior gue 2,00 observa—se a presenga, a baixas tempe-

rateras, da fase UQ que transforma em UO2 + U,0, aoc redor

24 479
4}
de 2207C.
G/u
. 2O 2 2 23 P24 28 28 2¥ 28 249 30
™ T | T T T T T T 1
1300

[alaln

5060
u_ + 4y k\
< * U0, N *\ﬁ\w %\ \
U - k\\
L
e STxxﬁxu gﬁﬁxﬂ I N 1N \K\
o L1 432 Te.r
7] 6T 1.3 T TO Tl T2 T3 T4 TS,
ue, UgDg UsOq U0,
OXIGENIO % {ot}
FIGURA 2.6. - Diagrama de equilibrio do sistema oxigenio-ura

nio,
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2.3.2. ASPECTOS TERMODINAMICOS

Se um sistema contem mMais gue Wm COmMpo-
nente, seu estado termodinamico & fixado por apenas duas pro
priedades. Num sistema de um Unico componente a energia in
terna U, & determinada especificando-se a entropla 8, e © v
lume V, © gque implica muma relagac entre as diferencials des

tas variaveis dada por:

av = (-SUy a5 4+ &
55 5V

} 4V = Td5 - pdv {2.26)

32 ¢ sitera contém mais de um componen-
te e se a proporgac relativa dos componentes muda quando U
S e V sac aumentados, entdoc U dependerid da guantidade de «ca

da compocnente e sera dada pors

&
AU = () as + (=29, av + T (—dy dny
6 a
5 y,nt SV 5w i 98 ¢ g,na
{2.27)
onde Wi & a guantidade de cada componente,

Em virtude das defini¢oes de H, F e & ,
onde H & a entalpia, F & a energia livre de Helmholtz e G,
a energila livre de Gibbs, guando modificadas para sistemas /

de multicomponentes, o potencial guimice & dado por:




50

. { )
1 s

BNi 8, V.Nj

= ti” )
Ni .
5,pN7

{(2.28)

- ﬁF.}
My, v w3

= (&5,
FSNY TrPrNj

Se os componentes da uma mistura podem
ser convertidos de um para o outro {como em uma reagao gul
mica ocu em wm processo produotor de defeitos em cristals), a
guantidade Ni ira, com o devide tempo, atingir wvalores de
equillbrio. No estado de eguilibrio quimico, ndo exlste /
uma tendéncia espont3nea para a composigac de uma mistura mu

dar.

Uma descrigao guantitativa do egquili -
brio quimico pode sar obtida da segunda lei da termodinami -
Ca. Em um sistema isolado (isto &, onde U e V sdo fixos) ,
o estado mais provavel, ou de eguilibrio, & aquele onde a en
tropla & maxima. Se o slstema consiste de uma mistura  de
aspecies capazes de ge transformarem uma em outra, a entro -

pia atinge um maximo numa CGmstigao particular.




T

Considerands uma mistura de reagentes /
restrita a um sistema isclado, quando o equilibriec &8 atingl
do 43 = 0 =, sendo isclado, dU = dV¥ = 0 para qualguer mudan-

ca de composicac. Ba eguagac 2.27. teremos:

Jpdntl =0 (2.29}
i

Embora a egquagadc 2.2%. seja o ponto ini
cial para cilculos termcdindmicos de equilibric, ela nao &
conveniente para analisar o equillbric de defeitos em cris
tais, devido & dificuldade de se delinear claramente as espé

Cies e as reag¢des envolvidas,

Medidas de equilibrio em cristais on
sistemas cristalinos, especificam a temperatura e pressaoc me
lhor gque a entropia e o volume. 0 equilibric pode ser con-
venientemente degcrito em termos de energia livre de Gibhs

na qual T e p sdg varidveis naturais.

Para um sistema em equilibrio, a varia-

a0 da energia livre de Gibbs deve ser zero, ou:

( dG }T,p =0 {2.30)

As eguagoes 2.29 e 2.30. podem ser

usadas como base para determinacoes de equillbrio, Quando a
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equagao 2.29., & empregada, importantes relagoes podem ser
obtidas. Considerando o equillbrio de duvas fases, num sis

tema de um Unico componente, teremos no equilibric:

2 {fase 1} a—=— A (fase II}

A condicao de equillbric, eguagae 2,293,

torna-se:

I...1 CIT. 1T

1_112'1:_1!-'13'1 + 4a dNﬁ = 0 {(2.313
I II - . . - ,

ohde Uﬂ ] UA sa0 o5 potenciais guimicos da substancia A

nas fases I e ITI, respectivamente.

Pesde que o sistema contém uma massa to

tal A, uma perda de & numa fase implica num ganho egquivalen-—

te de A na outra fase, ou dN; = - dNiI . Com esta restri-
¢dc, a egquagaoc 2.31. torna-se:
I _ TIT _
Hp = “A = . (2.32}

Em geral, a condi¢do de equilibrio gqui
mico requer gue ¢ potencial quimico de todos os componentes/

seja o mesmo em todas as fases, Asgims

o= it o= . (2.33)
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e para aqueles componentes gque sac ligados por uma reacadoc /

guimica
) vy =0 {2_34)

onde vy sdo os coeficientes da reacao,

Para determinar o potencial gquimico pe
&G '
dHi

T,p,Nj
de Gibbs total do equilibrio da mistura, Como a energia 1li

la equagao y = f ) ;, devemos ocbter a energia livre

vre nic & uma gquantidade absoluta, seu valor € referide a um
estado de referéncla arbitririo ou estade padrac. O estado
padrdo de um gas ideal & definido para uma substdncia a uma
temperatura T, na gual estamos interessados e a uma pressaoc

p_ igue usualmente 2 tomada comg sendo 1 atm),

a

¢ metodo para preparagac de uma mistura
em equilibric a partir dos componentes puros consiste, numa
primeira fase, numa expansan ou compressdo isotérmica e re
versivel de cada um dos gases purcos para a pressac parcial /
final, gue eles tem na mistura em equilibric. A& mudanga na
energia livre de Gibbs de cada componente, associada com es

ta fase, & determinada da relacgio:

(gg) =V = S (2,35)




Se a pressidc do gis & mudada de p, (no estadc padraao) para
Py {a pressac parcial final na mistura em equilibrio}, a mu

danga associada na energia livre do componente i a:

Py

G, = G? + BT 1n f

{ ) {2.36)

o

Onde G, & a energla livre de Gibbs por mol do componente i,

no estado padrac.

A fase final & uma mistura isotérmica /
reversivel dos yases gque, sendo ideais, nao implica em mudan
¢a na entropla e entalpia, ndo havendo alteragaoc na energia

livre de Gibbs nesta segunda fasge.

A energia livre da mistura em equill -
bric difere da energia livre dog componentes em seu estado /
padrac, devido somente a fase de compressdc - expansde, sen

do dada por:

= G

=g

Py
My + RT 1n | 5 } {2.37)

Uma das mais importantes proprisdades /

quimicas, num dxido utilizado como combustIvel nuclear, & a

pressaco de oxigenic em equillbrio na fase gasosa do elemento

combustivel {32}.




f— —

d di6xide de urdnic, de férmula  geral
U02+x , 4 uma temperatura particular T, & caracterizade por
uma pressao parcial de oxigénio gasoso, bem definida, corres

pondente ac eguilibrio termodinimiceo gas-sdlido,
a situagio de equilibric termodinidmico/

entre oxigénio gasoso ¢ o &xido 324lido & mostrada na figura

2.7.. Este equilibric pode ser cxpresso pelas reagoes:

-0, {g) =0 (g

Olg) = 0 {em solugao no sélido) (2.38)

T | . ———Ragipients .
T isotermico a
- Phe temperatura T

FIGURR 2.7. — Eguilibric termedinZmico de oxigeénio gasoso

com Gxido de uranic solido.

Q critéric de equilibrieo guimicao & a
igauldade des potencials quimicos de oxigdnio atdmico nas

fases gasosa e s6lida e das formas atdmicas e molecular do

———




|
oxigénio do gis. Portanto:

1 -
2 o, (33 ~ Yo (@)

(2,39}
"o {gy T Yo (om solucgdo)

0 potencial gulmice do Ozig} é dado pe

la equagao 2.37.

+ RT 1n p (2,40)
L 2 0,

(oY)

onde Gg e a energia livre de Gibbs do gds oxigénio na tem
2

peratura T, na pressaoc padrdc, gue normalmente 2 tomada como

1l atm,
Cembinando as equagbes 2.3% e 2.40, teremos:

- G {2¢4l]

O
O

AG = RT 1n p
© 2

=2]J -
a1l
2 o o {em solucas)

A quantidade RT 1ln 29 & desiqnada por
2

ﬁGG , correspondendo 3 energia livre parcial molal de oxigd
2

nic no slido por mol de 0,, ou o potencial de oxigenio do
salido. Ela & a diferenca entre o potencial quimico de oxi

génio no sdlido e o do oxigénio gasaso puro na mesma tempera




L

r

tura € a 1 atm de pressaoc.

4 pressac de oxigenio, em equilibrio /
com ¢ didxide de urZnio hiperestequiométrice, & mostrada s5u

perposta ao diagrama de equillibrio na figura 2.?.{211.

Uma revisiao do comportamento termodind-

mico do oxigénio em didxido de urdnioc n3o-estegquiométrico

atraveés de dados experimentais, foi realizada por FEFP_B‘J{;}NHﬂ:|

Nela sac calculados valores de entropla e entalpia em fungio

da relagdo O/U.

L 107k o) k=0

o \
‘. I1goo
o
|
i
o 1404
L
L]
[- 9
5 12
S 00

1000

80O |

400

ST
. H’E .
2.0 2.4 2.2 2.3
Relagas 0/U
FIGURA 2.8. - Equilibric da pressac parcial de oxigénio em
U -~m~ linha de equilibric de fase,

Isdbara de oxigénico.
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2.3.3, MNAO-ESTEQUIOMETRIA E ESTRUTURA DE DEFEITOS

0 conhecimente da estrutura atomica
das fases nac—estequiométricas & importante, tanto na inter-
pretacacg do comportamento termodinamico de wum composto,guan-
to na dependéncia das propriedades com a variagdac da relacao
0/U, que sio fortemente dependentes da posigac dos atomos de

oxigénio em excesso na estrutura cristalina.

Um estude dos compostos nao estequiomé-
(14}

tricos deve considerar alguns aspectos tedricos , COmMO O
modo de ilncorporagan do desvio estequiométrico no cristal, a
astabilidade termodinamica das fases & oz fatores que in

fluem na composigas sob a qual tais fases podem variar.

A incorporacgic de um excesso ou dafici-
encia estegquiomdtrica pode se dar através de trés metodos
substitucional, intersticial e subtrative. A incorperagac/
intersticial ocorre quande uma sub-rede de cations ou anil
ons estd ldealmente ocupada e algumas posigoes intersticials

san tambem preenchidas por um dos componentes.
Um cristal, em contacto com o vapor de
um de seus constituintes, & potencialmente um composte  nao

estequiometrica, sendo o egquilibrio termodinamico de uma

composigdo na fase s5lida dependente da concentragac deste /

- 4] -
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consktitulinte na fase vapor.

Quatro casos principals se destacam na
descrigao fenameldgica de fases ionicas no cristal, que va
riam em composigac com a pressdc de vapor do meio. Dois [/
dos casos aplicam-se a situagdes onde existe um excesso 4o
componente anionico. 05 casos restantes correspondem a situa

¢oes onde existe uma deficiéncia do componente anionico.

Se a pressio de um gis X, em contato
com ¢ cristal MX & levada acima do valor pi0) apropriado a
composigido estequiomdtrica MX) ogr @ concentragdo de X do
cristal ira aumentar para manter o equilibrie. No limite
de pequenas mudancas na concentragio, antes de fases de dife
rentes composiqﬁes terem sido nucleadas, pode ocorrer gue um
excesso de anions X permanega na superficie do ecristal 2m
posictes normais da rede, criando assim vacadncias c¢atifnicas
gue difundem no cristal, cu ainda, o excesso de anions X /
vai para posigfes Intersticiais e um nimerc eguivalente de
cations M' & oxidado a M%' para balango de carga. Este 10l
timo caso € de malor interesse pois pode~se observa-lo expe-
riﬁentalmente em certos compostos com estrutura cristalina ?
do tipo fluorita, como o UDE'

Desvios da estequiometria ideal envol

vem uma mudanga de valéncia de pelco menos wn lon de cristal,

normalmente o cation.
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Para peguenos desvieos da esteguiemetria
assume-se a existéncia de uma r&e homogénea de defeiteos dis
tribuidos quase 20 acaso. Para desvios maiores da esteguic
metria aparecem varias possibilidades, sendo cue, a gue se
aplica ac didxide de urianio nio-esteguiamétrico corresponden
do ao goncelto da formagao de uma sub-microheterogenaidade

dentro de uma unica fase.

Este concelito foi introduzido por

RRIYA{Z' 3. 4

gue indicou ser possivel, dentro de uma fase
homogenea,a existéncia de microdominios iscolados cuja sime -
tria local aproxima-se de cutra estrutura cristalina, sendo

estes microdominios suficientemente peguenes para aglrem co

mo nicleos de crescimento de uma segunda fase,

A estrutura sub-microheterogénea foi
considerada estando em equilibrio dindmiceo dentro do cristal,
com as regices de compesigao diferente migrando continuamen-—

te e mudando constantemente sua forma e Aimensoes.

Os argumentos no qual se fundamentam es
tes conceitos sdo baseados na entalpia de formagdo e proprie
dades magnéticas de fases nac-esteguiométricas. Sao valides/

sistemas F .
para como el_xD 2 U0, ..
De acordo com os trabalhos de ARIYA em

mondxidos de titinio e vanadio, o tamanho dos microdominios/




na gual a estrutura sub-micreoheterogenea se haseia, de
200 celulas unitarias para o Ti0, 4p & 1000 calulag unjita -
’

rias para o le 06
r

Desvios da estequicmetria no UO, 340
vosslvels porgue o uranuio possui varlos estados de valén -

+ +
4 . U5+, ') Uﬁ tende a ser Vd

cla. ¢ uranlo nos estados U
mais estdvel. WNos dxidos estequiométricos os Ions de me
tais pesados tem uma valéncia R quando ¢s Icns oxigenio
sao removidos cu adicionadog ac material, & necessfria a mu

danga de valéncia de alguns cations.  Asgim, os lons  urd

nie no U02+x sac uma mistura de U‘I+ a U5+ ou ainda de U4+ e
ubt,

O excesso de oxigénio no UO,, & acomo
dado intersticialmente na estrutura do tipo fluorita. Os

(40, 41)
2+x !

trou gue existen duwas posigoes intersticiais para o oxigé -

estudes de difragiﬁ de neutrons em Ud demons -

nic, as guals saoc mostradas na figura 2.8..

Estes defeltos nao sao distrihbuidos ao
acaso, mas aglomeram-se em complexos ou aglomerados de de
faitos. 0 ronceito de aglomerados de defeitos tem sido

(7, 27 )

adotade por varios pesquisadores no =stado teé

rico da energia e estrutura de defeitos.




fa) _ ib)

FIGURA 2.%. - Posligoes posslveis para oxigénio intersticial
no UG
2
o - posigaoc normal dos Ions oxigeénic,
a) ¢ — posigdo interstigial tipo 1:

b) ¢ - posigac Interstieial tipo 2,
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3. DESCRICED EXPERIMENTAL

3.1. PENDULC DE TORGAQ

As medidas de atrito internc realizadas
a baixas frequénciag de oscilacic foram desenvolvidas utili-
zando-se um péndulo de torgadc, do tipo invertido, semelhante

(2% a utilizagic do pendulo inver

ag concebidos por Norton
tido apresenta a vantageim de diminuir sensivelvemente a teh

sao longitudinal sobre a ameostra, devido as

a} a massa de inercia ser localizada /
acima da amostra, gue & Fixa na

parte inferior;

b) © equilibrio ser mantido por um con

tra-peso.

A figura 3.1. mostra esguematicamente o péndulo de torqid in

vertido,

A amostra & fixa através de pingas e a
oscilagdc & realizada magnetostaticamente, através da  agao
do campo provocado por duas bobinas sobre imas sclidarios

ao sistema de sustenta¢do. A oscilagac & transmitida a

amostra por meio de uma haste girante e o sistema e egquili -

- 4§ -
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++—— forno
- 1+—— amosira

FIGURA 3,1. - Esquema do Péndulo de Torgdo.
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I
librade por um contra-pesc suspenso por um fio de sustenta -
¢do, através de uma polia mével. Observa—se gue o atrito in
terno do fio nao varia com a amplitude e nen com a freguéncia,

contribuindo apenas para o fundo de 10% {24}_

h frequéncia da oscilagao & controlada /
pela variagao da distancia entre as massas de inércia., As
medidas de atritc interno sap realizadas em regime de oscila-—
¢ao livre, por meioc de un sistema BGtico, utilizando-se um es

pelho, fixo A haste girante,

B variacao da temperatura & feita por
meio de um forno de enrclamento de resistencia (termocoax) /
gque envoelve totalmente a amostra. 0 conjunto € encerrado /

dentro de um criostato de ago inoxidavel.

C metodo do péndule de torgao apresenta,
ainda as vantagens de possibilitar medidas de wvalores eleva -
dos de atrito interno e de poder atingir altas temperaturas .
Apresenta como principals desvantadgens um funde de atrito in
terno muito elevado e dificuldade de fabricagac de amostras

adaguadas.

3.1,1. DETERMINACAQ DO ATRITO INTERNO

A pscilagdo imposta 3 amostra, pela pas-
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sagem de pulsos da cnérente nas bobinas, & detectada utili -
zando-se um sistema otico como mostrade na figura 3.2, Uma
fonte lumincsa faz incidir um feixe de luz no espelhe preso
4 haste girante, gque accmpanﬁa o movimento oscilatdrio da
amostra. O feixe de luz refletido & direcicnado por um con
junto de espelhos ac seguidor de sinal luminoso [(Photodyne /
TYPE PHA - SERFRAN). 0 registro cobtideo em papel milimetra-

do & da forma mostrada pela figura 3.2,

i
f
.._.__.._..1Jﬁf

V_.“________

FIGURA 3.2. - Detecgao de movimento oscilatorie,
A -~ fopte de lusz:
B - aespelhc solidario ao porta amostra;
CeD - eapelhos fixos;

E - seguidor do feixe de luz,




Amplitude

Tempo

FIGURA 3.3, - Registro de oscilagtes livres,

O atrito interno & calculade por inter-

médic da equagdo (2.20) dada por:

onde n & o nimero de oscilagbes entre A_, a amplitude inici-

al, e &, a amplitude apds n oscilagoes.




G nimerc de oscilagoes entre as amplitu

des inicial e final e fixo e igual a 20.

A deformagdo resultante da aplicagac ds
torgdo a amostra &€ calculada através da seguinte relcio, que

nos di a amplitude de deformacao:

e = 9 . (3.1)
4Ll

i}
4]

onde A_ @ a amplitude maxima de oscilagao.

r & ¢ rale da amostra.

o
fir[!
i

distdncia do espelho ao seguidor de sinal lumino
50,

1 & o comprimente da amostra.

A amplitude de deformagac utilizada em
4

todeos o5 experimentos fol de 12 = 107

(s ensaios foram realizados . em atrmsfera de
argoniec e hidrogénio para as amostras nac—-estequicometricas é
esteguiométricas, respectivamente, sob uma pressac de 15 mm
de Hg inferior a atmosfera. Tal foi conseguido evacuando -

~se o criostatc até 10°° mm de Hg e introduzindo-se o gis. A

1

sequir diminula-se a prassac ate 1[]'“2 mm da Hg e reintrodu

zia~s5e novamente o gis. Este procedimento fol realizado [/




quatro vezes, apds © gue introduzia-se gas até atingir a

pressao indicada.

3.1.2. DETERMINACEC DO PERIODG

A determinagac do perliedo de oscilagac
2 feita por intermadioc de uma c2lula fotoelétrica colocada /
no seguidor de sinal luminose, conectada a um contador ele

tronice modelo 5245 L da Hewlet Packard.

3.1.3. MED]IDA DA TEMFERATURA

As medidas de temperatura foram determi
nadas utilizando-sa um termepar de cromel - alumel colocado
a meia altura da amostra e registradas num Registrador Multi
canal Rikadenki modelo &06, com um 2rro de medida de aproxi-

madamente 19C.

Uma variagao linear da temperatura com
o tempo foi cbtida usando-se um regulador de temperatura Se

taram RT 3200.



3.2. ' PREPARACAC DAS AMUSTRAS

Dentro das etapas de desenvolvimento do
trabalho, o de preparagdc das amostras & de importancia fun
damental desde que envolve todo o processamento normal para
fabricagao de corpos ceramicos, exigindoc ainda um processa -
mento especial, devido 3 forma das amestras e dos requisitos

nucleares necessarios na fabricagdo de combustivel nuclear.

A obtengac dos corpos de prova para uti
lizagao no pendulo de torgao exlge um processamento especial
da mat8ria prima, no casoc sais de uranio, até atingir o esta
gio no gual este material possa ser conformado por matodos /

convencionais.

A etapa mais importante neste estagile
do trabalho & sem divida o processo de sinterizagao {BE},que
em ultima analise ira definir as caracteristicas do produto

final em termos de suas propriedades e microestrutura,

A forma final das amostras € atingida
por meic de processos de corte ¢ lapidagaec, que deixam oS
corpos de prova em condicoes de serem ensaiados diretamente/

no péndulo de torgdo.
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3.2.1. MATERIA PRIMA

Neste estigio de preparagac das amos -
tras o objetivo & produzir didxido de urinic estequiométrico
na forma de um pd, para posterior processamahio, Para is
to, a matéria prima principal consiste de um sal de urinioc ,
de pureza nuclear, obtido pelo Centro de Engenharia Quimica

do Instituto de Energia Atomica.

Partiu-se inigialmente do diuranate de
amdnic (DUA} produzido por precipitagio do nitrato de urani-
lo. Bste material fol calculado d 650°C ac ar durante 3 ho
ras, resultando em uma das fases alotrdnicas dos fxidos de uranio,o
Us0g. A seguir fol realizada a reducao do U,0g para U0,
com aguecimento a 750°C durante 1 hora, em atmosfera de hi
drogenio, resultando num material em forma de pd, com uma

(18]
r

superficie especlfica, determinada pelo mitodo BET de

2 mzfg.

3.2.2. METODC DE CONFORMACAO

0 pd obtido na preparagac da matéria /
prima foi desagregads num misturador Spex por 15 minutos e a
sequir compactado na forma de bharras de aproximadamente i

64x32x3,5 ram,

Fl_::ﬁ_":':.'tll.rrn'_l: L‘:: Y T L O,

&



Arconfarmaqﬁﬂ das barras fol realizada
wtilizando-se wna prensa hidrostatica "FAREX", em molde de
ago com as paredes lubrificadas com estearato de zinco, A
figura 3.4, mostra esquematicamente a operagaoc de compacta -

¢cio do pd.

puncllo

. f T YT mq
e N\ -

moida material

Carregamento Compactagao Extragao

FIGURA 3.4. - Operagac de compactagdo do pb.

A pressio utilizada no processo de com
pactagao foi determinada com base em trabalhos j& desenvolvi
dos pels Centro de Metalurgia Nuclear na fabricagdo de ele -
mentos combustiveds {13}. A pressao utilizada foi de

1560 Kgﬁcmz, obtendo-se desta forma barras de didxido de ura
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. 3 -
! nioc com uma densidade a verde de 5,12 ofcm, isto B, cerca
de 46,6% da densidade teorica, admitida esta como sendo r

igual a 10,98 gjcms.

As barras obtidas foram caortadas a ver-—

de nas dimensces de 64x15x3,5 mm.

3.2.3,. SINTERIZACAO

Como j3 salientado antericrmente, s
processo de sinterizagao & um dos mais importantes na prepa-

ragde das amostras.,

A sinterizagaoc das amostras foi realiza

da em duas atmosferas, com gases fornecidos pele Oxigenico do
Brasil 8.A. A utilizagdo de argdnio para sinterizacac de
amostras parmite obter didxido de urdnio n3o esteguiométrico,
pols a quantidade de oxigenic presente no gas, aproximadamen

, te correspondente a pressac parcial de oxiganio (pD }, fara

2
com gue o eguilibric se desvie para a direita do diagrama de
: equilibrio {21], para um valor de p, = 107%,
- 2
A utilizagao de hidrogénio na sinteriza
. ¢3o nos permite obter uma atmosfera redutora, resultando nu

ma amostra benm prbxima 3 do valor cstequiom@trico. A elimi

nagdo da dgua existente no gis & possivel utilizando-se um




"trap" de nitrecgénic liguide, na parte anterior do forno de
sinterizagac. Isto & necessario porque a atmosfera reduto-
ra, aliada & alta temperatura, provoca uma reduqﬁo das par
ticulas de dgua, dando origem a oxigénic dissociado na atmog
fera do forno, o qual se difundira na amostra para manter o

equilibric termodinamico.

0 forno wtilizado na sinterizagae & de
resistencia de platina da LEITZ WETZLAR, ¢use possui uma zona
"quente”, ou seja, uma zona de temperatura constante de apro
ximadamente 60mm, O esquema do forno de sinterizagao & mos

trado esguematicamente na figura 3.5.

Para o controle g medida de temperatura
foi utilizado um termopar de Pt - Pt 10%Rh, colocade no inte
ricrde fornoc e controclado por um aparelho ENGRDO, mantendon—se
a temperatura constante dentro de aproximadamente 5°C o sen

do registrada num instrumento LEEDS & NORTHRUP,

Ag barras de ditoxido de uranic foram [/

acondicionadas em um recipiente de molikdénio.

¢ processo de sinterizagao em atmosfera

de argonlio foi realizado a 1GGGOC durante 1 hora, obtendo-se

um tamanho médic de graos de 15 pm, medido pelo método da in

(19)

tersecQEG , cam a densidade aparente atindindo 92,5% da

densidade tebrica. A obtengao das amostras esteguiomdtri -
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cas fol realizada sinterizandc 3 1600°C por 1 h , obtendo-se

um tamanho médio do grao de 13 um, cam densidade aparente de

91,5%.

hs velncidades de aguecimento e resfria

mento foram, respectivamente, 400 3 500°C por hora,

3.2.4., TRATAMENTO TERM{EE

0= tratamentog t2rmicos realizades nas
amostras tem cemo objetics obter uma variagao do tamanho de
grioc através da colocagac das amostras, por diferentes perio

dos de tempo, a altas temperaturas {25}.

Nos tratamentos termicos realizades uti
lizaram-se corpos de prova j& sinterizados em atmosfera de
hidrogénio, conforme j& descrito, cortados em dimensies pro

ximas as necessirias para ensaio no péndule de torgdo.

0s tratamentos térmicos foram realiza -
dos em forno "WILD - BARFIELD" com resisténcia de tungsténié
(produzide pela NATIONAL RESEARCH CORPORATIONY, em atmosfera
de hidrogénio, 05 resultados obtidos, bem como os tratamen

tos térmicos realizados, sao mostrados na tabela 3.1,
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TLBELA 3.l. - Tratamentos Termicaos.

Temperatura | Tempo | Temperatura | Tempo | Tamanho de | Densida
Grac de Apa-—
rente
°c h c h uim 2
1800 2. - .= 1%,3 = 1,2 84,5
1800 2 1850 4 25,7 + 1,1 95,0

ApOs a realizagao dos tratamentos térmi-

. ]
cos as amostras foram novamente agquecidas a 1600°C por 1 h em
atmosfera de hidrogénio, no forno LEITZ, para manutengdo  da

estequionatria.

3.2.5. — CARACTERIZACAC MICROESTRUTURAL

A caracterizacao microestrutural das amcs
tras sinterizadas e tratadas termicaments foi desenveolvida u

tilizando~se microscoplos oticos do Centro de Metalurgila  Nu

clear,

Inicialmente foi realizado o embutimento

das amostras gue a feguir eram polidas mecanicamente, com 131
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\~ xas d'Agua nimerc 600, 05 pas5s0s seguintes eram realizados

\ com polimento mecidnico, utilizando-se pastas de diamante de |

& e 1 um, com um acabamento dado por polimento auvtomatico
i .

] em alumina gama de 0,05 ym.

- Apds o polimento, os corpos de prova
|

] eran levados ao microscOpio para observacdc da distribuigio,

| forma da poreosidade e redistro fotografico, A segulr proce

dia-se ao ataque das amostras em uma solugio de icido sulfii-
= rico em agua oxigenada, sendo entdo o corpo de prova conduzi
do novamente ao microscdpio Gtico para observacao da microes

\ trutura, contagem de tamanho de grdo e registro fotografico.

As microestruturas das amostras sinteri l
\ zadas em argdnio e hidrogénioc podem ser observadas nas figu =
| ras 3.6, 3.7, 3.8 e 3.9, 3.10 e 3.11, respectivamente. As
|

figuras 3.6 e 3.9 mostram uma distribuicac uniforme de poro-
|

| sildades, podendo-se observar gue os tamanhkos dos poros da

amostra sinterizada em argdnic sic malores o em guantidade /

—

\ superior Aquela correspondente a amostra sinterizada em hi
| drogenio.

-

As figuras 3.7 e 3.9 mostram uma distri \

buigdo relativamente uniforme de griacs em toda a amostra e |
também uma porosidade maior da amostra sinterizada em  argd
nio.

|
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Para aumentos maiores pode-se observar
gue a estrutura de poros da amostra sinterizada em argonio,
apresenta poros bastante grandes e localizadas nos contor -
nog, @ gque nac & verificade na amostra sinterizada em hidro
genio, onde os poros estao localizados principalmente no in

terior e nos contornos de grac.

As ﬁicroestruturaa das amostras trata
das termicamente podem ser ohservadas, sem atague, nas figu
ras 3.12 e 3.15, onde se verifica a presenca de poros bas
tante grandes e de forma circular, caracteristica dos Glti-

mos estigios de sinterizacdo 16)

Uma distribuicao uniforme dos tamanhos
de grac e porosidades pode ser observada nas figuras 3.11 e
3.15, para as amostras de tamanho de grac de 19 pm e 25 um,

ragpactivaments.,

As fiquras 3.14 e 3.17 mostram a loca-
lizagao dos poros em relagdo aos contornos de grao. Na fi
gura 3.14. observa-se a pregenga de poros grandes e cirou -
lares junto acs contorncs e poros menores localizados no
interior dos graocs, sendo o mesmo observado na amostra de
25 um, figura 3.17, apenas com gracs maiores junto ag ©on-

torno.,
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3.2.6. - CORTE E LAPIDACKD

as amostras obtidas na sinterizagac fo
ram cortadas aom discos diamantados nas dimenéSES aproxima -
das de 50,0 X 2,30 X 1,3 mm,. Apos os tratamentos termicos,
ag amostras foram lapidadas, utillzando-se inicialmente po
de carbeto de gilicic malha 400 ¢ logo apds carbeto de sili-
cio malha 1000, até atingir as dimensdes necessirias para
utilizagao, gue foram de 50,00 X 2,000 X 1,000 mm, com um

erro aproximado de 0,002 mm.




4. RESULTADOS EXPERIMFNTAIS E DISCUSSOES

4.1. = VARIACAD DQ ATRITOD INTERNO COM A TEMPERATURA

4,1,1, - EFEITO DA VARIACAO DE ESTEQUIOMETRIA

A figura 4.1. mostra a variagac do atri
tc interno para o didxido de urdnio nao-estequiométrica. /
Obgerva-se inicialmente um decréscime do atrito internc a
partir de - lEﬂQC, que pode estar associado a processos de
relaxaqaa que ocorrem a temperaturas mais baixas, come rela

(17}

Xagao de discordancias , observado a fregquencias altas

de oscilagac, ou fendmenos de relaxagao devidos a tensao in

0 {lﬂ}.

duzindo ordenagao na fase U404

A partir de - 120% atd aproximadamente
100“C observa-se um largo e irregular picoe de atrite interno,
0 gue ndo ocarre em didxldo de uranio estegquiométrico, como
mostrads na figura 4.2, A presenga deste pico deve sar
atribuida & oxidagac do didxido de uranio, pedendo estar as
sociado 4 relaxacao de oxigénio presente intersticialmente /

E

na rede cristalina e tamb@m a presenga de U, Gy como obser

vado por cutros autores {11, 35}'

A forma irregular deste pico pode estar

- gH -
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associada ndo somente a um {inico pico de relaxagao, o que &
confirmade pelo clilculo da energia de ativagao do processo /
{zegdo 4.1.2). hsaociando-se a variagac do atrite interno
ahservada no pico entre - 80 & - ?EGC, a um pico de relaxa -
gao devido a defeitos produzidos por oxidacae, o valer da
cnergia de ativagdc calculada e bem proxima acgs resultados /

ja observados para este fendmeno,

O comportamente da curva acima de 100°¢
2 bastante semelhante ao da amostra esteguiometrica, sendo o
aumento do atrito interne observado acima de SQDDC, atribui-

do A relaxacgdo de contorno de grac (secao 4,1,3.),

4.1.2. - CALCULO DA ENERGIA DE ATIVACAD

Devido &4 forma irregular do pico obser-
vado a baixas temperaturas, mais de um processo de relaxagéc
pode estar ocorrendo. Isto pode ger confimado pelo caleulo
da energia de ativagio, através da larqura do pilco, tomada 3

meia altura (figura 4.3.).

0 valor da energia de ativagao & calcu-
lado através da egquagao (2.25), onde © & a energla de ativa-
¢ac 4o processoc. 0 valor obtido para a energia de ativagde
por este método & de 0,14 eV, o que & cerca de 3,4 vezes mg

nor que o calculade por Domoto para relaxagdo de oxigénio in
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Portanto, o pico observado deve-se
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Assumindo-se a variagiﬁ do atrito inter
na observada entre - 80 & - ?DDC, como sende devido a relaxa
cdo de defeitos produzidos por oxidagao, a energia de ativa-
3o pode ser caleculada pela equagac de Arrhemius. A partir
da curva de 1ln w em fung&n de 1/T, mostrada na figura 4.4 ,
obhtem-se um valor para a energia de ativaqao de 0,5%4 + 3,04
6V, o que & bem proximo ac calculado antericrmente, conside-
rando~se os erros e a variagao da posigao do pico com a rela

gao oxigénio-uranio, chservada nos trabalhos de SOCING Iaﬁ}e

{11)

DOMOTO .0 coeficiente de correlagac da reta média da figu-

ra 4.4, & de 0,99,

4.1.3. - EFEITO BA MICROESTRUTLURA

0 efeits da microestrutura em didxido /
de uranio esteguiometrico, através da variagac do tamanho de
grio & mostrado nas fiqufas 4.2, 4.5 2 4.6 para tamanhes de

grac de 13, 19 e 25 Lm, respectivamente.

Na faixa de temperatura entre - 160 e

1400C n3oc se observa nenhuma influencia da microestrutura.

0 efeito da microestrutura no comporta-

mento anelidstico do didxido de uranio pode ser cbservado a
: s e

partir de aproximadamente 340°C, onde se verifica um aumento

do atrito interno até a temperatura maxima de trabalho, Es

...'?3_




so da temperatura.
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- -~ 1
te comportamento e observado tambem por ocutros autores (137,

33 ke . e -
{ ], a frequencias mais elevadas, cam a ocorrencia de um pi
co de atrito interno, associado a relaxagao atraveés do con

torno de grao.

0 efeito do tamanho de grdc nos valores
de atrito internc mostram uma tendéncia para a diminuigac do
atrito interne com o aumento do tamanho de grac, o que pode
ser observado na figura 4.7, para valores ﬁe atrito internc/
A maxima temperatura de trabalho (400°¢cy . Iste & consgisten
te com a cohservacao de que com o crescimento de grac tende -
mos & ter um mocristal, onde inexiste o pico de relaxagao de

vido a contorno de graec,

A presenga de poreos nas amostras pode
afetar os valores de atrito interno pela diminuigdo do  com
primento do contorno de graeo, pois a relaxagac ccorre ao lon
go do contorno, através de um escorregamento entre eles. Por
tanto, a presenga de poros junto ao contorno pode afetar as
medidas de atrite interng, diminuindo-o, engquanto a presenca

de poros no interior dos gracs nao terd efeito algum,

0 efeito da pososidade nos resultados /
obtidos pode ser observade por intermadio da microestrutura/
das amostras. Ha figura 3.11 observa-se gque na amostra de
13 pm, o poros estao localizades principalmente no interior

dos graos, com porosidades superior a das demais amostras




Nas amostras de 1% e 25 um, figuras 3.14 e 3.17, observa— se
a presenga de poros majiores e lecalizadeos principalmente nos
contornos de yrac, © que contribui para unma diminuigdo do

atritec interno, ou seja, uma relaxagac menor,

"
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FIGURA 4.7. — Variacao do atritc interno.com o tamanho  de

gric 3 400%c.
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0 aumento do atrito interno observado a
partir de ZDDDC, com a presenga de um pico en torno de JIDGC,
¢ devide a processes de relaxagac inerentes ao equipamente /

3

utilizado.

4.2. - VARIACRO DO PERICDO DE OSCILACAC COM A TEMPERATURA

A determinacgao do pefindc ou frequéncia
de oscilagao da amostra € importante nao sémente no cilculo/
da energia de ativagac do processo, mas também na determina-—
¢do deo mddule dinimico, que em sistemas de oscilagdo livre ,

& inversamente proporcicnal ac guadrado do pericdo {9}.

A variagac do perlodo de oscilagao e
mostrada na figura 4.8 para a amostra pnac-esteguiometrica e
nas figuras 4.9,4.10 e 4,11 para amostras de 13, 19 e 25 um,

respectivamante.

Os comportamentos observados em todas [/
as amostras sao senelhantes, com uma diminuigao do periodo /
de oscilagio a partir de - 160°C, atingindo valores minimcsk
entre - 80 e — 60°C, Tais comportamentos andlogos sio ex
pliciveis por transformacoes de fase e/ou efeitos de trata -
mantos térmicos em materiais deformados. Esta diminuigac /
do periodo de oscilag¢ac pode estar associadd a influéncias

inerentes 4o equipamento.




0 comportamento da curva ate 100% mos
tra um aumento gradual do perlodo de cscilagas, ouw sela, uma
diminuigdo do mddulo, quando ocorre uma variagac na inclina-
¢do da curva, com a nmudanga do periodeo. Tal mudanga  esta
associada ac pico de atrito interno cbservado proxime g
300°C. Um aumento linear do peripso passa a ocorrer novamen
te a partir de aproximadamente BEDGC, até a temperatura maxi

ma dg trabkalho,
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5. {CONCLUSES E SUCESTOES

Dos resultados obtidos neste ftrabalho

podemos concluir gue:

a} o efeito da variagac de esteguiome
tria nas propriedades anelisticas do diOxido de urdnic & bas
tante acentuado na faixa de - 100 a 0°C, com a ocorréncia de

um largo £ irregular pico de atrito interno.

b) cdlculos da energia de ativagdo do
processo mostram que a presenca deste pico mencicnado acima,

é devida a varios processos de relaxagdo.

¢} assumindo-se a presenca de um plco
de atrito interno entre - 80 e - ?DDC, o valor da energia de
ativagﬁo obtido {0,54 v} & consistente com os valores obsEE
vados a frequéncias médias e altas, para reorientagac de de

feltos induzidos por tensao,

d} ¢ efeito da microestrutura & obser

. vado somente acima de BJDGC, atraves do amento do atrito in

terno, por processcs de relaxagaa atraves de contorno de Vi

graoc.

e) o aumente do tamanho de grae impli
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numa diminuicdo de atrito internc. A porosidade presente /
nas amostras afeta ¢ atrito interno, quando localizada no

contorne de grio, diminuinde seus valores.

SUGESTOES PARA FUTUROS TRABALHOS:

Através do desenvolvimento do presen-
te trabalho, foram chservados alguns aspectos gque poderac [/
ser objeto de estudos {teis e detalhados futuramente. HNesse

contexto, sao sugeridos os seguintes trabalhos:

a} verificar a posigao do pice devido

i oxidagac, para amostras com diferentes valores da relacao/
0/U, e também a variacao do atrito interno com a quantidade/
de fase U, 9—y*
) realizar ensaios numa larga faixa

de frequéncias, para amostras com a masma relagao 0/U e mes-
mo histérico térmico, © gue possibilitar3 alcangar valores /

mais corretos para a energia de ativagdo.

¢} desenvolver ensalos a altas tempe-
raturas para se determinar de forma mais completa o fendmeno
de relaxacgas por contorno de ¢grao; empregar tamb&m monocris-
tais, nas determinag¢oes de atrito interno a elevadas tempera

turas, eliminando assim o efeito dos contornos de grao.
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ABSTRACT

GARCTA, ROBERTO DAYIN MARTINEZ. The Fy Method Applied to Multigroup
Transport Theary in Plane Geometry. ({Undar the direction of CHAPLES
EDWARD SIEWERT.)

A study of multigroup transport theory for the special cass of
slowing-down in plans geometry is reported. Bnisotropic scattering
affects are included by uysing an Lth arder Legendre axpansion of the
transfer cross section. The theory reduces the calculation of the
reflected and transmitted angular fluxes to a sequence of one-group
problems invalving only angular fluxes at the boundaries. The theory is
then extended to yield the anguiar flux at any location within a slab.
The Fy method is used to estabiish particularly accurate solutions for
several test probTems. The computational aspects of the mathod are
studied, and numerical results are given, accurate to five significant

figures, for all considered problems.
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1. INTRODUCTION

The task of solving the steady-state, energy-dependent, linear
transport (Soltzmann] equation in plane geometry without azimuthal

dependence

u E‘ 1'|"l:.lz:|l|“l'lE:| + dl:l,E] ‘PE?.,U,E]
az
= [[ o(z,E"Y F{zzu' ,BE'+u,E) ¢{z,u',E' )du'dE’
+ 0{z,m,E) (1.1)

is frequently encountered in transport problems. It i well known that
the Boltzmann eguation, formulated fn early studies on kinstic theory of
gases (Roltzmann, 1872), plays alsp an important role in the fields of
radiative transfer {Chandrasekhar, 1950%, neutron transport theory
(Davison, 1957}, radiation shielding {Goldstein, 1959), and rarefied gas
dynamics (Cercignani, 1969). 1In the context of neutron transport theory
¢{z,v,E}, the fundamental guantity in equatian 1.1}, s known ag the
energy-dependent angutar flux, a functicn of the space variahle {z}, the
direction ¢osine of the nmeutron velocity with respect to the z-axis (u),
and the neutren energy (E}. In addftion, o(z,E) denotes the macroscopic
total cross section, f{z;u',E'+u,F) the transfer probability {both are
assumed to be known experimentally) and Q(z,»,E) represents extraneous

sources that may be present throughout the host medium.




| In this work the multigroup method (Cavison, 1957; Bell and
Glasstone, 1970) is employed to discretize the energy depenaence of
equation (1.1} and the resulting set of multigroup equations for & ¢lass
of radiation transport problems is solved by an extension of the Fy
method fnitially introduced for monoenergetic neutran transport theory
(Siewert and Bengist, 19789).

In Chapter 2, a review of previcus work in multigroup transport
- theory is presented and applicatians of the Fy method since its

fntroduction as well as its main characteristics &re summarized. ‘

In Chapter 3 a derivation of the multigroup equations from equation |
(1.1} is presented in an abbreviated wmanner and in Chapters 4, 5, and 6 |

basic multigroup problems are solved and accurate numerical results are

reporied.




2. REVIEW OF LITERATURE

2.1 Multigroup Methods

Historically the multigroup approach to the Boltzmann equation
ariginated from attempts to describe the phenomenon of peutroa transport
in a more realistic manner than that provided by one-speed theory.

Early methods for solving the neutron transport equation (Davison,
1957) include the spherical harmonics methed, generalized for multigroup
theory (Mandl, 1953) some years after its jntruductiun {Mark, 1944, 1945,
Marshak, 1947) ard the discrete ordinates method, based on replacing the
integral term in the transport equation by a numerical quadrature {Wick,
1943; Chandrasekhar, 1944). The Sy method (Carison, 1853), a different
version of the original discrete ardinates method, proved to be very
important from a practical point of view due to its capability eof
handling problems with a high degree of complexity. In today's computer
codes this method, including a series of improvements incorporated since
its introduction, is the most widely employed technique for soTving the
gne-dimensional mulitigroup transport equation. Although its utilization
in practical calculations is evidence of its merits, the Sy method is
known to have difficulties in dealing with deep-penpetration preblems and
strong absorbing media (e.g., reactor control rods).

Analytical methods were also developed for studying the muTtigroup

transport equation. Because these methods have limitations impeding
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their application to practical calculatiors they are mainly used to
gbtain highly accurate solutions to basic problems which ¢an be used as
standards for accuracy assessment of numerical methods. Another
important aspect of analytical methods is the fact that solutinns can be
carried out in a systematic and rigorous way and thus a greater insight
into the mathematical structure of the transport equation is gained. 1In
the past twenty years the method of singular eigenfunction expansions has
been employed much more than any other analytical method, especially in
multigroup theory, and for this reason a summary of the most important
achievements of this method seems appropriate here. Some basic proofs
were carried gut initially by Davison (1945} but several aspects remained
obscure until Case (1960} demonstrated clearly the adequacy of the method
for one-zpeed nautron transport theery. A large number of papers devotad
to two-group neutron transport theory with isotropic or linearly
anisotropic scattering is available in the 1iterature (McCormick and
Kuster, 1973). The reader is raferred, for example, to the works of
telazny and Yuszell {1961), Siewert and Shieh {1967), Metcalf and Zweifel
{1968a, 1968H), Siewart and Ishiguro {1972), Reith and Siewert (1972},
Siewert, Burniston, and Kriese (1972} and Burnistaon, Hu11fkjn, and
Siewert (1972). Saveral papers with numerical results for various basic
problems in two-group theory are also available and some studies not
restricted to the two-group case have been reported, for example, by
Yoshimura and Katsuragi [1968) znd Pahor and Shultis {1969a, 1963b% for
isotropic scattering and Lecthiuvser {1971) for linearly anisotropic

scattering. Some works basad on modal expansions for the energy variable




in the transport equation that yield essentially the same nultigroup
equations have been reported in the ifterature. Among others, reference
can be made to the warks of Bednarz and Mika [1983), Zumbrunn (1965},
Legnard and Ferziger ([1968a, 1966b), Shultis (1969}, and Silvennginen and
Zweifel {1972). The method of Bowden and co-workers, based gn the
analytic continuation of the w-variable into the complex plane {Bowden,
McGrosson, and Rhodes, 1968; Bowden and Bullard, 1962}, has also been
extended to multigroup transport theory with isotropic scattering {Bowden
and McCrosson, 1971). [t is apparent from all these works, however, that
an extraordinary computational effart would be required to solve
multigroup problems ﬁith very general scattering laws by purely
analytical methods.

Several additional methods applicable to multigroup theory are
availabTe in the literature (WilTiams, 1971); a review of mumerical
methods in neutron transport thecry has heen recently completed by

Sanchez and McCormick {1981).

¢.2 The Fiy Method

The Fy method was introduced initially in one-speed neutron
transport theory by Siewert and Benoist (1979). Some similarities with
the Cy method (Bennist and Kavenoky, 1968) were apparent but snuﬁ it was
realized that the method could be derived inm an independent and simpler
way [(Grandjean and Siewert, 1979 by using the full-range orthogonality
properties of the singular eigenfunctions (Case and Zweifel, 1967). The

method was extended for salving problems with Lth order anisotropic




scattering (Siewert, 1978), for problems in spherical geometry {Siewert
and Grandjean, 1979), and for multiregion problems {Devaux, Gramrdjean,
Ishiguro, and Siewert, 1979). Other applications include polarization
studias [Siewert, 1979; Matorino and Siewert, 1980}, rarefied gas
dynamics (Siewert, Garcia, and Grandjean, 1980}, radiative trapsfer in
inhemogeneous atmespheres (Mullikin and Siewert, 1980; Garcla and
Siewert, 198la, 1982a), azimuthally-dependent prablems {(Devaux and
Siewart, 1980), transpert of neutral hydregen 1n plasmas (Garcia,
Pomraning, and Siewert, 1982) and kinetic theory {lLoyalka, 5lewert, and
Thomas, 1982).

Basically, in plane geometry, the method starts by deriving a set of
singular integral equatfons and canstraints for the surface angular
lfluxes. By approximating the unknown surface fluxes in terms of
appropriate basis functions and using collocation, a set of linear
algebraic equations that can be solved by standard techniques is obtained
for the coefficients in the approximation. Once the lipear system i3
satved an: the surface fluxes are established, similar ideas can be used
to derive the angular flux at any pesition inside the slab (Devaux,
Sfewert, and Yuazn, 1982; Garcia and Siewert, 1982b), Computationally,
the method 15 easy to use and can yield accurate numerical results,

With regard to multigroup transport theory, Siewert and Benoist
{1981) and Garcfa end Siewert (1981b) gensralized the Fy method for
slowing-down problems with isotropic scattering. &n extension of the

methed to multigroup problems with Lth order anisptropic scattering was

also developed (Barcia and Siewert, 1982c).




3. THE MULTIGROUP EQUATTONS

In this chapter we review briefly how the multigroup equations can

he obtained from equation (l,1), Further detafls can be found in

standard references on neutron transport theory (Davison, 1957, Bell and h
Glasstone, 1970).

Here we assume raotational symmetry for scattering events, i.e., the
transfer probability is a function of the cosine of the scattering angle

as viewed in the laboratory system (ug). In addition, we assume the

following Legendre representation to be valid:

L
1
o2, F(2E E o) = 5 1 (20+1)oa(z3E"+E)Palvo) (3.1)
£=0
whera
1
op{2;E'+E} = [ a{z,E')F(Z:E'+E,ug)Pa{upldug . (3.2)

1f equation (3.1) is substituted intc equation (1.1) and the addition

theorem for the Legendre polynomials is used, we obtain

u 2 iz, u,E) + ofz,E)wfz,u,E)
a2

1
[Et+llF‘1EulIaz(2:E'+E}{ w{z,u',E* )Py (' Jdu dE

]
M~

I - r=

t=0

+ Q{z,m,E} . {3.3)



&t this point the energy interval of interest is divided in M
subintervals (groups) and equation (3.3) is integrated over the energy
range for each subinterval. In gereral, the groups are numbered such

that the ith group contaims all energies Ej < E & Ej_1. We obtain, for '

i=1,2,...,M, in the absence of upscattering:
| 3
b ei(z,u) + agfzivilz,m)
3L
s L1 oyj(,2)Plu)eg efz) + Qi{zam)  (3.4)
j=1 2=
where
' Ei-1 ’
pi{z,u) = J w(z,w,F}E (3.5)
Es
-1 Ei.1
ai{z) = v {zm) [ a{z,E0(z,u,EME (3.6)
By
1
#j,2(2) = fl TTENTS P L (3.7}
and
oj5(%,2)
-1 £3-1 y oi-l , L
= {2t+1)95 2(2) | pelz,E'Y | oplz;E'~E)IE dF (3.8)
tj Es
’ ~ with
1
¢a(z,E} = [ w{z,u,E)Pp(u)de . {3.9)
[ '1




In addition,

Ei-
= Qfz,uw,E)dE . [3.10)

u‘i{z:u} = I
E

1

Strictly speaking, equaticns (3.4) through {3.9) define a system of
¢oupled nonlinear equaticns and one c¢owld argue that very little was
accomplished in this step. Furthermore the right-hand-side of equation
{3.6}) depends on u and thus it would be logical to expect oj(z} also to
be depandent on u. One simple way te avoid this unpleasant situation is
to postulate that the energy-dependent angular flux can be represented by

a separable function instde each energy group 1 = 1,2,...,1:
¥{z,u,E) = Fj{z,u}65(E), EelE;.E5_1] (3.11)

with the arbitrary normalizatfion

E-
J.J

-1
Gj{E} dE =1 . {3.12}
E;

With these assumptions the nonlinear system reduces to equation (3.4}

plus
Ei-1
oi{z) = [  o(2,E}Gi(E) dE (3.13)
Ey
and
£5-1 E-1
oij{t,z) = {22+1) é G3{E") é og{z;E'+E)dE dE' {3.14}
i i
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We cannot expect to carry out an exact approach any further, A
reasonable procedure is to choose explicit representations far Gj{E],
j=1,2,...,i--infinite medium solutions are usually the best choice--and
use o;{z] and uij{ﬂ,z} from equattons {3.13) and (3.14}) as given Tnputs
for solving equation {3.4). COnce y;[z,n) is available for i = 1,2,...,M,
a better representation for ¢{z,u.E) in terms of energy may be available
and improved group-averaged cross sections may be computed from equations
{3.12) and {3.14}. If any significant differance is found in the
solutdion of equation {3.4) with this improved cross-section set an
iterative procedure may be used until the agreement is satisfactory.
Alternative approaches to tha problem have baen reparted in the
Tterature {Bell and Glasstone, 1970).

We note that so far no specification concerning the nature of the
intaracting particles has been made. Since we are interested in
applications for radiation shielding, eguation (3.4) can ba considered
specifically for neutrons and gamma rays. Of course the appropriate
slowing-down mechanisms must be consfdered for each case when defining
the group-averaged cross sections by equations {3.12) and (3.14). Thus,
for neutrons in the absence of fissionahle material, absorption and
scattering are the deminant interactions (Davisen, 1957) while, for gamma
rays, photoelectric effect, Compton scattering and pair production (for

energies above 1.022 MaV¥} must be considered {Goldstein, 1953).

—_——
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4, A SINGLE SLAB WITH ISOTROPIC SCATTERING

4.1 Introduction

In this chapter we consider the problem of solving equation (3.4}
for the case of a homogeneous, source-free, non-multiplying slab,
ze[L,R], in the isotropic scattering madel, We thus write, for

1 = 1,2,400,M,

3 y
v ¥ilzw) +of wi{zw) = > Tooij #yz) (4.1}

i=1

[ ]

subject to the boundary conditions

vi{l,w) = Li(u} , w20 , {4.2a)

and

yi{Ry-u} = Ri(u) ,u>0 , (4.2b)

where Li{u) and Rj{u) are considered specified. Here we follaw the
analysis of Siewert and Bencist [1981) to reduce the problem of finding
the emerging angular fiuxes relevant to equations (4.1) and (4.2) to a
sequence of one-group problems invalving only the bouhdary data and

established emerging fluxes for preceding groups,

Y This chapter is partially based on a paper published in Nuclear Science

and Enqgineering (Garcia and Siewert, 1881b).
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4.2 Analysis

We note that a Wiener-Hopf factorization for the dispersion matrix
in the case of a triangular transfer matrix has been investigated by
Larsen and Zweifel (1976}. Our approach, however, is based on solving a
sequence of one-graup problems. We thus begin by expressing the so¢lution
for the first group in terms of the elementary solutiens (Case and

Iweifel, 1967):

w2V 0114'""-’]
¥1{z.u) = Alvpley{viae) e + Al-vp ity l-viau) e
1 ~dyzfv
s M) e T gy (4.3)
-1
where, in general,
1 1
$5fvi,m) = 5 €1 Vi ("i - u) (4.4a}

and

—

pi{v,u} = - cjv P?( )+ (1 - ¢sv tanh=l v)&{v - u) . {4,4b)

Z Woa U

Here ¢; = o¢;/o5 and v; is the positive zero of the dispersion functien
1 fieHy i P

. (4.5)

1 L ¢
asfz) =1+ -¢c5 2/ -
' 2 M-z

If we use the full-range arthogonality condition {fase and Zweifel,

19677,
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1
(£ - £") Il woi(Em) $i{E' ) du =0 [4.6)

where £, *£'ePy = v;U[0,1], we can deduce from equation (4.3} the
following singular integral eguations and constraints for the emerging
fluxes ¥ {L,-») and y{R,u}), ¥ > O:

1 A&y fE
Jow ep(26,u) Dyy{l,u) -e PRI du =0,

EePy (4.7}
where, in general, &; = o;{R-L}). We can rewrite equation {4.7} as

1
é b o¢p{E,u) pp{l,-u) du

-a1/8 1
+ e [ owepf-g,u) wpiR,u) du
0

UL(E)  (4.8a)

and

1
é wopp(E,m ey {R,n} du

-4/ 1
+e é uopy(-g,0) wplk,-n) du

v1{&)  {4.8Db)

where £cPp and the known fnhomogerecus terms are, in general,

1
ni(s) = é wopgl-E,u) Li{e) du

-A5/§ I_l
+ e Iou di{E,e) Ryfu)] du {4.9a)
4
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and

1 -8 /8 1
vy(E) = é up; (-E,0 R5(n)du + & [ oweqfe,uity{u)de . (4.9D)
a

Equations (4.8} can be solved, for example, by the Fy method
{Siewert and Benoist, 1979}, and thus we now consider the second group.
We write

-g9Zfva a92/vg
yolz.b) = A{vp)ep{vg,n) e + A{-vplep(-vo.u) e

i IJIr\J

1 1 t
+ [ Aglv)eplv,n)e dv + 5 az] Yo7z} {4.10})
-1

1.
where yo1{z,u) denotes a particular solution of

1

W ;E v(z,u) + op wiz,u) = 5 %22 [1 plza') du' o+ $1(2) . (4.11)

—

We can use equations (4.6) and (4.10) to deduce, for EePo,

1 *aaft
[ w dol%5,u) [bpllu} - @ p{R, 1) Jdu

1
E D‘El H21(1£} {4.12}

whers

1

. % &o/E
Wpy{E) = 2 uopa{se) [wpp(l,u) - e

o (Ra)] &6 . (4.13)
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T
Noting that wpq1{z,n) can be expressed in terms of the infinite-medium
Green's fungtion {Case and Zweifel, 1967) basic to equation {4.11), we

write
+ R
way(z,m) = [ Gplzg » 23 w) #3{zn) dzg (4.14)
L

where, in general, for z > 2,

1 -0 (z-2)/¥4
Gilzp*rzin) = pilvi,ul e
it<p N_I{v.l'] 10
1 —a;{z-zpn)fv
y | — iyl e W\ {4.15a}
5 Milvd
and, for z < zg,
1 si{z-29) /4
GifznrziH] = = —memee p3{-¥j,H) €
11 @5 {z-20} /v
-] pil-v,) e dv . (4.15b)
o Ni(-v)
In addition,
1 Cj 1
Nifvi) = = €943 - — (4.16a)
E uiz - l u_iz

and

1
Ni(v) = w[{I - ¢5 ¥ tanhl v)2 & - #2u2¢;2] . (4.16b)
4




i6
After using equations (4.14) and (4.15) in equation (4.13) we find
Wp1{6) = - e { $1(2) dz (4.17)
and thus we can write equation (4.,12), for £ePp, as

1
é u é2(£,0) vof{l,-u) du

-A2/E 1 1
+ e é W odp(-Laa(Ran} du = Ua(g) + 5 ap1£lz1{E}  {(4.18a)
antd
1 -az/8 1 :
IJ:: u o2{E.mu)yz(R.n) du + & é’ v d2{-E.u}pp(L,-n) du
1
= Vo{E) + 7 o23Ed21(%) (4.18h)
where
asl/E R -g22/E
£lz1{g) = e [ #1{2) e dz (4.19a}
and
-g9RfE R a22/E
E0p1(E) = e { 41{z) e dz . {4.195)

Because Iz1{£) and Jp3{t} are given in terms of ¢1(z) it is clear that
the right-hand sides of equations (4.18} can be determined once the
solution for the first group is available for all z. However, if the

primary interest 1s in the selution at the boundaries, a theory that
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deals exclusively with the solution at the boundaries can be developed.
Clearly, to accomplish this we need to express I21(E) and J21{£) in tarms
af ¢1{L,k) and ¥3{R,u}, ue[-1,1]. We can write equation (4.1} for the
first garoup as

5 g /v 1 a1Zfu
v Evifz,u) e }= 5 °11 @ $1(2} (4.20)

and integrate equation (4.20) to find, for £e[0,09/01],

2 °l -49/E
I31(8) = — — [¥1{L.-01&/02) - R1{o1E/az]) e 1 (4.21a)
411 @2
and
2 ] -7/
d21(8) = ol [v1(R,01E/02) - Li{oiEfep) e 1 . (4.21b)

[t is clear that equations {4.21)} express Ip1{E) and Jz21{&) fn terms of
the boundary fluxes; however these equatfons are not sufficient since
Ip1{%) and J31(E) are required for all kePp in equations (4,18}. In
addition, equations (4.21) cannot be used if o717 = 0 and alternative
expressions needed for this special case will be provided later, We can
formally solve egquation {4,20) and integrate the resulting equation to

find
1 R
$i(2) = Ky(z) + 5 711 { $1{z'} Egf{en|z - 2*|) d2' , (4.22)

whare E1{x}) is one of the exponential integral functions and, in general,
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1 -aj{z-L]/u -0 5{R-2)
Kj{z] =f [Lj{u}e + Ri(u)e Tdv . {4.23)
0

If we muitiply equation {4.22) by exp(-z/s), integrate over z and use

equations {4.19]) and (4,21}, we find that

A (o18/02) 121(8)

- J_'1 oL - i) e 2] P u"‘: i
and
Ay {o18/07) (8]
= Il u[wltk.u}-- F1fLlau) e-bEKE] L {4.24b)
-1 go W = 0] £

for £f[-0p/01, p/o1]. Equations ({4.24} can therefore be used to compute
the Iz1{5) and J51(€} required in equations (4.18} for £4[0, ap/ey],
except if o15/9g = vy. This special case will be discussed later.

We now consider the extension of the foragaing analysis to the jth

group. A3 before, we write

-a.zjv,i Ui?-*"ru'f
wilz,u) = Afvy) eqlvin) e + Al-vi} ¢4(-vj.H) e
! —ogzpe by
+ [ Rjlv} eq({v,n) e dv + I oy5 vijlz,e)  {4.25)
-1 :]=1
where
t - R
vijlzom) = [ Gi{zg + 23 w} é3{zq)dzq, {4.26)
L

'a.ti-... EAHES t

r
- ..
.
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The appropriate generalizatfons of equations (4.18} are, for EePy,

1 -aif8 1
Jow gife,0) vi{L,-u) du + & [ ow #5{-E.1) #;(R,u) du
i} a
1 i-1
= Usfg) + 5 ¢ I ooqy 135(8)  (4.273)
i=1
and
1 -&1fE 1
é Wopi{E,u) By (Ru) du + e é bodi(-E,u) ¥ill,-u) du
1 i-1
= ¥i(8) + - & 1 45 Jy508)  (4.270)
2 .=
i=1
whera
s;L/8 R ~a;2/E
£135(£) = e [ t5(z) e dz (4,28a)
L
and
-ainE R ﬂisz
EJ{j{E] = g [ ¢j[2} a dz . (4.28h)
L
x

We now write equation [4.1)} for tha jiM group as

gz u

2 ajz/u J
u P [WJ{I,H} e ]=r02

i Tik b (2) {4.29)
k=1

P

and integrate to find the generalizations of equatfens {4.21} to be, for
£2[0,1/s55],
j-1

1
Ti;08) = — [My30e) - L ogk Likl(E)] (4.30)
’33 k=1
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and
1 i-1
Jis(€) = — [Yi508) - & o3k Ju(5)] {4.30b)
933 k=1
where sij = a5/,
-h4 &
%5506 = 2 545 [¥y{L,-s44E) ~ Rj(s455) e ] (4.31a)
and
-45/6
Yi3(8) = 2 sy5 [¥j(Rys448) - Li{si58) e 1 (4.31b)

We can multiply the gemeralization of equation [(4,22),

1
pilz) = Ky(2) + 5

] R
3 I3k | pelz') E1{Gj|z -z2'y dz' (4.32)
k.-_]_ L

by exp(-z/s) and integrate over z to find, for £¢(-1/sij, 1/si;]1,

hj{siji]Iij(E] =

and

hj[sijﬂ]Jij{E} =

where

1 -4i/6_  dy
{1 " [wj(L’U} ) ¢j{R,u} © L g 8+0 55
1 3
93 k=1

1 -8/t
[ w [yg{Rm) - gjltu) e ") e

uiu-njﬁ

1 j-1
%3 k=1
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Lo
1K~z

{4.34)

1
5(2} = E Z {

Equations {4.30) and (4.33} can be used to compute the Iij{E} and Jij{EI
required in equations (4.27), provided that ojj % 0 in egquations (4.30)
and sj;t % vy in equations (4.33). The following alternatives te
equations (4.30) for q35 = 0 can be derived by letting §& approach the cut
in equations {4.33), using the Plemelj farmylas [Muskhelishvili, 1953),

and considering eguations (4.30):

1 -44f8 du
of Tij(8) = P {1 ulejll,e) - w3{Ru) e J J_:_;;EE
1 L du
- - E X:s{EY P —_— g =, 4,353
N Rk AR
) and
1 -A1 /& du
cdiafEY = P f wlws(R,mY - wsfl,u e
Ty 13( } {l {¢J( k) wj{ ) e ] .o Sijg
1 1 ey
- - E ¥ s fEY P —_— L g3y =10 . 4.35b
5 5 Vigle) {1”‘513"5 53 (4.35b)

In the case that Sijg = vy a Timiting procedure may be used as shown in
the following section to find alternative expressions to equations

(4.33}.

4.3 The Fy Method

. In the previous section, exact analysis was used to reduce the

aroblem of finding the surface anguiar distributions relevant to
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equations (4.1} and (4.2) to a system of ore-group problems, each of
which is based only on surface results. We now wish to demonstrate that
the Fy method {Siewert and Benaist, 1979) can be used to establish
accurate numerical results for the considered multigroup model and
especially for the challenging deep-penetration problem.

It is avident that the H-function (Chandrasekhar, 1950}, for
example, can be used to cenvert equations {4.8) to a system of Fredholm
integral equations which can, of course, be solved by an iterative
numerical method to yfeld ¥1{L,-u} and ¥1(R,u}, u > 0. Tt follows that
equations {4.27) c¢an, in 2 11ke manner, be solved for i = 2, then i = 13
and so on. Rather than pursue this exact amalysis, we prefer here to use
the Fy method to develop a concise approximate solution. We therefore

introduce, for the ith group amd u > 0,

N
pif{Ll,-H} = Ry{ulexp{-4i/u) + § aj qPa{2w - 1) {4.36a)
o=l
and
N
wilRon} = Li(wlexp(-a4/w) + I by aPa{2v - 1) (4.36h}
a=0
into equations (4.27) to find
N
L o{aq,aBy,al6) + ciexp(-8:/€)ky (Aq(E)} = ¢y14(8)
a=0
i=1
+ 0 uijlij{E] (4.37a)
i=1

and
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i}
LAbs aBi,alE) + cjexp(-4i/8}ai wAa(8)} = cqdi{E)
a=0
i=1
+ & oijdijlel  (8,37b)
j=1
for all EePj. Here, for o > 1,
fo-1 a=1
b1,005) = (20) (25 - 108y (6 - (Z) 51,0000
1
"3 Cifg » - €49 1 {4.38a)
with
B o) = 2 - ¢ [1 +&2n(1 + 1/5}] (4.33b)
and

2a-1 -1
Ag(t) = - (:—) (26 + 1)Ag_1(E) = (“?) Aa_plE)

1
+ 5 '5:1.2 * a{:,l (4,39a)

with
AQ{E} =1 - ganl1 + 15| . {4.3%h)

In equations {4.36) we use a Legendre basis P,{2u-1) that is orthagonal
on the half range wel[0,1] in order to avoid, in subsequent systems of
linear algebraic equations, the inversion of j1l-conditioned matrices
that have been encountered, for large N, with the use {Siewert and
Benoist, 1979:; Grandjean and Siewert, 1979) of the simple basis functions
W% The functions 1;{£) and J:{E) required in equations (4.37) are given

in terms of the boundary data for the ith group, i.e.,

BT TEEE e — ‘- -N'-JCL" sRES
1luurw""-= Lo Do T
T T o




1
1:08) = [ wlli{u)Si(w.8) + Ry{m)Ci{n,t)]du
0

and
1
J+{€) = [ ulLi{u)Cifu,E) + Ry{u)S;(w.&) du
i
where
1 - exp(-a;fu) exp(-24/£)
5i(w,8) =
b+ £
and
exp{-ayfu) - exp(-4;/E)
Cif{un,8) =

u - g

z4

(4.40a)

{4.40b)

(4.31a)

{4.41b)

The additional known terms in equations {4.37} represent "slowing-down”

contributions to the ith group. Thus for £e[0,1/5i;] we write equations

(4.30} as

N J=1

7j3lij &)
ﬂ=u k:]_

and
N i-1

djjJij{E] ¥ Esij ) bj’aPQ(ZSijE-lj -1 ﬂjkdiktg}

z=0 =

For £4[0,1/514] we deduce from equations (4.33) that

(815800515 5{E) = Ty{sq58) + & tﬂ"h'l(-':)

Sijg

and

251j ) aj’uPu{ZsiJE-l} - Ujklik{E]

b oajklicls)

{4.42a)

(4.42b)

(4.43a)
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1\t
Ajfsijijdidijtgj = Ej{$1j5} + g tanh'l(—-%) ' ujkdik{E] {4.42b)

313% k=1
where
H
136y = 1308} + u{ﬂ (a5 gha(-2) - expl(-23/E)b5 4Aa{E)} (4.44a)
and
N
23(€) = J5(8) + aEn (b oAa(-8) - exp(-85/E)a; aPu(E)} . (4.44D)

It is clear that eguations {4.42) and (4.43) establish the required
Iij{E] and Jj;{£) except when oj; = D and thus alternatives to equations

(4.42) are required. For this case, we find from equations (4.35), for

55[0-1f51j]:
N
ﬁiIij{E) = IJ{SijE} + [1+51jﬁﬂn{1+1151353] } Ej,upufzﬁijﬁ-l} +
a=0
M
+ I {aj,abalsijf) - expl-85/5j8)bi oAglsij8)  (4.45a)
a=(
and
N
“TJij{E] = Jj{51j5] + [1+51jE£n{1+1f51j£}] ED hj,apu{EsijE*I} +
=
N
+ 7 {bj,uﬁnisijg] - Elp{-ﬁjfﬁ1jE]aj’aﬁu{ﬁﬁjij} ’ {4.45h)
a=()

where Go{£) = 0 and, for a > 1,
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6al®) = (22} (25 - Dacnt®) - () taat®)

1
+ é 53,2 + Eu'l - l:q'tq'ﬁ}

We also note that alternatives to eguations (4.43) are required if

§ii5 = vj. Clearly if £ = vj/e5; happens to be a collocation point in
the contineum [0,1] we can avoid the difficulty simply by choosing a
different point. However, 1f £ = vy = vi/sj4, such a simple remedy is
not pussible. We note that, from the point-of-view of a matrix
formulation of this miti-group model, the phenomenon vy = ujfsij appears
as a degenerate efgenvalue, i.e., a double zero of the dispersion
function. On the other hand, if we view the problem as a seguence of
one-group problems, this phenomenon is clearly equivalent to seeking a
particular solution correspanding to an inhomogeneous source of the form
exp{-x/ny} where ng is the efgenvalue for the homogeneocus equation. To
find the desired particular salution requives, as noted previously,
special attention [Siewert, 1975), For our purpose here we find we can
use 1'Hospital's rule to obtain the following alternatives to equations

{4,43) for E = ijﬁij:

[

-1
aily;{8) = > Cj{sqjiﬁz My (543810 5(s455)

a4 j‘l d 74 j‘l
= L oogk g Bkl8)T - — L opdile)  (4.47a)
13933 k=1 - %33 k=1

+

and
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1 -1
aqdijl&) = 5 Cjisijﬁ]z Ny (s158)085(si38)
P s
aj 4 1 d as ]
r—_— ) ik 3% Ji (81T - — : aikdik{€) - (4.47h)
513933 k=1 i k=1
Hare
4 N
FORE S HORIEIACY
a=[
N 'y
+ exp(-85/€) I Dj,a [Falf) - = AAEY]  [4.48a)
a=0 3
and
d it
8i(8) = = J5(8) + 1 bj aFal-E)
} dE 0
N Y
+expl-23/2) I ag.a [Fals) - o5 A(B)] o (4.480)
a=0 L3
d o
We have found that the functions Fg{&) = - = B.(£) appearing in

equations {4.48) can be expressed as

FalE) = [02(541) + o{26+1) MM (5} - =Aq_q(E)

25 (E+1)

25 o+ 8g 1} (4.49)

and thus no additional recursive relations are required to deduce Fq(g),
We note that equations (4.47) reguire, for § > 1, the derivatives of

1ig (8} and Jy(5) for all k <.

[TEJTriatﬁ Do dRfaan ot T T NE NG EARER
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Clearly there exist possfbiTities far higher-order degeneracies;
however, fraom a practical point of view the possibility of even a
first-order degeneracy is slight. MNevertheless, a given data set should
be reviewed with regard to this matter before an Fy calculation is
initiated.

If the constants {aj .} and {bj o} have been established for all
j < i, then clearly the right-hand sides of equations (4.37} are known.
Thus on considering equations (4.37) at {N + 1} vaiues of £ePj, say £9,8»
we generate 2(N + 1) linear algebraic equations to be solyed for the

2(N + 1} unknowns aj o and bj o, @ = 0,1,2,...H.

4.4 Computational Aspects and Numerical Results

In order to establish the constants {aj .} and {bj g} required in
aquations {&.36) we first must define a strategy for selecting the
collocation points £ g. e then must cempute the known matrix elements

and inhomogenecus terms in the system of linear algebraic equations

N
I {2 oBi,alfi,8) + ciexp{-87/&; b1 ofhalfi,g)]
=)
1-1
= oilel8s,8) + [ o13143(81,5)  (4.502)
i=1
and

N
T (bi,aBi,alt1,8) + ciexp(-81/5i,8)2i,ahalEy,8))
asl
i-1
= ¢idi(&1,a) + I oijdijlgi,a) - (4.50D)
i=1
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In this work we have used, for various orders of the Fy approximation,

the callacation scheme given by

E{,0 = v, all N, {4.51a)

and

Ei g = ol s (EE'I u) LB =1, 2, eue, Ny NED L (4.51b}
' 2 2 2N
The points given by equatfon {4#.51b) are the zeros of the Chebyshey
polynomial of the first kind Ty{2x - 1). The use of these points to
define a collocation strategy was suggested by the work of Sioan and Burn
(1979), We now discuss the methods we have used to compute the functions
Az{E)s B o(f} and G4(E) reguired to define equations {4.50). The
functions Ag(£} and Bi o(E) are defined by

2

Aal€) = CiE
1

1
£ WPal2u - 13¢q(-&,u}du (4.52a)
and

1
B ,alE} = Eﬁ WPal2n = LeilEu)dn . (4.52b)

We note from the previous section that the functions Ag(E) are required
for all £¢[-1,0) and Bj o{E) only for £ePj. Equations (4.38) and (4.39)
clearly are recursive relaticens that are easier to use, from a
computatienal standpoint, than the defiaitions given by equations (4.52).
Howevar, some care must be taken to avoid a loss of accuracy when using

the recursive equations {4.38) and {4,39). Here we note the strategy
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used to compute (working in double precision with an 1BM 370/165 machine}
the required functions accurate to at least thirteen significant figures
for a yp to 40, For the functions A4{£) we have fourd that forward
recursion 15 stable only for £e{-1,0] and that backward recursion is
stable for all £4[-1,0). For the functions quu{E} forward recursion is
stable for £¢[0,1], and thus hackward recursion must be used when £ = vy,
In practice the use of backward recursian, in the manner of Miller
(1952}, can be very time-consuming for £ close to the transition points,
i.e., points that define the regions of forward and backward stability.
For this reason we do not always use the defined regions of stability,
@¢.9., Tn computing A (k) we have actually used forward recursion for
Ee[0,0.001] without Tosing too many significant figures.

The polynomials Gu(E) introduced in equation {4.46) and required for
£e[0,1] are defined by

1 d
Ga(8) = [ wlPafe-1) - PqiEE-IJJﬁ . (4.53)

These polynomials satisfy the same recursive relation as the legendre
polynomials and we can use forward recursion te cbtajn accurate results.
In order to demonstrate the computationa) merit ef the foregoing
solution we now consider a special l6-group albedo problem, A slab of 1
¢m thickness has an isotropic incident distribution of neutrons only in

the first group and only on the surface at z = L, f.e., for u > 0

Li{u) = 84,1 {4.54a)
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and
R:{n) =0 . {4.54b)

The macroscopic total cross-sections {cm'l} are given by o7 = 11,

oy = 10 + i/ 14, 1 = 2,2,,...14, 015 = 10% and 016 = 20. In addition,
the macroscopic transfer cross-sections are given by oyy ¢ = 3/(k+1},

i = 1.25000,14 and & = 0,1,..., (16-1); 015,15 = 0, 015,15 = 10-% and
916,16 = 5» This sanple problem was designed to be a severe test of the
established solution. Note, for example, the very strong absorption in
group 10; in fact, the in-group scattering is zero for this group.

For this dataz set we also have a ﬁegenerate case, in oiher words,

G14¥] = 91v14. S0 that we must use the alternatives to equations {4.43}
given by eguations {4.47}. We seek the exit distributions ¢;{L,-u) and

Pi{Rsu}, » > 0, the group albedos
. 1
A" = 2 [ wpi(l,-u)du (4.55a)
0
and the group transmission factors
1
BT = 2 [ upi{R.u)dw (4.55h)
0

If we use the selutions given by equations (4.36) in equations (4.55) we

find

1
Ai" = 2i,0 * 5 20,1 {4.56a)

it C ri.EANED

i — 7 R . P A ATE A
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ard

1
B;* = 285 1E3{a3) + b 0 + 3 b1,1 (4.56b)

where E3{x) denotes one of the exponentizl integral functions. In Tables
4.1 to 4.4 we list éunverged results for the exit distributions. In
Tabie 4.5 we list final results for the group albedos and transmission
factors. Alse, in Table 4.5 we compare our Fy results to 2 calculatian
of Renken {1981) who used DTF69, a discrete crdinates code (Renken and
Adams, 1969), with 100 space points and 8 directions for each of the half
ranges of u. The Fy results given 1n Tables 4.1 to 4.% are correct to
within 1 in the fifth significant figure, e note that, in general, the
albedos computed by Renken agree to four or five significant figures with
our results. The transmission factors, however, agree only to fwo or
three significant figures. An exception s found in group 15 where the
DTF69 results clearly show a loss of accuracy. Finglly, we note that the
collocation strategy defined by eguations (4.51) yielded results that
represented a significant improvement over the cnes initially deduced
from either of the equally-spaced schemes used previgusly (Grandjean and
Siewert, 1979; Siewert, Maiorino, and Ozigik, 1980).

We now consider a second problem suggested and solved by Renken
(1981}. Here an iron (N = 8.466 x 1022 atoms/cm3) slab, of 10 cm
thickness, has an isotropic source of gamma rays incident at z = L in the
first of 19 groups that span the epergy interval 50 key to 1 Mev. The
cross-section reported by Garcia and Siewert {1981b) was generated by

Renken {1981}, based on the photoelectric effect and the P, component of




Table 4.1 The exit angular fluxes ¢;{L,-u) for i = 1 to 8

i i=1 i=2 i=1 i=4 i=5 i=8 i=7 i=8

0.05 1.2813(-1)2 7,7362{-2) 5.6765(-2) 4.5317(~2) 3.8517(-2) 3.3837(-2) 3.0396(-2) 2.7746(-2)
0.1  1.1660(-1)} 7.1154{-2) 5.2400(-2) 4.2624{-2) 3.6627(-2) 3.2315{-2) 2.9207(-2} 2.6806(-2)
0.2 1.0081{-1} 6.2123(-2) 4.6539(-2) 3.8381(-2) 3.3271(-2) 2.9729(-2) 2.7105(-2} 2.5072(-2)
0.3  8.8866{-2) 5.5000{-2) 4.2071{-?) 3.5035[-2) 3.0621{-2) 2.7556(-2) 2.5284{-2) 2.3521(-2)
0.4 7.9986(-2) 5.0281(-7) 3.8471(-2) 3.2276(-2) 2.8389(-2) 2.5680(-2) 2.3687(-2} 2.2134{.2)
0.5 7.2858(-2Y 4,6037{-2) 23.5481(-2) 2.9946{-2) 2.6473(-2) 2.4062(-2} 2.2276(-2) 2.0891(-2)
0.6 5.6073(-2) 4.2493(.2) 3.2046(-2) 2.7943(-2) 2.4806(-2) 2.2631(-2) 2.1021{-2} 1.9773{-2}
0.7  6.2013(-?) 2.9480(-2) 3.0763(-2) 2.6199(-2) 2.3341(-2) 2.1361(-2) 1.9897{-2} 1.8764(-2)
0.8 5.7767{-2) 3.0881(-2) 2.2B6l{-2) 2.4666(-2) 2.2042(-2) ?2.0226(-2) 1.8BB&{-2) 1.7850(-2)
0.9  5.4084{-2) 2.4613(-2) 2.7186(-2) 2.3306(-2) 2.0881{-2) 1.6206(-2) 1.7971(-2) 1.70M8{-?)
1 5.0857(-2) 3.2615{-2} 2.5699{-2} 7.2000(-2) 1.9838{-2) 1.8284(-2) 1.7140{-2) 1.6260(-2)

& Read as 1.2817x10-1,

££
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Tabhle 4.7 The exit

angular fluxes w{L,-u)

for i = 9 to 16

R TV TP

b i=9 i=10 i =11 i =12 i=13 i=14 i=15 i =16
0.05  2.5634(-2) 2.3904(-2] 2.2458(-2) 2.1228(-2 ) 2.0166(-2) 1.9238(-2) 1.7897(-5) 9.1192(-3)
N1 2.4886(-2) 2.3310{-2) 2.1988(-2) 2.0B61{-2) 1.9885(-2) 1.,9031(-2) 1.7897(-5} 9.1021{-3)
0.2 2.3842(-2) 2.2099(-2) 2.0970(-2) 2.0004(-2) 1.9166(-2) 1.B430(-2) 1.7897(-5) 8.9941(-3)
0.3 2.2106{-2) 2.0939(-2) 1.9967(-2) 1.9116{-2) 1.8385(-2) 1.7743(-2) 1.7896(-5} B.R398(-3)
0.4  2.0887(-2) 1.9859(-2) 1.8994(-2) 1.8253(-2) 1.7609(-2) 1.7042({-2) 1.7896(-5) B8.8638(-3)
0.5  1.9779(-2) 1.8864{-2) 1.8094{-2) 1.7438({.?) 1.6862(-2} 1.6353{-2) 1.7895(-5) 8.4777(-3)
0.6  1.8773(-2) 1.7951(-2) 1.7260{-2} 1.6669(-2) 1.6156{-2} 1.5705(-2) 1.7895{-5) 8.2880(-3)
0.7 1.7858(-2) 1.7113(-2) 1.6488{-2) 1.5954{-2) 1.5497(-2) 1.5086(-2) 1.7895(-S) 8.0982(-3)
5.8 1.7023{-2) 1.6344{-2) 1.5775(-2) 1.5280{-2) 1.4871(-2) 1.4503{-2)} 1.7894(-5} 7.9110{-3)
0,9  1.6259(-2) 1.5637(-2) 1.5116(-2) 1.4673{-2) 1.4291(-2) 1.3956{-2) 1.7894(.5) 7.7276(-3)
1 1.5558{-2) 1.4985{-7) 1.4506{-2) 1,4100{-2) 1.3749(-2) 1.3442{-2) 1.7893(-5) 7.5490{-3)

bE



Table 4.3 The exit

angular flyxes ¥;{R,n} for i =1 to 8

" i=1 i=? y =1 i=4 i=5 i=68 f=7 i=8
0.05 4,5701(-7% 7.3831(-7}) 9.6077(-7) 1.1800(-6) 1.4023(-86) 1.6263(-6) 1.8629(-6) 2.0822{-6)
0.1  A.8998(-7) 7.9750(~7} 1.0382{-6) 1.2788(-6) 1.5200({-6} 1.7641({-6) 2.0112(-6} 2.2612(-6)
0.2 5.6471{-7) 9.2983(-7) 1.2115(-6) 1.4010(-6) 1.7726(-6) 2.0575({-6) 2.3460(-6} 2.6377(-5)
0.3 6.5804(-7) 1.0058{-6) 1.4230(-6) 1.7477(-6) 2.0744{-6) 2.4046({-6) 2.7385(-6} 3.0759(-&)
0.4  7.8516(-7) 1.3185(-6} 1.7003(-6) 2.0786(-6) 2.4585{-6) 2.8416(-6) 3.2281(-6) 3.6177(-6)
0.5  9.6666(-7Y 1.6409(-6) 2.0893{-6) 2.5330(-6) 2.9771{-6) 3.4235(-6) 3.8724(-6) 4.3236(-6)
0.6  1.2684(-6) 2.1567(-6) 2.6827(-6) 3.2046(-6) 3.7257(-6} 4.2475(-6) 4.7704(-6) 5.2938{-6)
0.7  1.9188(-6) 3.0745(-6) 3.6719(-5) 4.2769(-6) 4.8834(-6) 5.4902(-6) 6.0965(-6) 6.7014(-5)
0.8  3.8488(-6) A4.7969{-6) 5.4072(-6) 6.0732(-6) 6.7563{-6) 7.4451(-&) 8.1350(-6) 8.8230(-5)
0.9  9,6935(-6) 7.9630(-6) 8.4198{-6) 9.0719(-6) 9.7887(-6) 1.0632({-5) 1.12B7(-5) 1.2045{-5)
1 2.5162{-5) 1.3354(-5) 1.3377{-5) 1.3866{-5) 1.4525(-5) 1.5262{-5) 1.6M36(-5) 1.5828(-5)

8E



Table 4.4 The exit angular fluxes ¥;(R,u} for 1 = 9 to 16

u i=9 i=10 i=1 1 =12 i=13 i=14 1 =15 1=156

0.05  2,3135({-6} 2.5465{-6} 2.7806(-6) 3.0152(-6) 3.24G7(-6) 3.4835(-6) 2.3397(-9) 1.2655(-6)
0.1 2,5137(-6) 2.7679{-6) 3.0234(-6) 3.2794(-6) 3.5354{-6) 3.7908(-6) =2.3401(-9) 1.3423(-6)
0.2 2.9322(-6) 2d.2287(-6) 93.5265(-6) 13.8250(-6) 4.1232(-6) 4.4206(-6) 2.3408(-9) 1.4265(-6)
0.3  3.4160(-6) 3.7581(-6) 4.1013(-6) 4.4449{-6) 4.7880(-6} 5,1297(-6) 2.3417{-9) 1.6302(-6)
0.4  4.0098(-6) 4,4034(-6) 4.7976(-6) 5.1916(-6) S.5843(-6) 5.9749(-6) 2.3425(-9) 1.7799(-6)
0.5  4,7762(-6) 5.2293(-6) 5.6820(-6) 6.1333(-6) 6.5821(-6} 7.0275(-6) 2.3433(.9} 1.6399(-8)
0.6  5.8170{-6) 6&.3390(.6) 6.8589(-6) 7.3754(-6) 7.8876{-6) B8.3944(-6) 2.3441(-9) 2.1142(-5)
0.7 7.3039(-6) 7.9030(-6) 8.4974(-6) 9.08%9(-6) 9.6676(-6) 1.0241(-5) 2.3449(-9} 2.3070(-6)
0.8  9.5070{-6) 1.0185(-5) 1.0857(-5) 1.1519(-5) 1.2172(-5) 1.2813(-5) 2.3457(-9) 2.5235(-5)
0.9 1.2799(-5) 1.3548(-5) 1.4288(-5) 1.501B(-5) 1.5734(-5} 1.6437(-5) 2.3465(-9) 2.7700(-6)
1 1.7625(-5) 1.8421(-5) 1.9209{-5) 1.9985(-5) 2.0749(-5) 2.1495{-5} 2.3473(-9) 3.05645(-6)

9e




Table 4.5 A;" and Bi* for the 16-group problem

37

Present Work NTF69

i A" B Aj" B;

1 6.6351(-2) R.1058(-6) 6.6339(-2) £.0413(-6)
2 4.2002(-2) 4.4781{-6) 4.1996(-2) 4.4362(-6)
3 3.2483(-2) 4.9308(-6) 3.2480(-2) 4.8B77{-68}
4 2.7501(-2) 5.4649(-6) 2.7499(-2) 5.4197(-6}
5 2.4382(-2) 6.0283(-86) 2.4380(-2) £.98N6(-6)
b 2.2221(-2} 6.6050(-6) 2.2220(-2) 6.5547(-6)
7 2.0624(-2) 7.1879(-a} 2.0623(-2) 7.1349(-6)
8 1.9388(-2) 7.7730(-6} 1.9387(-2} 7.7175(-6)
9 1.8399(-2} 8.3577{-6) 1.8398(-2} £.2996(-6)
10 1.7586(-2) 8.9399(-5) 1.7586(-2}% 8.8792(-8)
11 1.6004{-2) 9.5178(-6) 1.6903(-2} 9.4847(-5)
12 1.6321(-2) 1.0090(-%) 1.6321{-2) 1.0025{-5)
13 1.5816{-2) 1.0655{-%) 1.5816(-2} 1.0687{-5)
14 1.5373(-2) 1.1212(-5) 1.5373{-2) 1.1140(-5}
15 1.7895{-5} 2.3446{-9) 1.7702(-5) 0.0
16 8,1585(-3) 2.2968(-6) 8.1678(-3) 2.2805(-6}
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the Kiein-Nishing differential scattering cross-section for photons
(Klein and Nishina, 1929). In Table 4.6 we report our final results for
A;* and 8;* along with those found by Renken with DTFE9 {again with 100
space points and 8 discreta directions for each half range of wn}. Here
our Fy results are also correct fo within 21 in the fifth significant
figure. Further, the degree of agreement with the results of Renken fs
essentiaily the same as for the 16-group problem. Finally, we note what

we belfeve to be a slight deterjoration in the DTF69 results when there

is strong absorption.




Tahle 4.5 Aq* and ®i* for the 19-group problem

9

Present Work

i Ayt B;:" As™ B;"
1 1.3060({-2) 2.4188(-3) 1.3059(-2) 2.4154(-3}
7 ?2.68476(-2) 1.9163(-4) 2.6475{=2) 3.9124(-4)
3 2.0013({-2) 2,9446(-4) 2.0013(-2) 2.9415(-4)
4 2.0420(<2) 3.0057{=4) 2,0420(-2) 3.0026(-4)
5 2.1216{-2} 3,1339(-4) 2.1216(-2) 3.1306{-4}
6 2,2650(-2) 3.3596 (-4} 2.2650(-2) 3,3560{-4}
7 1.6399({-2) 2,4287(-4) 1.6398(-2) 2,4260(-4)
8 1.8059{-2} 2.6601{-4) 1.8059{~2) 2.6572(-4)
9 2.0613{-2) 2.9930(-3) 2.0612(-2) 2,9896{-4)
10 2.4717{-2) 1.4873(-4) 2,4717{-2) 3.4834(-4)
11 3.1745{-2} 4.2569(-4) 3.1744(-2) 4,2519(-4)
12 4.4141(-2) 5,5031(-4) 4.4140(-2) 5,4965(-4)
13 1.8729(-2) 3.1938(-4) 1.8729{-2) 3.1901 (-4}
14 1.7023(-2) 2.8604(-4) 1.7024(-2) 2.8670{-4)
15 1.2201(-2) 1.9924{-4) 1.2201(-2) 1.9901(-4)
16 3.5378(-3) 5,9937{-5) 32.5379(-3) 5,9867(-5)
17 9.0059(-4) 1.4905(-5} 9.0062 (-4 1,4883(-5}
18 5.2086(-5) 1.0301(-5) 6.2049{-5) 1.0289{-6}
19 9,1048(-6) 1.5020(-7) 9,1123(-6) 1.5013(-7)
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5. A SINGLE SLAE WITH L-TH ORDER ANTSOTROPIC SCATTERING

5.1 Introduction

In Chapter 4 3 solution for the case of isotropic scattering and a
triangular transfer matrix was developed, and numerical results were
reported. Here we extend the previous analysis to imglude the impartant
effects of anisotropic scattering. We thus consider, for 1 = 1,2,...,M,

1 i L

3
wo— ilze) + o8z == 1 1 ogj(0)Pefu)es 5 (2) {5.1})
9z j=1 4=0

™2

where o4 is the total cross section for group i and uij{mj = ”ijﬁijfﬂls
with Eij{D] = 1, dennte coefficients in Legendre expansions 0f the
transfer cross sections. In additiom, wiiz,u} represents the angular
flux in the i*M group and

1
tPj,R,{Z] = I]_ 'Pj{E,H]PE{h}dLI . [B.2)

We are concerned here with a non-multiplying homogeneous finfte slab,
ze[L,R], and thus we seek solutfons to equation (5.1) subject to the

bhoundary conditions

2 This chapter is based on a paper accepted for publication in Journal of
Computational Physics {Garcia and Siewert, 1982c).
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wil{l,u) = Li{u) ,w>0 {5.3a)
and

vi{R.-u) = Rjf{u} ,w >0 , {5.3b)

where Lj(n) and Rj(u) are considered specified.

5.2 Ana]gsis

In Chapter 4, full-range orthogonality properties of appropriate
elementary solutions and Green's functions were used to deduce a system
of singular integral eguations and constraints for the houndary fluxes.
Here we develop the equivalent expressions, generalized to include the
effects of anisgotropic scattering, in a more direct manner, We first
change u to -p in equation {5.1), multiply the resulting equation by
exp(-o4z/s} and integrate over all z to abtain

R
suBj{u,s5)-o1{u-s} { vilz,-ulexp(-ojz/5)dz

1L
= z T (=1%o (aiPyin)eg elssei)  (5.4)
j=1 =0
where
Bi(n,s) = ¥i(L,-n)exp(-ail/s}-yp1(R,-p)exp(-ajR/s} (5.5)
and
R
®i,e(s/ai} = { #j,2(2)exp(-0q2/5)d2 (5.6)

We can now multiply equation (5.4} by [p-s)-1 Po(u), s¢[-1,1], and
integrate over all u to find

———— e T Ul

) NU':-:LE."J‘?EIH




(-1)" o34y, p(s/ai)

- . du
EL (1R ayy(e)e5 gissei) [ PplulPgiu} ——
j=1 =0 -1 u-s

+
o

du

1
=5 [ wPp(u)Bi{u,s) . (5.7}
-1 W

-3

We let Ei.n{E} dencte for the ith group the polynomials introduced for

ane-group theary by Chandrasekhar {1950}, i.e.,

hi,n€9i,nlE) = {nrl)ai peyfE)+ngy n-1(8) (58]
with g4 o{&} = 1 and

hin = 2n+l-c;By4(n) {5.9)

where cj = oii/a4. On multiplying equation (5.7) by ﬂiiinlﬂi,ntsj and

sumiing over n from 0 teo L, we find

L
of L (~1)% Bjile)e; gls/oi)F; 4(s)
=0
| il L
t— § L (-1)% oyy(2)eg,4(s/04)
“i j=1 2=0

1 d
x [Fj,e(5)-9j,2(s]] = s Il b6 (5,105 (1,8) é (5.10)

where

42
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L 1 d
+ ; Iy ,,Eu OHONARIAD — 5
and
L
Gifs,u) = I Bi3(8)94 o(s)Pglu) . (5.12)
£=(

It iz not difficult to show that

Ff,x{S} = A;(5)Pg{s) {5.13)

where
1
pils) = 1+ s ] wi(u] & . (5.14}
=1 U-5
with
1
1]11[1-'} = 5 CaiG-i[l.l,u} ¥ {5-15}

is the one-group dispersion function {Mika, 1961}. MWe find we can write

equation (5.10) as

1 d
pi{s)Xjils) = ET Jl wbii (s,u)Byfu,s)} IFL
;1 N
i-1
+ i— : oijlYijs)-si(s)Xi (s}] (5.16)
1 1]’“1

where
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L

Xy5(s) = 1 (-1)% Bsgl0)8; n(s/0§)Pp(s) {5.17}
i={
L

Yij{s) = L (-1M* gy3(r)e; g(s/ai}Eq a(s) (5.18)
k=1

and '
il = 51 Gyt (5.19)
ifs) = 3 - i u,u)]::g ‘ .l

Here the polynomials Ej ¢{5) are defined by

1
Ey,als) == [97,e(s) - Pe(5)] (5.20)
1

and with E1jD{5] = 0, they can be readily computed from

{2h+1)sEs g(s} = sByi{2)gq, 2(s) + (2+1)Ej g41(S)
+ 151,3_1{51 . {5.21}

We note that the functions ¢j,£{5351} can have essential singularities at
the origin, but otherwise they are analytic in the complex s-plane. The
functions xijtsj and Y;j(s) therefore are, with the exception of the !
origin, also analytic in the complex s-plane. Thus on 1nvestigating

equation {5.16) for the first group, i = 1, and assuming that ¢y § 0, we

see that
t du
[ wGyieg,meu)Br{n,gy nl = ¢ {5.22}
-1 ]-"E'l’m

Proe b sl DG L LR B MY EARER
I |G
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where, in general, ti m,» M= 0,1,2,..., 2¢j-1 are the zeros of A;{s).
The left- and right-hand sides of equation (5.16) are analytic in the
complex s-plame cut from -1 to 1 along the real axis. Thus on lettfng s
approach the branch cut and using the Plemelj formulas (Muskhelishvili,
1953), we find that equatiom (5.15} yields, faor ve[-1,1],

o1[A{v) = mivig (v My (V) =

1 du
= [ uBy{v,u)Byie,v) = £ mivdGy {v,vIRy {v,v) (5.23}
-1 -
where, in general,
1 du
aqvy =1 v ve [oufu) — {5.24}
-1 TP

Thus, for ve[-1,1], it follows that

Ulclxll{u} = Zvﬁl{v,v} {5.25}

and

1 d
Ap{v)vBilv,v) - % cq P Il wéy (v,u)By{u,v) ;%; =0 . {5.26)

Equations {5.22} and [5.2h} can be seen tg be the system of singular
integral equations and constraints (Bowden, HcCroésnn, and Rhodes, 1962,
Siewert, 1979) that define the exit fluxes for the first group ¥s;{lL,-u}
and py({R,u}, w > 0, in terms of the incident distributions Ly{r) and

Ri{u), Thus, equations (5.22) and (5.26) can be solved numerically ar,
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for example by the Fy method, to establish By{u,s). In the event that

cq = 0, equation {5.25) yields By{u,u) =0, |ule(0,1].

fonsidering now that By(p,s) is known, we note that equatian (5.16)

yields, for § = Z,
5 1 du
Ao(s)Xpa(8) = =— pGals,uiBafy,s) —
2(s)%g2(s) = — {1 2(s,u)Balu,s) —
1
+-;E az1l¥z1(s5)-22{s)%z1(5}]
ar, for ve[-1,1],

1 1 du
Ag(vivBa(v,v) - 5 c2vF fl whig(vap)Bz(u,v) P

I

[a N

azileg¥zr{v)+io1({»])]

and

agegkpz{v) = 2uBp({v,v} - o21%21(v]
Far cp # O equation (5,27) yields

dp
n=L2.m

1
C2L2,m Il u6z{z2, mau)B2{v.z2,m)

= =apilep¥oilsg mi+¥21{co,mi] -

For ¢p = 0 equation {5.29) yields, for |u|e(0,1],

[5.27)

(5.28)

(5.29)

(5.30)




47

1
Balw,u) =-2—“ onyXop(e) ,cz =0 , {5.31)

whereas for cp $ 0 we can solve equations (5.2B) and (5.30) to find

Bo{u,s); of course for efther case we must first compute
Wopls) = co¥py(s) + Xpi(s) {5.32)
which can also be written by using equations (5.17) and {5.18) as
L
Wpp(s) = I (-1)% Bp1(2)8y g{s/op)ap 2{s) - (5.33)

L=l

If we now multiply equation {5.4} by P,l{u) and integrate over all u there

resylts, for 1 = 1,

shy n®1,n{5/01) + {n+1)e] neals/er} + ney nop(s/oy)

1
= (-1)P(2n4]) = [ wPp(u)Bylu,s)dn . (5.38)
71 -1

which yields
®l’n{sf01] = {-1]” gl,n{s}ﬁl,n{SI“l] - [_l}ﬂ ﬂlin[ﬁ} E5.35}

where Dl,u{S} = ( and

shi,nD1,n{s) = (n+1)D1 ni1{s) + nby ,n-1(s)

1
¢ (2l == [ wPp{u)Bplu.sidu . (5.38)

91 -1
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Substituting equation ([5.35) into equatfon (5.17]), with i =3 =1, we
find

*#1,0'[5;"51}
L

-1 )
= Gy (s.8) [X1p(s) + § Byp{2)Dy 5(s)Py(s}] . {5.37)
=]
An expression alternative to equation (5.37) that allows the calculation

of ﬁliﬂtsfulj in the event that Gy{s.,s) = 0 will be provided later. e

see from equations {5.25) and (5.26) that, for wel-1,1],
1
X110v) =— {2uB1{v,v)
71
1 ol
+ v [ wGy(v,u)[By{u,v)-B1{v,v})] ;—;1 [5.38)
-1 -

and from equation {5.16) that, for sfé[-1,1],

5 -1 1
X11(s) =— Ay {s) [
¢ 1

du
Gy (s,u)By{n,s] = {5.39)

It is apparent from equations {5.22) and {5.39) that a 1imiting procedure
must be used if X11{zq gm) 15 required. For the case ¢y = 0 we note,
since By(v,v) = 0, [v|e({0,1], that equations (5.38) and (5.39) reduce io
the following equation for all s:

1 du

K10s) = — [ uGy(s,m)Byli,s) — L e =0 . (5.40)
o] -1 -
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Finally, we use equation (5.35) t¢ conclude that

1
Wo1(5) = &) ols/op) 1 Bn(2)ay a{sp15)az2,2(8)
L=
L
- L B2{2)0y 2(sp18)92,2f(s} .  (5.41)
i=1

where 91 o{s/ep) is available from equation (5.37) and, in general,
Sij = 93/94- Equations (5.28) and (5.30) can now be solved to yield the
exit distributions for the second group ¥p{L,-u} and ¢a{R,u}, u > 0, in
terms of the fncident distributions Lg{»} and Ra{u} and the previously
getahlished Bliu,s}. Mote that in this way we are able to deduce the
exit fluxes for the second group directly from the incident distributions
for that group and the boundary fluxet of the first group.

We now wish to generalize the foregoing and consider the ith araup.
We assume that the Bj(u,s}, j=1,2,...,i - 1, have been estabiished, and
we deduce from equation (5.16) that, for we[-1,1],

A B ! P II o Bs d
'I{"'J‘-l""I T{.vlu} = E Civ 21 K -I{‘l),l.l.j 1[“:1"'} E

-1
) SRR {5,42)
=]

.i

Pod |t

J
and
i=1
“1“;1111‘[”] = Evﬂi{u,u} - E l:r-.'ljl-ij['l.r] {5-43}
i=1
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and, for ci # 0,

d
€i%i,m / hGi{Ei,m.U]Bf[“-Ei,m) :
-1 “Li,m
-1
= - uijwﬁjfﬁﬁ,m} {5.44)
j=1
where
.
wisls) = 3 (-1)% syjle)ey als/ardag ols) (5.45)
L=

For the special case cj = 0, we see from equatian (5.43) that, for
fufe(0,1],

1 i-1

Bifua} = = I #4i%300) , ¢ =0 , (5.46)
Zn LT
j=1

whereas for ¢; # 0, the functions Wyj(s) rather than just Xjj(u},
|ujef0,1], clearly are required before we can sclve equations (5.42) and
(5.48) to find By{n,s). In analegy with equations (6.34), {(5.35) and

{5,368} we now find, for j = 1,2,...,i-1,

shj,n¥j,n{sfag) + (n+1)85 noy(s/og) + néy p_1{s/ag)
< (=10 M5 s) (.47

1]

where
5 1
Mi nls) = (2n+l) — [ P {R)B;5(u,5)du
l]"‘n fi ] ']
i-l
5 J-1
- [-1}n - ) Ujk{n}¢k,n{5fﬂj] . (5.48)
1 k=1
(MO T!TOTC OF FEai) " et g :-:“L-: EMUCLFARER

I =2 F M




It is clear that we can write
. ®5,nisfag) = (-1)0 gj als)ej ols/es) ~ (1)1 Dy 4(s)
where Dj o{s} = 0 and

5hj,nDj,n{5} = {n+l}nj’n+1[5} + nDj,n_I[sj + Mj,nf5}

On substituting equation {5.49) into eguation (5.17}, with i = j

find

L

¢4 olsfoj) = Ggliﬁ.siijjiﬁi + L 85302305 w{s)Pe(s)]
k=1

Further, we can deduce from equation (5.16) that for we[-1,1]

1 1
X35(¥) e {29B3(v,v} + v {I nG3 (v, )[Bs(u,v)
-1
dw
- Bj{‘u,u]] E + . ujk"i'jk[u}}

[T Sl |

k

and for s4[-1,1]

-l 1 du
Xj3s "o AyT{s) s {1 4G (5,0 B {15} —
5-1
w1 aglYiels) - a8 ()
k=1

5l

{5.49)

{5.50]

We

(5.51)

(5.52)

(5.53)
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Again 1t 15 apparent that a limiting procedure must be used in the event
that Xj;j(zj,m) 15 required. Fipally, if we use equaticn {5.49) in

equation (5,45), we conclude that

L
Wij{s) = ¢j,0l{s/ai) I B43(2)95,2(51j8)5i,a(s]
2=0
L
- I Bij(£)Dj,alsijsigi,els)  {5.54)
=1

where &5 o(s/oj) s available from equation {5.51). MWe recall that
Wij{u) = %jj{u) for ¢j = 0, and thus for this case equation (5.54) can be
used in egquation (5.48) to estabklish the desired result,

We have menticned before that an alternative expression to equation
{5.37) is needed to compute &) g(s/o1) Tn the event that Gy{s,s} = 0 for
some 5. The same is true, in general, for the & o{s/¢j) given by
equatton (5.51) when Gj{s,s] = 0. It is clear that eguaticn {5.37) is
only a special case of equation (5.51}, and thus we now proceed to derive
an alternative expression to the latter. If we set n = 0 in equation

(5.7) and use equation (5,49} we obtain, for sf[-1,1],

L

1
ajhi{s)®j,ols/ei) = 5 [ uBjlu,s) LI T aji(2)D5,2(s)04(s)
-1 =% =0
j=1 L
+5s 1§ [-1)% ogc(n)eg p(s/05)Qels)  {5.55)
k=1 g=0

where Qg{s) dencte the legendre functions of second kind (Abramowitz and

Stegun, 1964), i.e.,




(22+1)s0g(s) = {2+1)Qg41{s} + 2Gg-1{5) * 2,0 (5.56)
with
Qo{s) = % log (3%) » s§-1,11 , (5.57)
or
Qp(v) = . log (1:3) , ve[-1,1] . {5.58)
2 1-v

If we demonstrate that Aj{s) and G;j(s,s) do not have comman zeros for
s¢[-1,1], it is clear that we can divide eguation (5.55) by Aj(s) to
obtain the desired alternative formula fer &4 p(sfoj). s¢[-1,1], in the
event that Gj{s,s} = (0. First we use the summation formulas given by

Ingnii {1970) to write Aj{s) and Gj(s,s} in the convenient forms

Aj(s) = (LeL)EQ (shaj,Lea(s) - Quea(slas,Lis)] (5.59)
and

Gi{s,5) = (E:E) [PLea{s)gj,L{s) - PL{s}aj,L+1(s)] {5.60)

JiZs cjs Le113J85,L L j,L+1 . .

[t is easy to show that the following 1dentity holds:

(L+LY[PL41(8)0L(s) - PL{s)QL+1(s)] =1 . {5.61)

We now multiply equation (5.59) by PL41{s) and use equations {5.60) and

(5.61) to obtainm

PLer(s)as(s} = 9j,L+1{5] - ¢;50L+1(5)6j({s,s) . {5.62)

53
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8y contradiction, if we suppose that there exists some s*¢[-1,1] such
that Aj{s*) = Gj{s*.s*} = 0, we conclude immediately from equation (5.62)
that g3, +1{s*} = 0. However from equation {5.60), we see that this
would require gj | {s*) = 0. Clearly this is not possiblae, otherwise from
equation (5.8) we would have g g(s*) = 0 for all &. We must then
conclude that there 15 no such s,

In order to cbtain an alternative formula for &4 o{vfog), vel-1,11.

we let s approach the branch cut to find that equation (5.55) yields, for

ve[-1,1],
L
" 0jCj65(v.v)¥5 olv/oj) = 2vBj{v,v) + } o035(2)05,2(v]Pe(V)
£=0
-1 L
. - 3T {10 agpr)ey g (v/oj)Pe{v)  (5.53)
k=l £=0
and
1 du L
shi{v)eg olviaz) = wP [ wBj{uw) — - v T o5j{2)05,2(v}Q{V)
-1 -y 4=0
j-1 L
#v T T (-1)F egp(a}ey,p{vioglefv]) . (B.64)
k=1 £=0

Me can use egquations (5.63) and {5,64) to show that, for wel-1,1] and

Ej[u,UJ = Q,

I\ET\:ET'T SACGE PRI e T T TTITORE BUGLEARES
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1 Bj{u,u]-Bj{u,u}
vjajlvieg olvies) = 2vBji[v,v) + v {1 u [ } du

[TRRY
L
+v 3 ai(e)Dg,e{vIra(v)
i=]
j-1 L
-v LD (-1)% ggife)ay g vfegiTalv) . (5.65)
k=1 z=1

where the polynomlals Tp({vw) can be generated with the recursion formula

{Siewert, 1980} for & = O:

(2e+1)urg(v) = -8g o + [2+1)Tge1{v) + 2Tg_1{v) [5.66)
whers

rolv) = 0 . (5.67)

Again, if we demonstrate that ij{v} and Gj{v,v} do ngt have common zeros
for ve[-1,1] we can divide equation {5.65} by xj{v}) to obtain the desired
alternative formula for ¢5,0(v/aj), vel-1,1], when Gij(viv) = 0, We let s

approach the branch cut to ebtain from equation (5.59)

Ajlv) = (L+1}EQL(wI9;,L+1 (%) - Querlviej,Liv}] {5.68)
and
L+l
Gi{vav} = (57;) [PLer(vdgs,L{v) - PL{vigy,L+2(¥)T & {5.69)
j

Of course eguatien {5.61) is still valid for ve[-1,1]:

(L+1YPL{vdQLfv) - PLiv)Quer(v}] =1 (5.70)
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and equation (5.62) yfelds
PLezlviaglv) = 95, L+2{v) = cvQLer(v)G{v.v) (5.71)

By contradiction, if we suppose that there exists some w*e[-1,1] such
that xj{v*) = Gj{uv*,v*] = 0 we see from equation (5.71} that we must haye
g4,L+1{v*) = 0. As before, the possibility that g5 L(v*) = O has to be
ruled out and thus Gj{v*,v*) = 0 would require PL41{v*) = Q0 in equation
(5.69). At the same time Aj(v*} = 0 would require 4+ (v*) = 0 in
equation [5.68). But PL41(v*) and Qusp(v*) cannot be zeroc simultaneously
otherwise equation (5.70) would be viglated. We must then conclude that
there is no such w*, W¥e pote that this result 21so impifes that there

are no discrete eigenvalues embedded in the continuum.

5,3 The Fy Method

Rather than pursue exact amalysis to solve the developed singular
integral equations and coastraints for the exit distributions ¢3{L,-u)
and ¢j{R,u), u > 0, we prefer to use the Fy method (Siewert and Benoist,
1979) to construct a concise approximate solution. We thus let

A=R-L, &j = sis and write, for the 1P group and n > 0,

N
Yi{l,=u) = Rjtuwlexp{-8¢/u) + § ai,aPal2u-1) [%.72a)
a=D
and
N
Pi(Rau} = Lif{ulexp{-a/u) + I by gPgl2u-1) . {5.72b)

a={
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If we now use equations {5.3) and {5.72} in (5.%), we can deduce from

aquatians {5.42) and (5.44) that

N
[ [ai 4By alf) + crexpl{-24/E)Di ohj,alE)]
a={
i-1
= ¢iI5(8) + L o43I45(E)  (5.73a)
i=1
and
N
I (b1 aBi,af8) + ciexp(-41/8)af ohi,al8)]
a=0
i-1
= gjdifE} + ] E.ijd-qj{-‘;}l {5.73b)
j=1

for all gepy = fvy JU[0,1]. Here Yims M= 0,1,2,4.., ¥si=1, denate

the positive discrete eigenvalues relevant to group i,

1
15(8) = f; wlLs{n)Gs (-5 015 (8,5}

+ Re (w65 (6,05 {4, ,5) Jdu (5.74a}
and
1
Jy(g} = é WL ()G (g, {a,n,5)
+ Ry()B{-€,0)5 (80,80 dw  (5.74b)
where
l-exp(-a58/u)exp(-v54/8)

S‘f[&;urgj = L+E {5‘?531
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and
Rxp{-aja/u}-axp{-o18/E}
c'l{ﬂ:u:'g] = - {5*?5b}
u-£
We have also introduced
oiLfE
Elij(5) = e Wi (&) (5.76a)
and
-aiR/E
§Jijle) = e Wij(-£) . (5.76b)

Finally, the functions A; ,(€) and Bj 4(£} required in equations (5.73)
are defined in the following way:

1 d
Aj olE) = [ wPa{2u-1)Gi(~5.u) =, g4[-1,0) , (5.77}
0 n+Eg

1 d
B1,a(2) = i [ wPal2u-L)Gi(5) = el (5.782)
and
1 du
Bi,alE) = 23 (E)P5(2E-1)-C{P é uPg(2u-1)Gs{E,u) i
te[0,1] . {5,780}

In Saction 5.5, we report some recursion relations that establish an
accurate and convenient method for evaluating the basic functions Aj o)
and By o(€).

Considering the right-hand sides of equations (5.73), we note from

equations (5.74) that the functions Ij[g) and J;{£} are immediately
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avdiiable directly from the boundary data for the jth group. The
additional terms Ijj(&) and Jij(£) clearly represent down-scattering
contributions to the {1th group. We assume now that the constants {aj’g}
and {bj_u}, j=1,2,...7-1, have been found so that the approximate

results, for v » 0,

Bj(n.s) = exp(-aji/s) {Rj{u}[exp{-aj/u)-exp{-4j/s}]
N
+ } aj,aPa{2u-1}} (6.79a)
a=0

and
Bj(-u,s} = exp(-oyLss) (Lj{u)(i-exp(-aj/u)exp{-4;/5}]
N
- exp(-a5/s) I bj qPe(2u-1)}  (5.79b)
a=0
are availabla for j = 1,2,...7-1. Thus, on considering equations (5.73}

at W+l values of EeP{, say £j g, we can solve the system of linear

algebraic equations

K
T [21,aB7,alEi,8) + ciexp{-8i/Ei, albi,ohi,albi:p)]
a=(0{
i-1
= oli{Eq,g} + I woijlijlEt,p)  (5.802)
j=1
and
N
7 [bi,eBi,ali,s) * c1exp(-44/61,8)a5,ahi,alE1,8)]
a=0
ial
= cidi{Ej gt + I oijdijisi,g) »  (5.800)
Jj=1

e . m e mee ame U U ——

1T S T Dl BEROY AT o T EN TR E NU{‘.LE'HEE-l
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for 8 = 0,1,2,...,N, to find the desired constants for the ith group
{2i,q) and {by o} provided we first express Iij(£) and Jij{£) in terms of
known quantities. We therefore proceed to use equations (5.76) and the
various results developed in the previous section in ordar to deduce

expressions that can be used in a convenient manner to compute the

desired IijEEJ and Jij{E]. To be specific, we note that far i 1 the
right-heand sides of eguatfons (5.80) are known since Iy3{£) and Jj(£) are
given by equations (5,74). We thus can solve the system of iinear
algebraic equations to find {a) 4} and {b] 4}. Considering equations
(5.80) for 1 » 2, we see that we must compute Ij;(§) and Jj;(&) for

i = 1,2,ue41-1, along with Ii{€) and Ji(£) as given by equations {5.74)},

before we can soive the linear system to find {aj 5} and {bi,a}- e

find
L +
Tiglgd = T (-1} 8ij(e}e5 s{t/ei)ai,elE) (5,81}
=0
where
+ +
i, 0(8/ai) = (-1}% g5 ,0(515€)8; of£/01)
+
- {-1}* By, 4(s178)  (5.82)
with
+ -1 +
¥,0(5/09) = 8§ (sii5,5ij8) [X55(55;¢)

L
£ T Bii(8)D] o(s158)Pa(s95EH] . (5.83)
=]

+ +
Here Dy g(s5358}, with By 4(s5;€) = 0, are availabie from




* ¥
s735h3,29] ,ﬂsijﬁ} = (2+1]D; ‘“.1{513*1':}

+ +
+ EDj,L-—l{s'—le] + Hj’L{S-]jE;]
where

+ gE+]
Hj’g{ﬁjjﬂ = _U'i {Kj,ziiijg}

E+]1
+ § [aj,a + (-1 exp(-24/E)bj oJTq 1}
o=
g

- a—i Uj’g{E.ﬂ'ﬂ-‘l}

In equation (5.8%) we have used the definitions

1
K 2{g) = é uPg (W) Rj{u)[exp{-2 /u)-exp(-45/5}]

- (-1 Lj{u}i-exp(-6j/u)exp(-85/5) T dn

1
Tq'g = _|r uPy (2u-11Pg (W )dy
0

and
‘j-.l +
Uy, g(8/07) = {-10% § oq{®)8y g(5/04)
k=1

6l

{5.84)

{5.,85)

{5.86)

(5.87)

{5.88)

We note that Devaux, Siewert, and Yuan [1982) have reported a recursion

relation that provides an effi¢ient way to compyte the numbers Ty g {see

Section 5.5). Also we point out that Uj g(£/04) is considered known

+
since all ¥y p{5/04) required in equation {5.88) have, by necessity, been
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+ - .
computed in previous steps. Finally for sijgs[ﬂ,lj, xjj{sjjsj 15 given

by
+ 1 N
Xjj{5155) =-;; (I{si58) + [2-Aj ols45E}] Eﬂﬂj,qpaf251ji-13
a:
N
+ T [aj,a6],0(5158)-exp{-21/€)by ohj o{si3E)]
=0
L
+ 544 ) Uj,z(Efui}Ej,zﬁﬁijE}} {5.89)
1=1
where

Putzu-l}-mzs-n]
dp
u=£

1
Gj,alt) = é WG (5 m) [ {5.90)

can be computed effectively from a recursion relation {see Section 5.5).

Far Sfjiifﬂ,l] we find

+ 1 -1
ij{$1jg} =-E? ﬁj {Eijﬁj {ijsijij

L
~ syidglsife) 1 Uy,al8/oq)Pelsq8)
220
L
#5451 L Ug,4(8/07)E; ols458)F  (5.91)
2=l
where

N
T3(5) = 1j(€) + I (a3 4Ry al-E)-exp(-a5/E)b5 ohy,al8)] - (5.92)
a=0




A3

In a similar way we find

L Ll
Jis(8) = I By3(R)95 g(6/0i)91 2 (8) (5.93)
£=0)
where
65 o (8l04) = 95205158095 ol&/07) - {-1)* D3 ¢(s458) (6.94)

with
- -1 -
25 o(6/03) = Gj (5458,54358) [Xj5{s158)

L -
+ 1 (-1 Ejj{ilﬂj,gisijE}Pg[sijE]] . {5.95)
1=1

Here D3,5{51j51, with Djiu{siji} = 0, are available from

-Sijﬂhj,mﬂg,ziﬁijﬁ) = (£+1)05 pa1{5158)

+ 207 g.p{sij8) + My elsqzE)  (5.96)
where

- 2E+1
Mjlgl:ﬁ-ijﬁ:l = —_t'-'-] {Hj,i{ﬁ'ijg}
2+l
- E [{'I}E hj,a * Exﬂ‘{'ﬁif&;]aj,u]Tu,l}
o=

;
1= vy aqefesy L (5.97)

T3
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In equation (5.97) we have used the definitions

1
Ny ,2(5) = é uPy ( HR 3 () (1-exp{-8;/u)exp(-8/6)]
- (-1)% Ly{w)lexpl-a5/u)-exp(-4;/E) T du (5.98)

and
J-1 _
Vi al8/oq) = 1 ojc(2)oy g(2/95) (5,99}
k=1 :

which, as discussed before, is available from previous steps. Finmally,

for s4;8e[0,1], KEj{SijE} is given by

N
- 1
Ijj(SﬁjE} =-;; {Jj{SijE} + [E-Hj,ﬂ{sijE}] lu bj,upufzsijﬁ'l}
a=
N
L [bjaBj,alsigE) - @p(-24/6)a5,ah5,a(514€))
=0

L
» 555 L Vg p(Efo)Es plsi58)r . (5.100)
g=1
For 5i3E¢(0.1] we find

- 1 -1
Kigleeg®) = Ay (s45%) (55lsq58)

L
- sjfﬁj{STJE] 3 ?jig{Efo}szsijE]
=0
L
+531 L vy a(8/01)E5 20545600 (5.101)
81

e r—— ————— = C———— e MI——m—————

WTp T i D T B0 D e R TICre E MUSLEARED
[ S
s
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where

N
5(E) = Ji{€) + I [bj,ahj,al-E}-exp{-8j/E)a],ahy,a(6)] - (5-102)

a={]
Having developed the Fy method to find the surface fluxes, we now
demonstrate how a slight modification of the aralysis of Section 5.2 and
the Fy method can be used to compute accprately the angular fluxes for

all ze(L,R).

5.4 The Interiar Angular Fluxes

If we change u to -p in equation (5.1), multiply the resulting
equation by exp(-cjz/s) and integrate cover z from 2] to 22, with

L<z]<Zg<R, we obtain an equation similar to equatton (5.4), viz.

+ b
suBifu,s)-oilu-s} J  ¢ilz,-uJexp{-ojz/s)dz
zy
5 Tt t
-3 T I (-1} o44{2)Pe(n}ej,e{s/0i)  (5.103)
j=1 2=0
whepg
t
Bi{w,s) = vi{zy1,-u)exp(-oizy/s) = wil{zp,-u)exp(-oy23/s) (5.104)
and
t z7
¥j,0(s/01) = [ 4y e{2)expl-oiz/s)dz (5.105)
21
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Bb

We can follow the development discussed ip Sectiom 5.2 to obtain from

equation {5.103) gereralizations of equations {5.42), (5.43}, and (5.44}.

Thus for the ith group and for ve[-1,1]) we find

t 1 1 t du
Ai(v)vBsi{v,v) - EciuP f uGs(v,u}Byle,v) ;_;
i-1
- T
LoajiMig(v)
j=1

]
Tl 1 Bk

and
i-1
t t ' t
eicikii(v} = 29Bi{v,v) - L o35%i5(v)
=1

and, for ¢; # 0,

1

+ du
Si%4,m fl MG {54 ,me )B4 (1284 )

H=Si,m

i-1 t
= -1 9iiWi3(z,m)
j=1
where

+ L 1
Mijlsy = b {-10% q3(2)¢5 als/aq)aq, (s}
2=0
and

L
D{-1)F 8y3(008] g(s/04)Pels)
=0

e

For the special case ¢y = 0, we find, for [k|e{0,1],

{5.106)

{%.107)

{2.108)

{5.109)

{e.110)
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t p i1 t
Bi{wa) ==— I aijkijlu) . (5.111)
T
F J=l
| We note that the expressions develgped in Section 5.2 for the computatien
1
of ¢ ,4{s/oj) can be generaiized so that &j g{s/oi) <an be found in a
similar manner.

We now let z; = z and zz = R and then use equatiens {5.3b}, (5.72b)

and the approximatiens, fer u > 0,

| N
| bi{z,~u) = Ri{ulexpl-o1(R-2}/u] + [ ¢, alz)Pqi{20-1) (5.112a)
a=0
x and
N
$9{z,m) = Li(ulexpl-wi(z-L}/u] + [ dy of{z)Pg(2u-1) (5.1120)
a=0

in equation (5.104) to deduce from equations {5.106) and (5,108} the

first of our Fy equatiens. Similariy, we can take z; = L and Z3 = z and

then use equations (S.3a)}, (5.72a) and (5,112} in equation (5.104) to

deduce from equations (5.106) and {5.108) the second of the Fy equations,

| Thus, For ze(L,R) and gePy we find

N
b [eq,al2)Bi qlE)-cidi al2)Ai,alE)] = cili{2,5)
! a=0
] f-1 N
+ [ oqjlig{z.E) - ciexpl-0i(R-2)/5]1 I bi,ehi,ef8)  (5.1132)
j=1 =0

| and
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N

b [dt,a{2)Bq,glE)-c1ci,alz)A),4(8)] = cidi{z,E)

a={
i-1 N

+ I o0jjJijlz:8) - ciexpl-o5{2-L)/€] § i ohi,al8) .« (5.113b)
J=1 a=0

Here

1
Ii(z,£) = 5 w{Li{u)G {-&,u)expl-a1{z-L)/ulS§{R-2,1,5)

+ R (u)Gi{E,u)Ci{R-Zz,u,E) du ,  [5.ll4a)

1
difz,g} = é w{Li (k)B4 (€ )i [Z-L,u,E)

+ Ri(u)Gi{-C.u)expl-o5(R-2)/u]5§(z-L,u,E}}du ,  (5.114b)

oiZfE ¢
Elji(z,E) = ¢ Wij€) . 171=2 and 22=R , (5.115a)
and
-342/E ¢
Edij{z.E) = e Wij{-€) , 731 =1 and 2p =2 . (5.115b)

Investigating the right-hand sides of eguations {5,113), we note from
equations (5.114) that Ii{z,€) and dJj(z,E} are available, for any
ze{L,R), directly from the boundary data for the ith group. The terms
Iij{z,t) and Jij(z,£) represent, as before, down-scattering contributions
to the itP group, and at this point the constants {aj g} and {bj o} have

already been established, Thus on considering equations {5.113) at the
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same H+1 values of £ePy used in equation (5.80), namely &4 g, we can

solve the system of linear algebraic equations

it
E [31,:1{1]B'T,c:{5i,ﬁ}'c'idi ,a{I]Af,q{ii’s}] = '-'.'-1'11'[2,51,3]
=1
j=l
v 1 9ijlii{z.64,p)
j=1
N
- cjexpl-0({R-2)/55 g1 L by ohi ol85,8)  (5.116a)
a={)
and
4
‘ L Ldi,al2)By af€i,8)-ci07,a(2)A,al85,8)] = ¢id4(2,65,5)
a=[)
i-1
- # 1 oogidijlz.6q,8)
J=1
N
- ciexplaoi(z-L}/65 8] I aj «Pi,alfi,s) (5.116b)
a=0]

for 8 = N,1,2,...,0, to find {Cf’u{Z}} and {dq,u{z}} far selected values
of ze{L,R) provided we first express 1jj(z,8) and J;5(2,8) in terms of
known guantities. We observe that the functions A;j o(§) and By 4(5)
appearing in equations [5.116) are the same as used in equatiens (5.20),
2nd thus the onTy new quantitites to be evaluated are Ii{z,£), J5(2.%},
Ii5(2,8), and Jj5{z,E}. Further we note that the matrix of coefficients
in equations {5.116) is independent of z 50 that the solutions to thase

equations for many values of z can be accomplished with one matrix

.. - = L
[ L i
s TR . e g E ML, lLavES
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inversion. We now summarize the equations that cam be used to compute
the desired Iqjiz,i} ahd Jij{z,ai. We find
L

Ljglz.e) = & (-1} ﬂijii}igji{zsﬁfﬂi}gi,E(E} (5.117)
&=0

where

+
(-1)% g5,2(5156)45,0{2,6/9¢)

+
¢i,£{Z§Ef51]

- (-1)* D;,1E2:5ij51 {5.118)

with

-1 +
Gy (345£.5i38) [X35lzi5458)
L +
+ 0 8y3(00D4 g {z.sq580Pe (545801 - (5.119)
2=1

+
ij’n[I.Efui}

¥ +
Here ﬂj,z{z,sijﬁ}, with Uj,ufz,sijaj, are available from

. +
s15En5,505,012:5456) = (41005 241 (2,54 5E)

+ +
+2D; g 1(2,5458) « My g{z.s458}  {5.120)
where
29 +] £+1

H;,Eﬁz.ﬁijﬁ] = -;;— {Kjltiz.s1j51 + ED [cj,uiz} - {-1)* dj,a{z}
a=

£
« {-1)% expl-05(R-z}/£1b;5 o1T4 4} ~— Uj alz.8/ei) »  (2-121)
2




il

In equation {5.121) we have used the definftions

1
(5,0(2:8) = | 9Py () [R(u){expl-o;(R-2) /u-expl-o;(R-2}/5 ]
0
- -1 Ly(ndexpl-oj{z-L)/v]

X {l—exp[-cjﬂﬁ-z}fu]exp[-aj{R-z}!E]i] du {5.122)

and

. j-l .
| Vy,z(z,8/03) = (-1)* o (2)8y pfz.8/05} . {5.123)
k=1

+ a -
Finally for 51jEE[D,1], ij[z,sijE} is given by
N

+ 1
Xj3{z.5438) =-;f{1j{z,sij£} + [2-A5 60513801 L cj,a(2)Pal2s455-1)
1

- a=0

H
+ 1 [?j,uiz)ﬁj,a{Sijﬁj * {dj’utz]-exp[-difﬁuz}IE]bj‘ﬂ}Aj,u{sijaﬂ
=0

L
+ 855 L Uj,LEZ,EIﬂi}Ejig[Sijﬁl} . (5.124)
=1

For s;15¢[0,1] we find

+ 1 -1
Xjjlzs8435) = ;;—ﬂj (54383 {T4{z,5458)

) L
- 5558(s458) ¢ Ui e{z.8/97)Pe{s13E)
£=0
- L
* 554 i Ujja{l,ﬁfﬂijfj,g(ﬁjjg}} {6.126)

£=1




where
N
Tj{Z,E] = Ij{Z.Ej + E [Cj,ufllﬂj,u{'il + {dj,u[z]
a=0
- exp[-aj{ﬁ-zlfﬁjbj,u]ﬁj,u[E]] .
In a similar way we Tind
L -
Jij6z,8) = L Bij(R)95 (2.8 a1)94,08)
E=(

where
¢5,1(I,Ef01] = 9j,£{5ijﬂ}°3,uizfﬁfﬂi}

- (-1)* Dy, 5245458
wWith
3 1 ¥ .
@j'ﬂflsgfﬂi} = Ej IS{jE,SijE] { jj{z,51Jg}
L

+ 1 (-1)% 835(2105 ¢ (2,5158)Pe(s758)] -
2=1

Here DE,L{z,sijE}. with DE,U(z,sfjgj = ¢, are available from

~5958h ¢D5,5(2,51355) = (#+1)D5 g41{2,5438)

+ 203 g 1(2.544E) + My g(Z,5438)

where

72

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)
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22+1 B+l

M3,2{2.5145) = - [Nj,tfzs5ij§} + ED {e5,a(z) - (-1)* dj alz)
=

&
- E“ﬂ['ai{I'L}fE]aj,G}Ta,zl + {-l}i_sf ?j‘g(l,ﬁfﬂ{] {5.131)
1

In equation {5.131) we have used the definitians
Ny e(2,€)
1
= JDuPE{u} [Rj{u}exp[-uj{R-z}fu]{l-exp[-uj[z-L}fu]exp[-ﬂj{z-L}fE}}

- 1[-1}E Lj{u}{exp[-uj{z-L}fu] - exp[-aj{z-L}IE]}] du

{5.132)
and
J-1 -
Vialz,8/05) = I oy (8 elz,8/05) - {5,133}
k=]
Finally, for sj;5=[0,1], KEj{z,sijE] is given by
- 1 N
1jj{2,51j£} = ;;-[Jj{E.SijE} + [E-ﬁj’ﬂisijE}] ED dj’u[I}Pu(ZSTjE-ll
o=
N
+ ] [dj,Q{z}Gj,u[51j51+{cj_u{z}-exp[-ui[z-L}IE]&j,Q]Aj_qisijt}]
as[)
L
vspp bV a(zeseey alsige)] (5.134)
2=1

For S1j£¢[ﬂ,1] we find
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- 1 i}
%j53(2.5458) ey Ay {s758) (E5(2.545%)

L
- 53183{(5438) Eu ¥j,e(z,0/07}Pe(545%)
2=

L
+s5i L Vy,a{Z.EA00)E5 ¢ (595800 (5.135)
%=1
where

[y
2(2,6) = J5(2,8) + I [dj,al2)85,al-8) + Lcj a(2)
a=0

- expl-0j(z-L)/Eag }As al€)] - (5.136)

5.5 Computational Aspects and Numerical Results

Initially we would like to show how several of the hasic functions
introduced in Section 5.3 can be computed efficiently by recursive

relations.

The functions A 4{&) defined by equation (5.77) can be shown to

satisfy, for « » 0, the recursive relation

ahi g.1(8) 4 (241}{2E+1)A5 o(8) + {&+1)Aj 441 (E)

L
= 2{20+1) [ (-1)* 84§(0)95 2 (8)Tan » (5.137)
2=0

whare for forward recursion the required initial value can he computed

from

e ———— —

[ v P I I e ST HE K JILEARES |
[ IR S
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L
Riol€) = & (-1)% 8yy(t)gy o(8)Ce(8) - (5.138)
=0

Here the functions Cp(E) can be found from

2Cp.1(8) + {28+41)EC(8) + (£+1)Cpye1 (8] = (20+1)Tp (5.139)
with
o) = 1 - € Tog (1+1/8) {5.140)

We recall from Sections 5.3 and 5.4 that the functions Ry o{§) ara
required for real §¢[-1,0). We have found that the use of equation
{5.127) 1in the forward direction is stable only for £¢{-1,0], and thus an
alternative procedure is desired. Using the Christoffel-Darboux formula
{fbramowitz and Stegqun, 19643 for the Legendre polynomials, we have

deduced the alternative recursion relation
Pas1 (25+10A4 ol8) + Pol28+1)R4 4.1(5)
= {-1)° ( 2 )11 (&) (5.141)
= {-1) ;;I i,x -

where
L

E-1® yi(Rdaq 1{8)Tg,n (5.142)
L=f)

ri,ﬂ{E]

and, for 1 € o < L+1,

rﬁ,u{E} = ri_q-l{i]
L
+ (-1)9(2a+1)Pa(2641) L {-10% B41(2)95,2(8)Ta,e - (5.143)
k=0
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Since Ty g =0 for e > %41, we see that equation {5.143} yiaelds
Tj,el8) = Ty, L1{8) a2 151 . {5.144)

We have found that backward recursion of equation {5.141) fn the manner
suggested by Miller {1982) fs stable for real £4[-1,0). However, as
discussed before (Rarcia and Stewert, 1981b), such a scheme can be time-
consuming for £ close to the transftion points -1 and 0, and for this
reason we have actually used forward recursion of squation (5.137) for
£e[-1,001, -1)w ([0, 0.001) without Tosing too many significant figures.
For other £ we used backward recursion of equation (5.141). The

funct ions B1,Q[E] defined by equations (5.78) and required for £ePy can

the deduced from the recursive relation

~aBj o y[£) + {20+1)(26-1)B; o(6) ~ {a+1)B; qu1(€)
L

= 2(2atl)ci L Byl8)ay e(E)Tan . (5.145)
=0

with
Bi ol€] = 2{1-cq) + ¢3R4 ofE} . (5.146)

Forward recursion of equation [5.145) can be used efficiently to gemerate
Bi,al8) for £e[0,1]. For & = vy g it is not difficult to see that
Bi,al¥i,m} = =€iA; a(-vj n), and thus the recursion relations developed
for Aj {8} can be readily used to establish By 4{vi m]. W4e note that
the strategy adopted here yielded Ay g{£) and Bj (%) accurate to at
ieast 13 significant figures for o up to 40 (working in double precision

with an IRM 370/165 machine).
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We now turn our attention to the constants Tq,g defined by eguation
(5.87). We note that the Ty ¢ are a special case {m = ) of the more

m
general Ty g considered by Devaux, Stewert, and Yuan {1982) and thus we

write for o # 0 and & = f:

o =(gzgy) L) oot + T+ (5) T
a b+l = 0+ EEIT a-1,2 t la,2 t Tl o+l R

2
- —}T . h.147
(E+l) x,2-1 ( )

In this equation « runs from o=0 to R42 (note that Tg n = 0 for B > n+l)

for each £, from £=0 to L-1. To initiate gur calculation we use

—

To,0 * (5.148)

L

and

(5.149)

E=a

Tl,u

Finally, the poiynomials Gi o(£) defined by equation {5.90) and
required for £e[0,1] can be computed efficiently by forward recursion

from

“G'i,u-l[ﬁ} - {20+1}(2241)G4 ,c:{f-} * I:“"'lmi,uﬂtij

L
= 2(2a+1} [ Bi4(%)0y,2(E)Ta,e . (5.150)
k=0

e ——— e = .
AT NS T BT e TLF e FE NLILEAREH
| IS
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with
Gﬁ,utgj =0 . {h.151}

In order to demonstrate the computational merit of our selution we
now consider a 20-group albedo problem with a 10th order Legendre
expansion of the scattering law. A 20-cm thick slab has an isotropically
incident distribution of radiation only in the first group and only on

the surface at z = L, i.e., foruw > 0

i

and

1l
i

R; (1) (5.152b)

To facilitate the data handling we use a fictitious cross-section set {in

units of cm'l} defingd, for § = 1,2,...,20, by

i
u'.i :(ﬁ) - [],IE 61,5 - 0-15 'ﬁ-i‘ln {5-1533}
and
J . )
ayi(k} = (2241) ( —— - )4 = caan
'II]1|r } [: * ][IGG{T-J‘fl}] {g'EJ] » o 11 2: 1,
2 =0,1, «.., 10, {5.153b)
whara
i+
rxo= 0.7 - | — . 5.153
%3 (zun) ( <)

The scattering law defined by equations [5.153b) and (5.153c} corresponds

to a truncated (L = 10) Henyey-Greenstein phase function introduced in
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the field of radiative transfer {Henyey and Greenstein, 1941}, The
Henyey-Greenstein phase function is characterized by one parameter g
which 15 a measure of the degree of anisotropy, i.e., ¢ + 1 implies
farward scattering while g + -1 implies backward scattering, For a
moncenergetic problem, g corresponds to the average cosine of the
scattering angle. In our problem the values of g given by eguation
{5.153¢) correspond to moderate forward scattering and were chosen in
order to avoid negative values in the scattering law {with L = 10},

In solving the systems of linear algebraic equations given by
equations (6.80) and {5.116) we have used, for various arders of the Fy

approximation, the collocation scheme

Bi,p=vi,s »B=0,1,2, .oy k-1 , {5.154a)

and

1 1 2p-2xj+l
Qs

= - ¥ - — ,E' i3 +l. LR H ) 51154b
.87 3 E{H+l-m1]%] “1. M E )

3 C
The points given by equation (5.154b} are the zeros of the {hebyshev
polynomial of the first kind TH+1_¢1{2x-1}. Based on the results of our
computations which followed closely the technigque discussed by Siewert
{1980}, we have concluded that there is unly.une pair of discrete
eigenvzlues relevant to each group of the considered praoblem and thus we

tTist in Table 5.1 the positive eigenvaiue for each group.




Table 5.1 The positive discrete eigenvalues vy g
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i.0

1 Yi.0

1 V1,0

i Vi o

1 1.014675230187
2 1.013564030621
3 1.012702645157
4 1.0117894978406
5 1.024569285561

6 1.010101983620
7 1.009324801731
g 1.008590208601
9 1.007896906406

10 1.011201112487

11 1.006629121797
12 1.00605216136%
13 1.005511523631
14 1.005005991723
15 1.004534343%40

16 1.004095374943
17 1.003687842667
18 1.003310515972
19 1.002962148042
20 1.002641480534

We 1ist our converged results for the exit angular fluxes in Tables 5.2

to 5.9. Further converged results for the angular fluxes at various

positions inside the slab are reported in Tables 5.10 tg %.21. We note

that to compute the angular fluxes accurately for all v we used a

recently proposed technique {Garcia and Siewert, 1982b). First the

functions By 4(%) defined by equation (5.78) are expressed as

Bi,alE) = 2P4(26-1) - eq([2-Ay 4(£)] Pal2E-1) + Gj qlE))

(5.155)

and this relation can be used in equations £5.73) for £ = pe[0,1] to

find the following alternative expressions for the emerging fluxes:

!

villy-u} = Ry{u)exp{-a4/u)+ %Ci{li{“] + [2-A4 o(n)3 [ a3, oPa(2u-1)

N

a=0

p 1-1

+ 1 [y by afn)-expl-2/ulbi qAf o{m)T} + ; Loojjliiiv)

=1

o=

(5.156a)




Table 5.2 The exit angular fluxes wi(L,-u} for i = 11to 5
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] i=1 i=2 i=3 i=4 i=5
g 5.0885(-2) 1.2999(-2) B.8860{-2)  2.3641(-3)  3.1535(-3)
d.1 2.8195(-2) 8.6681{-3) 4,27851-3) 2.5789(-3) 2.4685{-3)
0.2 1.8568{-2} 6.2371(-3}  3.2310(-3) 2.0122(-3) 1.9565(-3)
0.3 1.3061{-2)  4.6596(-3) 2.4996{-3) 1.5956{-3) 1.5728(-3)
0.4 9.6343(-3)  3.5983(-3)  1.9835(-3) 1.2912(-3)  1.2862{-3)
0.5 7.3636(-3)  2.8516(-3) 1.6080{-3) 1.0640{-3)  1.0690(-3)
Q.6 5.7554{-3) 2.3033(-3) 1.3241{-3) 8.8871(-4) 8.9923(-4)
0.7 4,6063{-3) 1.8921{-3) 1.1065(-3) 7.5086{-4) 7-6454( -4}
0.8 3.7653(-3)  1.5814(-3) 9.3667(-4)  6.4282(-4)  6.5749(-4)
0.9 3.1192(-3) 1.3378(-3) 8.0287(-4) £.6637(-4) 5.7091(-4}
l 2.6287(-3) 1.1453(-3) 6.9424(-4}) 4.8472(-4) 4.9900(-4)
Table 5.3 The exft angular fluxes ¢;{L.-u) for i = 6 to 10
U i=46 i=7 i=28 i=29 7 =10
D 1.5457(-3)  1.1867(-3)  B.2628(-4)  7.0652(-4)  6.8284{-4)
.1 1.2701(-3)  9.6248(-4)  7.5717(-4) 6.1275(-4)  6.0047(-4)
.2 1.0397(-3) 7.9986(-4) 6.3758(-4) R.2196{-4) 5. 1654{-4)
0.3 B.5661{-4) 6.6715(-4) £.3764(-4) 4.4447(-4) 4.4359( -4)
0.4 7.1511(-4)  5.6261(-4)  4.5755(-4)  3.8138(-4)  3.8335(-4)
0.5 6.0504{-4)  4.8015(-4)  3.9355(-4)  3.3036{-3)  3.3407(-4)
0.6 5.1717(-4)  4.1361(-4)  3.4138{-4) 2.8839(-4) 2.9317(-2)
0.7 4.4586(-4}  3.5904(-4)  2,9821{-4)  2.5337(-4)  2,5882({-4)
0.2 3.8823(-4)  3.1451(-4)  2.6267(-4)  2.2831(-4)  2.3009(-4)
0.9 3.4135(-4}  2.7806(-4)  2.3339(-4)  2.0022(-4)  2.0608(-4}
1 3.0128(-4) 2.4661(-4) 2.0793(-4} 1.7914{-4) 1.8504(-4)




Table 5.4 The exit angular fluxes w;(L,-u} for i = 11 to 15

8z

H i=11 i=12 =13 i=14 i =15
0 4,8231(-4) 4,0797(-4) 3.4993(-4) 3.0368(-4) 2.6619(-4)
0.1  4.2027(-4) 3.6660(-4}  3.1721(-4) 2.7747(-4)}  2.4499(-4)
n.2 3,7343(-4) 3.2144(.4) 2.8019(-4) 2.4677(-4) 2.1926({-4)
0.3 3.2384(-4) Z2.8070(-4} 2.4627(-4) 2.1823(-4} 1.9501(-4)
0.4 2.8225(-4)  2.4611{-4) 2.1715(-4) 1.9345{-4} 1,7374(-4)
0.5 2.4783(-4) z.1722(-4) 1.9262(-4} 1.7240{-4) 1.5552(-4)
0.6 2.1900{ -4) 1.9286(-4) 1.7179(-4} 1.5442(-4) 1.3987¢-4)
0.7 1.9457(-4) 1.7210{-4)  1.5394(-4)  1.3892(-4) 1.2630(-4)
0.8 1.7397(-4) 1.5448(-4} 1.3870(-4) 1.2563(-4) 1.1461(-4)
0.9 1.5668(-4) 1.3952(-4) 1.2578(-4) 1.1429(-4) 1.0453(-4)
1 1.4137(-4) 1.2641(-4) 1.1426(-4) 1.0416(-4) 9,5611(-5}
Table 5.5 The exit angular fluxes ¥3({L.-u} for 1 = 16 to 20
u i=186 i=17 i =18 =19 i =20
4] 2.3837{-4) 2.0970{-4) 1.8810(-4} 1.6974(-4) 1.5400(-4)
J.1 2.1806(-4) 1.9547(-4) 1.7632(-4) 1.5994{.4) 1.4582{-4)
0.2 1.9631(-4) 1.7694({-4) 1.6043(-4) 1.4623(-4) 1.3393(-4)
0.3 1.7554({-4) 1.5802(-4) 1.8487(-4) 1.3264(-4) 1.2199(-4)
0.4 1.5714{-4)  1.4799(-4)  1.3082{-4) 1.2026(-4) 1.1103(-4)
0.4 1.4125(-4) 1.2905(-4) 1.1851{-3) 1.0934(-4) 1.0129(-4)
0.6 1.2752{-4) 1.1692(-4)  1.0775(-4) 9.9742(-5)  §.2697(-5)
0.7 1.1557(-4) 1.0633{-4} 9.8307(-5} 9.1283(-5)} 8.5089(-5)
0.8 1.0621(-4) 9,7107(-5} 5,0051{-5) #.38R9(-5} 7.8385(-5)
0.9 9,5301(-5) 8.9134(-5} 8.2882(-5) 7.73R4(-5} 7.2514(-5)
1 8,8290{-5) 8.1949(-5)  7.6408(-5)} 7.1525(-5)  6.7193{-5)




Table 5.6 The exit angular fluxes ¢;(R,u) for i =1 to §

a3

B i=1 i=2 =3 i=4 i=5
0 1.1146(-3) 3.4317{-4) 1.7392{~4) 1.0772{-43 1.1525( -4}
0.1 1.58604({-3}  4.5301{-4) 2.2419(-4) 1.3714{-4) 1.4787{-4}
- 0.2 2.4017(-3) 2.9970( -4) 2.8704(-4) 1.7251(-4) 1.8566(-4)
0.3 4,9489(-3}  B.0657(-4) 3.7054{-4) 2.1806{-4) 2.3364(-4}
0.4 1.2386(-2} 1.0994{-3) 4.8210(-4)  2.7724{-4)  2.9545{-4)
.5 2.6436{-2) 1.5012(-3) 6.7888(-4)  3.5321(-4) 3.7448(-4}
.6 4.6527(-2) 2.0197(-3Y  8.1612{-4)  A.4840{-4) A.7327(-4)
0.7 7.1061(-2) 2.6424(-3) 1.0452(-3) 5.6285(-4) 5.9301{-4)
0.2 9,8380{-2) 3.3420(-3) 1.3126{-3) 6.9894{-4)  7.3295(-4)
0.9 1.2713(-1) 4.0868{-3) 1.6124(-3}) B.5165{-4)  B8.9074(-4)
1 1.56630(-1) 4,8463(-3) 1.9351(-2} 1.0191(-3} 1.0630(-3)
Table 5.7 The exit anqular fluxes ¢;{R,u) for i = 6 to 10
u i=6b f=7 i=8 i=8 i=10
0 5.8073(-5) 4.4676(-5)  3.5756{-5)  2.9444{-5) 2.9886(-5)
0.1 7.2858{-5) 5.5763(-5)  4.4432{-%) 3.6442(-%)  3.7031(-5)
0.2 8.9704{-5) 6.81958(-5)  5.4026{-5) 4.4088(-5) 4.4666(-5)
0.3 1.1060{-4) 8.3362(-5) 6.5B11(-5) 5.3236(-5) R.3710(-5)
0.4 1.2656(-4) 1.0217(-4)  7.9848{-5) 6£.4390(-5) 6.4659(-5)
0.5 1.6903(-4) 1.2541(-4}  9.7307{-5) 7.7979(-5] 7.7920(-5)
0.6 2.0877(-4) 1.5366(-4)  1.1842(-4) 9.4325{-5}  9.3832{-5)
0.7 2.5621{-4) 1.8722{-4)  1.4328(-3) 1.1359-4}  1.1253(-4)
0.8 3.1124{-4) 2.2603(-4}  1.7218{-4) 1.3676(-4) 1.3303(-3)
7.9 3.7331{-4) 2.6973(-4}  2.0456{-2) 1.6065(-4}  1.5817(-4}
1 4.4168(-4) 3.1785(-4}  2.4013(-4) 1.8803{-4) 1.8473(-4)
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Table 5.8 The exit angular fluxes yi{R,u) for 1 =11 to 15
u i=11 i =12 =13 =14 i=15
0 2,1538(-5) 1.8639(-5) 1.6352(-5)  1.4499(-5) 1.2971(-5)
0.1 2,6462({-10) 2.2831{-5) 1.9983{-%) 1. 7653(-5) 1.5748(-9)
0.2 3.1729(-% 2.7274(-5) 2.3770{-5) 2.094&{-5) 1.8627{-5)
0.3 3.7922(-5%) 3.2465(-5) 2.8187(-5) 2.474B(-%) 2.1334{-5)
0.4 4,5360(-5)  3.B664[-5)  3.3432(-5)  2.9242({-5}  2,5623(-5)
0.5 5.4309{-5) 4.6087(-5)  3.9685(-5) 3.4574{-5) 3.0419(-5}
0.6 §.8072(-5)  5.4898(-5) 4.707%(-5)  A4.0858(-5}  3.5817(-5)
0.7 7.7453(-9) 6.5183(-5)  B.968B8(-5) 4.8158(-5) 4.2073(-5}
0.8 9.1751({-5) 7.6946{-5)  £.5518(-5) 5.6478{-5]  4.9192(-%5)
0.9 1.0777(-4} 9.0113{-5) 7.6512(-5) 6.5776{-95) 5.7142(-5}
1 1.2538(-4) 1.0453(-4})  B.B584(-5) 7.0982(-5)  6.5865(-5)
Table 5.9 The exit anguler fluxes ¢;{R,u) for i = 16 to 20
B i=16 i=17 i=18 i=19 i =20

0 1.1692{-5) 1.0610{-5) 9.6829(-6} B8.8825{(-6) 8.1854(-6)
0.1 1.4157(-5) 1.2812(-5) 1.1662(-5) 1.0671(-5)  9.809%-6)
0.2 1.6695(-5)  1.5066(-5) 1.3677(-5} 1.2482{-5) 1.1446(-5)
t. 3 1.9596{-5}  1.7630{-5} 1.5958(-5)  1.4523{~5) 1.3282(-%)
0.4 2.7992(-5)  2.0618(-5) 1.8605{-5} 1.6882(=5) 1.5395{-5)
0.5 2,6989(-5)  2.4122(~5) 2.1698({-5) 1.9629(-5)  1,7847(-5)
0.6 3.1670{-5} 2.8212(-5) 2.5298(-5} 2.2B17(-5) 2.0686{-5)
0.7  3.7080{-5)  3.2930{-5) 2.9441{-5) 2.6477{-5)  2.3939(-5)
0.8 4,3229(-5) 3.8284{-5) 3.4138({-5) 3.0620{-5) 2.7615(-5)
0.9 5.0089% - 5) 4.4252(-5)  3.3365{-5) 3.5232(-5)  3.1704{-5)
1 5.7615{-5) 5.0797(-5)  4.5098(-3)  4.0285({-5) 3.6183({-5}

b




Tabie 5.10 The anqular fluxes wi{z.w) for z

&5

L+afdandi=11toh

i f=1 o= 2 T =23 i=4 t =5
-1 1.0471(-3)  &.7532(-4)  2.9442(-4)  2.0836(-4)  2.2548(-4)
-0.8 1.4632(-3) 6.3596{-4) J.8406(-4) 2.6721{-4}) 2.8216(-4)
-0.6 2.1471{-3) 8.8218(-4) 5.1690{-4) 3.5252(-4)  3.8060(-4}
0.4 3.3761(-3)  1.2884{-3) 7.270%-4) 4.8356(-4)  5.1900(-4)
-0.2 5,7980{-3) 1.9994{-3) 1.0739(-3) 6.9193(-4) 7.3619(-4)

0 1.1621(-2) 3.3843(-3) 1.6919(-3) 1.0444{-3} 1.0971(-3)
0.7 1.0604{-1}  6.130%(-3) 2.7893(-3) 1.6302(-3) 1.G888{-3)
0.4 3.1493(-1)  6.9005(-3)  4.1886{-3) 2.4158(-3)  2.4442(-3)
0.6 4.6327(-1) 1.0270{-2) 5.2044(-2) 3.1081(-3)  3.0428(-3)
0.8 £.6269(-1)  1.0647(-2)  5.7110{-2% 3.5443(-3}  3.2742(-3)
l 6.3224{-1) 1.0504(-2)  5.8661(-3)  3.7561(-3}  3.4995(-3)
Teble 5.11 The anqular fluxes ¢i{z.w) forz =L + &/ and i = & to 10

W i=68 i=1 i=28 i=49 i=10
-1 1.3465(-4)  1.1058{-4)  9.3621{-5) 8.1008{-5)  B.5882(-5)
-0.8 1.6854{-4)  1.3719(-4} 1.1526(-4) 9.9037(-5)  1.0339{-4}
-0.6 2.1598(-4)  1.7403(-4}  1.4490(-4)  1.2351(-4)  1.2833(-4)
-0.4 2.85588(-4)  2.2731(-4) 1.B724{-4) 1.5808(-4) 1.6323(-4)
~0.2 3.9049(-2) 3.0636{-4)  2.4921(-4) 2.08307(-4} 2.1325(-4)

0 5.5598(-4)  4.2B61(-4)  3.4339(-4)  2.8201(-4)  2.8730({-4)
0.2 8.1014{-4)  6.1246{-4) 4.B257(-4)  3.9185(-4)  3.9406(-4)
0.4 1.1457(~3)  28.5297{-4)  6.65300(-4)  5.3192{-4)  5.3084({-4)
0.6 1.4886{-3) 1.1061{-3)  B.5588(-4)} 6.8292(-4) 6.7815(-4)
0.8 1.7593{-23} 1.3184{-3} 1.0257{-3) 2.1998{-4) &.1111{-4)
1 1.9369(-3)  1.4720(-3) 1.1550{-3}  9.2022(-4) 9.1575{-4)
T e FEAC L L aaet E MUSLFARES
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Table 5.12 The angular fluxes wi(z,) for z =

86

L+a/4 and i =11 to 15

" i=11 =12 i=13 i=14 i =15
-1 6.4895(-5)  5.8213(-5)  5.2815(-5)  4.8333(-5)  4.4547(-5)
-0.8 7.8313(-5)  6.9873(-5)  6.3073(-5) 5.7443(-5)  5.2700{-5)
~0.6 0.6221(-5) 8.5334{-5)  7.6589(-5) 6.9376(-5)  6.3321(-5)
-0.4 1.2098(-4)  1.0654(-4)  9.4989(-5} 8.5506(-5) 7.7585({-5)
-0.2 1.5600({-4) 1.3629(-4) 1.2060{-4) 1.0779-4)  9.7152(-5}

0 2.0702{(-4)  1.7916(-4)}  1.5715(-4)  1.3931(-4}  1.2459(-4)
0.2 2.7932(-4)  2.3930(-4)  2.0792{-4)  1.8270(-4)  1.6205(-4)
0.4 3.7090(-4)  3.1505(-4)  2.7154(-4)  2,3679(-4)  2.0854({-4)
0.6 4,7031(-4)  3.9743(-4)  3.4080(-4) 2.9574(-4)  2.5922(-4)
0.8 5.6385{(-4)  4.7583(-4)  4.0729(-4}  3.5271(-4)  3.0848(-4)
I 6.4306{-4)  5.4362(-4) 4.6572(-4)  4.0342(-4)  3.5278(-4}

Table 6.13 The anguiar fluxes ¢i{z,u) for z =

+ A and 1= 16 ta 20

u i=16 i=17 i =18 i=19 i =20
-1 4.1304{-5)  3.B496(-5)  3.6043(-5)  3.3881(-5)  3.1962(-5)
-0.8 4.8650{-5) 4.5153(-5)  4.2105(-5) 3.9427(-5)  3.7055{-5)
-0.6 5.8170(-5)  5.3738(-5}  4.98868(-5) 4.6514(-5)  4.3537{-5)
-0.4 7.0875(-5)  6.5128(-5}  6.0156{-5) 5.5817(-5)  5.2003(-5)
-0.? 8.8161{-5)  8.0555(-5)  7.3982(-5) 6£.8274[-5)  6.3278(~5)

0 1.1228{-4)  1.0185(-4}  9.2930{-5} 8.5228(-5)  7.8524(-5)
0.2 1.4491(-4)  1.3049(-4)  1.1823{-4) 1.0772(-4}  9.8623(-5)
0.4 1.8522(-4)  1.6572(-4})  1.4924(-4)  1.3518(-4)  1.2307(-4)
0.6 2.2918(-4)  2,0416(-4)  1.8308(-4)  1.6515(-4)  1.4977(-3)
0.8 2.7212(-4)  2.4185(-4)  2.1638(-4) 1.9474(-4)  1.7619(-4)
1 3.1106(-4)  2.7628(-4)  2.4699(-4)  2.2208(-4)  2.0073(-2)




Table 5.14 The anqular fluxes ¢;{z,u) for z =

87

L+af2endi=1¢tobk

’ i=1 f=2 i=3 i-4 i=5
-1 8.6637(-4)  2.2300{-4)  1.4098{-4)  1.0055{-4)  1.0980(-4)
0.8 6.5719(-4)  2.0006{-4)  1.8405{-4)  1,2860(-4)  1.4081({-4)
-C.6 9.7087(-4)  4.1608(-4)  2.4616(-4)  1.6813(-4)  1.8419(-4)
-0-4 1.5206(-3) 6.9792(-4)  3.3951(-4) 2.2623{-3) 2.4721{-4)
-0.2 2.5630(-3)  9.0213(-4)  4.8879(-4)  3.1638(-4)  3.4365(-4)

0 8.7967(-3)  1.4586(-3)  7.4368(-4)  4.6406{-4)  4.9928(-4)
g.? 1.7611(-2}  2.5687{-3)  1.2010{-3) 7.1509(-4)  7.5999%-4)
0.4 1,0153(-1)  4.5595(-3)  1.9722(-3) 1.1178(-3) 1.1748(-3)
0.6 2.1428(-1) 6.8622(-3) 2.9949(-3)  1.6625(-3)  1.7253{-3)
0.8 3.1513(-1)  8.7448[-3)  4.0077{-3)  2.2513{-3) 2.2971(-3)
1 3.97687(-1)  1.0026(-2)  4.8357(-3)  2.7862{=3)  2.791%(-3)

Tatle 5.15 The angular fluxes ¢i{z,u) for z =

+ &2 amd i = 6 to 10

u i=6 j=7 i=8 i=9 i =10
-1 6.5688{~5)  5.3896(-5)  4.5600(-5)  3.9433(-5)}  4.1400(-5)
-0.8 8.1781(-5)  6.6465(-5)  5.5781(-5) 4.7897(-5)  5.0105{-5)
-0.6 1.0381{-4)  8.3510{-5}  6.9474{-5)} 5.9192(-5)  6.1650{-5)
-0.4 1.3507{-4)  1.0723({-4})  8.8500{-5) 7.4746{-5) 7.7431{-5)
-0.2 1.8139(-4)  1.423%(-4)  1.1596{-4)  9.6954{-5)  9.9770{-5)

0 2.5304(-4)  1.9558(-4)  1.5716{(-4) 1.2986(-4)  1.3254(-4)
0.2 3.6685(-4)  2.7848(-4)  2.2033(-4}  1.7961{-4)  1.8155(-4)
0.4 5.3863(-4)  4.0158{-4)  3.1281{-4) 2.5157{-4}  2.5190(-4)
0.6 7.6632(-4)  5.6338(-4)  4.3358(-4)  3.4496(-4)  3.4299(-4)
0.8 1.0242(-3)  7.4781(-4)  5.7151{-4)  4.5170{-4)  4.4733(-4)
1 1.2807(-3)  9.3504(~4)  7.1320{-8) 5.6215(-4}  5.5567(-4)
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Table 5.16 The angular fluxes ws;{z,u) for z = L + 4/2 and 1 = 11 to 15
u i=11 i=12 i=13 i=14 i=15
-1 3.1587{-5)  2.8323(-5) 2.5691(-5) 2.3508(-5) 2.16B4(-5)
-0.8 3.7875(-5)  3.3784(-5) 3.0493(-5) 2.7771{-B)  2.548D(-§)
-0.6 4,6145(-5)  4.0923{-5} 3.6736(-5) 3.3286(-5) 3.0392(-5)
-0.4 5.7338(-5) 5.0625{-5) 4.5082(-5) 4.0615{-5) 3.6885(-5)
-0.2 7.3005(-5) 6.3883(-5) 5.5592(-5) 5.0657(-%) 4.5725(-5]}
0 9.5688(-5) 8.3007{-5) 7.2978(-5) 6.4843(-5) 5.8122{-5)
0.2 1.2911{-4) 1.1094({-4) 9.6668(-5) B.5174{-5) 7.5748(-5)
0.4 1,7643(-4)  1.5M16(-4) 1.2967{-4) 1.1329(-4)  9.9953(-5)
0.6 2.3717(-4) 2.0027{-8) 1.7167{-4) 1.4894{-4} 1.3053(-4}
0.8 3.0662{-4) 2.5757{-4)  2,1968({-4)  1.8068(-4) 1.6648(-4)
1 3.7912(-4) 3.178a{-4) 2.7005{-4) 2.3251(-4) 2.0228(-4)

Table 5.17 The angular fluxes ¢;(z,u) for z = L + &4/2 and i = 16 to 20
H i=16 i=17 i=18 i=19 i= 20
-1 2.0087(-5) 1.8722{-5} 1.7530{-5) 1.6480{-5)  1,5549(-5)
-0.8 2.3525(-5)  2.1839(-5) 2.0369{-5) 1.9079{-5) 1.7937(-5)
-0.6 2.7931(-5)  2,5B15(-5) 2.2977{-5) 2.236B{-5)  2.0947(-5)
-0.4 3.3725(-5) 3.1018(-5) 2.8677{-5) 2.6633(-B}  2.4835(-5}
0.2 4,1568{-5)  3.8023(-5)  3.4969{-5)  3.2315(-5)  2.9990(-5)
0 5.2492(-5)  4.7716(-5)  4.3624(.5) 4,0085(-5)  3.7000(-5)
n.2 A.7903{-8)  6.1293(-5) 5.5663{(-5) 5.0823(-5) 4.6628(-5)
0.4 8.8931(-5) 7.9705(-B) 7.1895(-5) 6.5220(-5) 5.9467(-5)
0.6 1.1541(-4}  1.0281(-4)  9,2203{-5) B.3179(-5)  7.5437{-5)
0.8 1.4566(-4} 1,2921(-4} 1,1540(-4) 1.0369{-4) 9.3668(-5)
1 1.7757(-4)  1.5710(~4)  1.3994{-4) 1.2542(-4)  1.1302{-4)
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Table 5.12 The angular fluxes vi{z,n) for z = L + 344 and i = 1 te 5
u i=1 j=2 1t =3 i=4 i=5
-1 1.7860(-4) 9,.3645(-5) 6.2715(-5) 4.6495(-5) 4,9553(-5)
-0.8 2.h809(-4} 1.3050{-4) 8.4778(-5) 6.1291(-5) 6.5936(-5}
=0.6 3.9570(-4) 1.2906{-4) 1.1763(-4) 8.2318(-5) 8.9400(-5)
0.4 6.5510(-4) 2.8481{-4) 1.6683({-1) 1.1233{-4) 1.2293{-4}
-0.2 1.1985(-3}  4.4257{-4) 2.4142{-4) 1.5663(-4) 1.7143(-4})
n 2.2618(-3) 7.0364(-4) 3.61681(-4) 2.2667(-4) Z.4631(-4}
0.7 5.4530(-3} 1.2061(-3) 5.7458(-4)  3.4520{-4) 3.7093(-4}
0.4 3.4292(-2) 2.2024{-2)  9,5455(-4) 5,4592(-4)  5.7968(-4)
0.6 9,9505(-2}  3.7912(-3} 1.5682(-3) 8.5481(-4) 8.9957(-4)
0.8 1.7614(-1}  5.6253(-3} 2.3367(-3)} 1.2609{(-3)  1.3159{-3)
1 2,4965(-1)  7.3271(-3)  3.1650(-3) 1.7184{-3)  1.7754(-3)
Table 5.19 The angular fluxes yi{z,n]) for z = L + 3474 and i = 6 to 10
u i=6 i=17 i=8 i=19 i =10
-1 3.1722(-5)  2.6391{-5) 2.2549(-5) 1.9639{-5) 2.0604(-5)
0.8 4.0308(-5)  2.3052(-5)  2.7903(-5)} 2.4057{-5)  2.5181(-5}
-0.6 5.1863{-5) 4.1803(-5) 3.4944(-5) 2.9829(-5)  3,1112(-5)
-0.4 6.7677(-5) R.3904(-5)  4.4458(-5}  3.7R91(-8)  3.9017(-5)
0.2 9.0429(-5) 7.1062(-5)  5.7945(-5)  4.851n{-5) 5.0033(-5}
0 1.2494(-4}  9.6756(-5)  7.7905(-5)  6.4499(-5)  6.6013(.%)
0.2 1.7989{-4) 1.3697(-4) 1.0B89{-4) 8.4R46(-5}  9.0085{-5)
0.4 2.6734{-4)  1.9988(-4}  1.5615(-4)  1.2590(-4) 1,2635({-4)
0.6 3.9606(-4) 2.9133(-4%  2.2441(-4) 1.7871(-4) 1.7778{-4)
0.8 5.6365(-4)  4.0973(-4)  2.1239{-4)  2.4652(-4)  2.4372({-4)
1 7.5725{-4) 5.4699{-4)  4.1448(-4) 3,2522({-4)  3.2042(-4)
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. Table 5,20 The angular fluxes :pi{z,u} forz =L+ 3af8 and i = 11 to 15
U i=11 =12 i=13 i=14 i =15
" -1 1.6874{-5) 1.4278{-5} Ll.2982{-5) 1.1902{-5) 1.0986{-5)
-0.8 1.9123{-5) 1.7087{-5) 1.5444(-5) 1.2082(-5) 1.2934{-%}
-0, 6 2.3322(-5) 2.0704{-5) 1.8603(-R) 1.6870(-5) 1.5416({-5}
-.4 2.8907(-%)  2.5498{-5) 2.2768{-5) 2.0820{-5) 1.8660({-5)
-2 J.6635(-5)  3.2082(-5} 2.8460{-5)  2.5502(-5) 2.3043(-%)
0 4.7726(-58)  4.1465{-5)  3.6510{-5) 3.7488(-5) Z2.9161(-9)
0.2 6.4217(-5)  5.5291{-5) 4.8272(-5) 4.2612{-5) 1.7962(-5)
0.4 8.8735(-5)  7.5661{-5) 6£.5454{-5) 5.72B3(-5) 5.0621{(-5)
. 0.6 1.2312(-4} 1.040%5{-4} B.9251(-5) 7.7488{-5) 6.7959(-5)
' 0.8 1.66968{-4)  1.4013(-4) 1.1942(-4) 1.0304{-4) A.9835(-5)
| 1 2.1784(-4) 1.8202(-4}  1.5445(-4) 1.3271{-4) 1.1524(-4)
’ Table 5.21 The arqular fluxes vi{zw) for z = L + 38/4 and i = 16 to 20
B i=16 i=17 i =18 i=192 i= 20
-1 1.0189(-5)  9,5172(-8)  8.9201({-8) B.3934(-6} 7.9254(-6)
-0.8 1.19820-5  1.1105(-5)  1.0365{-5)  9.7194(-6&)  9.1393(-6)
-0.6 1.4178(-5  1.3113(-8) 1.2188(-%) 1.137X-8) 1.0662{-5%)
-0.4 1.7078{-5}  1.5717{-5) 1.4542(-%) 1.3515-5) 1.2612{-5)
=0.2 2.0969({-5)  1.5199{-5) 1.7674(-5) 1.6347(-5) 1.5184(-5)
C 2.6371(-5)  2.4003(-%)  2.1971{(-5) 2.0213(-5) 1.8678{-%)
0.2 3.4087(-5) 3.0817{-5) 2.8029{-5) 2.5628(-5) 2.3544({-5)
0.4 4.5106(-5)  4.04B3(-%)  2.6565{-5)  3.3212{-5) 3.0318(-5)
, ) 0.6 6.0122{-5)  5.3891(-5) 4.8087(-5) 4.3403(-5)  3.9382(-5)
| 0.8 7.9028(-8)  7.0060{-%) 6.2534(-5) h.6156(-5) R, 0702(-5}
i 1 1.0098(-4Y  8,9177(-5)  7.9305(-5) 7.0960{-5) 6.3842(-5)
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and
1 N
pi(Ryu] = Ly{nlexp(-ai/u) + iciidi{u} + [2-A5 o{v)T & by aPaf2u-1)
a=[)
N 1 171
+ 4 [by, a6t gfn)-exp(~aj/u}aq ohi o)+ - L o35d5500) - (5.166D)
u:ﬂ 2 j=1
In a similar way we find for the interior fluxes:
1
vilz,-u} = Ri{n)expl-o;{R-2}/u] + Eci{Ii(z,ull
N N
b 127,007 L eqale)fal2il) + T [eq 0(2)64 al0)
a=0) a=()

+ {di al2) - exp[-ui{R-z};u]bmmi,ﬂ{uj]}

+

i-1
I oyjlijlz.u} (5.157a)
=1

L3 I

and

vilz,n) = Li(ulexpl-o4(z-L)/ul + %ci{ditz.u}
N

N
+ [2-A1 o)) I dj ol2)Pa{2n-1) + I [di.u'izi'ﬁi.a{“?
a=0 a=0

+leq,al2) - expl-ei{z-U/lag ol A ale)] |

Iooidrglza) . (5.157m)

SNt n b Ren CATES
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We have found that these aexpressions are significant improvements,
especially as y + @, over the usuzl (and simpler} expressions given by
equations (5.72) and (5.112).

In addttion, we report in Table 5.22 converged results for the group

fluxes
1
pifz) = Jl %4 (2,1 )dy {5,158)

which, for z = L and z = R, can be expressed by using equations {5.72)

and (5,152) as

#i(L) = §§,1 + a{,0 (§,15%)

and

$i(R) = &5, 1E20(4§) + b0 {5.159b]

where, in general, E,{x) denotes exponential integral functions. For

ze{L,R) we use equations {5.112) and (5,152} in (5.158) to obtain
bilz) = &i182l0i{z-L)] + <i,0{2) * d7 of2) . (5.16%¢)
In Table 5.23 we show our converged results for the group albedos

1
AT = 2 wpi{l,-u)du {5.160a)
0

and the group transmission factors

1
B;% = 2 [ wpi{Raddu . (5.160b)
0

————



Table 5.22 The group fluxes #:(z)
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i z =L z = Ltajh z = L+afe z = L+3a/4 z =R
1 1.0117 3.6604(-1) 1.7050(-1) 82.7855{(-2) 4.5716(-2)
2 3.9657(-3) 9.9306{-3) 6.29016(-3) 3.6317{-3) 1.9091{-3)
3 2.0883{-3) 5.0739{-3} 2.9221({-3) 1,5888({-3} 7.2103(-4)
4 1.3228(-3}  3.1027{-3) 1.6910{-3) 2.9818(-4) 4.2724{-4)
g 1.3007(-3} 3.0869{-3) 1,7578(-3) 9.4748(-4} 4.5042(-4)
B 7.0807{-4) 1,5694{-3) 8.2100(-4) 4.3208{-4) 1.9734(-4)
7 5.5208(-4}  1.1895(-3) 6.1336(-4) 3.2195{-4) 1.4496{-4)
8 4.4579(-4)  9.3681{-4) 4.7874(-4) 2.5096{-4) 1.1154{-&)
9 3.6946(-4) 7.5937(-4) 3.8576({-4) 2.0207{-4) B8.8744(-5)
10 3.6961(-4}  7.6078{-4) 3.8710{-4) 2.0269(-4) 8.8221(-5)
11 2.7104{-4} 5,384n{-4) 2.7184(-4} 1.4228(-4) 6.1011(-5}
12 2.38638(-4) 4.6029(-4) 2.3188(-4) 1.2133(-4) 5.1520({-9)
13 2.0748(-4) 3.9910(-4} 2.0072(-4} 1.0500{-4} 4,4159{-5)
14 1.8450{-4} 3.5000{-4) 1.75R0(-4} 95.1954(-5}  3.R3I0B({-5)
1% 1.6545(-4}  3.0889(-4) 1.5550{-4) 8.1325(-5) 3.356%{-5)
16 1.4946(-4) 2.7666{-4) 1.3871(-4} 7.2537{-5) 2.9673{(-9)
17 1.3588(-4)  2.4877{-4) 1.2465{-4) B.5175(-5} 2.6427(-5)
18 1.2423(-4}  2.2511(-4) 1.1273(-4) 5.2941{-5) 2.3892{.5)
19 1.1415(-4} 2.048h{-4) 1.0254{-4} 5.3609{-5) 2.1365{-5)
20 1.0536{-4) 1.8737(-4) 9.3748(-5) 4.90n8({-B)}) 1.9367{-5)




Table 5.23 A;* and R;* for the 20-group preblem

34

Present Work DTF69

i A" Bi" ¥ P

1 f.4394{-3} 7.3100{-2) 6.4399(-3) 7.2983({-2)
2 2.4468(-2) 2.6667(=3) 2.4467(-3) 2.6646(-3)
3 1.3718(-3) 1.0693(-3) 1.3719(-3) 1.0678(-3)
4 9.0655(-4} 5.7560(-4} 9.0668(-4} 5.7472(-4)
5 9.1002(-4) 6.0465(-4) 9.1011(-4) 6.0380(-4}
6 5.15696(-4) 2.5976(-4) 5.1708(-4} 2.5935(-4)
7 4.1123(-4) 1.8942(-4} 4.1134(-4) 1.8912(-4}
3 3.3795(-4) 1.4482(-4) 3.3805(-4) 1.4458(-4}
9 2.8449{-4) 1,1456(-4) 2.8459(.4) 1.1437(-4)
10 2.8836(-4) 1.1340{-4) 2.8844(-4) 1,1321(-4)
11 2,1483(-4) 7.7912(-5) 2.1492(-4) 7.7785(-4)
12 1.8886(-4) 6.5506(-5) 1.8894(-4) 6.5399(-5}
13 1.6797(-4) 5.5914(-5) 1.6805(-4) 5.6822(-5)
14 1,5080(-4) 4.8312{-5) 1.5088(-4) 4.8233(-5%)
15 1.2645(-4) 4.2175{-5} 1.3652{-4) 4.2106(-5)
16 1.2430{-4) 3.7144{.5) 1.2437(-4) 3.7082(-5)
17 1.1390(-4} 3.2964(-5) 1.13497(-4) 3.2909(-5)
18 1.0491(-4) 2.9452(-5} 1.0497(-4) 2.9402(-5)
19 9.7071(-5) 2.6472(-5) 9.7135(-5) 2.6427(-5)
20 9.0188(-5) 2.3920(-5) 9.0250({-5} 2.3879(-5)
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If we use equations (5.72} and {5.152) in (5.160), we find

1
Aj" = ag g + 3 41,1 {5.161a)
and
. 1
Bi~ = 264,1E3(41) + bi o + 3 b1 e {6.161b})

All our numerical results are accurate to within tl in the last digit
shown., In Table 5.23 we show also the results of a calculatien by Renken
{1981) who used the ¢ode DTFHY {Renken and Adams, 1969}, with 40 space
- points and eight directions for each half-range of u, We observe here,
as in the isotropic scattering case, what we believe to be 2 slight
deterioration in the DTFBS results for increasing absorption [as the
group number increases).

Regarding the convergence of our method, we have found that to
establish ¢5{L,-u) and ¢j(R,u} accurate to five significent figures for
all u required in this case N = 20; for the interiur angular fluxes and
the integrated quantities ¢3{z), Aj", and Bi* we have found that N = 15
was sufficient to obtain five figures of accuracy.

Finally, we would 1fke to mention that we have also generated
numerical results for the 19-group problem c¢onsidered in Chapter 4, but
n generalized to include anfseotropic scattering effects of the

Klein-Nishina differential scattering cress section. A set of Pg
multigroup transfer cross sections was provided by Renken (1981).

However due to the truncation of the Legendre expansion of the cross




6

section the resulting multigroup transfer cross sections turned cut to be
negative for some values of the scattering angle. Thus, the familiar and
challenging questien of how to deal with the solution of a strictly
non-physical problem was encountered {Brockmann, 1981). From a
mathematical point of view, a transport equation based on cross sections
that can be negative is a perfectiy valid candidate for study and clearly
can yield a solution that can be negative. One can {as we did) solve
such a problem and accept, at least on a mathematical basis, the
solution--be it positive or otherwise. We note that in comparing our
results in Table 5.24 for the considered problem with Pg scattering with
those obtained by Renken {1981} with and without the use of the negative
Flux fix-up optian in the DTF69 code we found excellent agreement with
Renken's results only when he did not use the negative flux fix-up
optton. A separate gquestion s what is the relationship of the solution
obtained in this way to the physically correct solution that satisfies
the transport equation for which the Klein-Nithina cross section has not

been truncated.

[
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Table 5.24 A;™ and R;™ for the 19-group problem with Py scattering

Present Work nTFE9a DTFesb

i A B;* Ay™ By* Ast By

1 1.5570(-4)  3.0755(-3) 1.5608(-4)  3.0718{-3) 6.1672(-4)  3.0717(-3)
2 1.3607(-3) 1.7104{-3) 1.3612(-3)  1.7092{~3) 1.5699{-3) 1.7088(-3)
3 2.2129{-3} 1.3852(-3) 2.2131(-3)  1.3844(-3) 2.4448(-3}  1.3838(-3)
4 3.5130(-3)  1.4811({-3} 3.5137{-3) 1,4802(-3) 3.7808(-3) 1.4795(-3)
5 5.2552(-3)  1.5822(-1) R.2552{-3)  1.5814(-3) 5.3582(-3)  1.5804(-3})
6 7.8082{-3) 1.6861{-3) 7.8081{-3) l.€852{-3) 7.8424(-3) 1.6841{-3)
7 7.3321(-3)  1.1797(-3) 7.33200-3)  1.1791{-3) 7.3781(-3)  1.1782(-3)
B 1.0003(-2) 1.2220{-3) 1.0003{-2) 1.7214(-3) 9.9918(-3)  1.7205(-3)
9 1.4220(-2)  1.2693{-3) 1.4220{-2) 1.2587(-3) 1.4190{-2) 1.2576{-3)
10 2.1450(-2)  1.2876{-3) 2.1450{-2)  1.2870{-3) 7.1408{-2)  1.285%(-3)
11 1.5287{-2)  1.2995{-3} 3.5286{-2}  1.2989(-3) 1.5224(-2)  1.2978{-3)
12 6.5003{-2} 1.2754(-3} 6.5003{-2) 1.2748{-3} 6.4895{-2) 1.2736{-3)
13 2.2359(-2)  7.1754{-4) 2.2359{-2) 7.1716(-4) 2.2306(-2)  7.1656(-4)
14 1.7355(-2)  6.2626(-4) 1.73550-2)  6.2491(-4} 1.7320(-2)  6.2442(-4)
15 1.0166{-2)  4.3237(-4) 1.0196{-2)  4.3262(-4) 1.0174(-2)  4.322B(-4)
16 3.054{-3) 1,2458(-4) 3.01563(-3)  1.2451(-4} 3,0094(-3)  1.2441(-4)
17 7.3602{-4) 2.7272(-%) 7.3692(-4)  2.7207(-5) 7.3547(-4) 2.7185(-5}
18 4.8899(-5) 1.B750{-5) 4,8898(-5}  1.8740{-8) 4.8200(-5) 1.8725(-6)
19 6.0834(-8)  2.3429(-7) 6.0847(-6)  2.3478(-1) 6.0725{-6)  2.3459(-7)

4 No negative flux fix-up

b With negative flux fix-up

16




———— — — o ————
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6. MILTISLABS WITH L-TH ORDER ANISOTROPIC SCATTERING

.1 Infrodyction

In Chapter 5, & method for solving the multigroup transport equation
with a triangular transfer matrix including Lth order anisotropic
scattering was proposed and numerical results were reported for the case
of a single slab. The purpose of this chapter is to extend the method to
multislab problems. Because the previously developed analysis can be
readily applied in this case, we do not repeat here the derivation
reperted in Chapter 5. We consider the following muitigroup transport
equation to be applicable in each of % regions, IE[Zr_l, r

r=1,2,...,R, and for each group i = 1,2,...,M:

;)
o FP vil{z,n) * o p bilza)

i 1
Pl ﬂ:jfljpi{ﬁ}¢j,ﬁfl} . (6.1)
=1 &=0

]
T30

Here o , is the total cross section for group 1 and region r and

r ror . r ] .

uijixj = 0§; ij{L), with ij{ﬂ] = 1, danote coefficients in Legendre
gexpansions of the transfer cross sections, As usual, ¥3{z,u) represents

the angular flux in the ith group and
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|
#j,e{2) = Il ¥ilZw)Pglnldy . (6.2}

We are concerned in this chapter with non-multiplying multislabs and

boundary conditions of the type

$i(zg,u} = fi,afu) , w20 {6.3a)
and

vilzg,-u} = fi p(u) ,w>0 , (6.3b)
where fj o{u) and fq p{w} are considered specified.

6,2 The Fy Method

We note that a generalizatfan of the technique applied in Section
5.2 could be used here to derive singular integral egquations and
constraints for each group, Tnvelving only the boundary data and boundary
and interface angular fluxes established for previous groups, By using
the Fy method in a manner similar to that reportad previously for
one-speed problems (Devaux, Grandjean, Ishiguro, and Siewart, 1975), the
problem of finding the unkmown boundary and interface angular fluxes
c¢ould be reduced to the solution of a system of linear algebraic
equations for each group. Since the size of each of these M systems
would be, in the present case, 2(N+1)R, it is clear that for large R the
solution of very large systems would be required. We thus prefer to
attack the problem in an alternative way: we consider one slab at a

time, splve, for each group, R systems of Z2(N+l) linear algebraic




e

I gquations and iterate these soplutions on adjacent slabs until convergence
is achiaved.
We consider, for each r = 1,Z,...,R, the problem defined by eguation

{6.1) and boundary conditions written formally as

Pi{zp-1ow) = Lip{e} L, w20 , {6.4a)

and

vi{zp,-u} = Ri,r{u) , 0 >0 . (6.4b}
0f course, only

fi,ofu) »u>0 , {6.52)

Li,1{x)

and

Ri,gle) = fi,p{n) s w20 , (5.5b}

are presently known. We pow follow the analysis of Section 5.2 to

derive, for the 1M group, the system of singular integral equations and
constraints given by equations {5.42) and {5.44) where an index r shouid
be included when defining gquantities that depend on the particular region

being considered., We et Ap = 2p - Zp.], &4,r = 9i,r &p and use the

approximations
ok
9i(2zp-1.-0) = Ri rlu)exp(-ai p/u) + I 2 g Pal2u-1) (6.62)
a={
) and
oy
vi{zpau) = Li,rlulexp{-a4 rfu) + I bj q Pg(2u-l) , (6.6D)

a=0
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for p » 0, to deduce from equations (5.42) and (5.44) that

N

r r r r
{ [39,aBi o{E} + Gj,p exp{-4y r/E)bi, o Aj,alZ}]
a=0
i=1 ror
= ¢j,plf,p{8) + 1 woi3lij(g)  {6.7a)
i=1
and
N r F r r
P Iby aBi,alf) + i, exp{-84 r/E}ai ghf,ql5)]
a=0
i-1
F T
= ¢, pdi,r(8) + [ o13dii(E) ,  (6.7b)
j=1

for all gePy = {u?im}LJ[D,I], where “:.m' m=0,1,2,...,¢5,p - 14
denote the positive discrete eigenvalues relevant to group i and region
r. All quantities in equations {6.7) are defined precisely in the same
way as in Chapter 5 {except for the inclusion of an index r as previgusly
noted}. If we now consider equations (&.7) at M1 values of EePi p, say
E?,E, we ochtain a system of linear algebraic egquaticons which can be

written fn matrix notation as

Cir Kigr = Kiyr (6.8)
whera
Bi,r Ai,r
E1 ,I" = 7 (E'g}
i,r Bi,r

BeCTATLAG oL L T e b @ RUSLRARFRE
LEE G j




102

F r r r r r
Bj,ol%i,0} Bi,1{Ei,0) + - - Bi n(%1,0!)

" r r r r r
Bi,r = | 8i,0(53,1) Bq,1{8¢,1) + .+ - By NiEi,1) . (6.10a)

L] -

r r r r r r
By,ol54,0) Bi,1(8i,n) » - - By, n{&i,K)

r r r r r r
Ay ,0l8i,0) M ,1{E4,0) » - - Aj N{Ei,0)

r r r r r r
At,reEq,e | Aiel6i,1) A4,1(64,1) « - - AGNGELLD | . (6.108)

r r r r r r
Av,olEt,N) A1 1(E1,N} + « « A7 N(E%,N)

r r
Ej,r = ¢, rlexp{-8i,r/Ei 0] kg * exp(-4i r/Ej,1} f}

r
T ores t Expf-ﬁj 'rjr£'|*ﬂ} EH} " [5‘-11}

k; 15, in general, a square matrix of order M1 whose elements are all

k;
zero, except for a one in the {j+1)P diagonal position,



and

r
24,0
F
aj,1
-
ai Kk |
F
bi,0
-
bi,1
F
by,N
r i-1
cf,pli,plEi,0) * I
J=1
r 1-1
¢, rli,r(€4,1) + )
i=1
. -1
ci,rli,rlEi,n) + 1
=1
. i-1
ci,pdi,rlEi,0) * 1
i=1
- i-1
ci,rdi,rlEi, 1) + 1
i=1
i |

.
ef,pdi, r(&i,N)

-+
LI e I |

r_r r
o711 ,0)

r r r
aij1i3{%4,1)

r r r
oy Lijl&i N
r r r
9ijdii{Ei,0)

rr r
ajjdij{Ei,1)

r r r
@i jdij & N
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(6.12)

{6.13)
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-1
IT Cy,p exists, equation (6.8) yields

Ki,r= E;}r Kijp P =1,2, «eu, R, (6.14)
where Ej=r' given by equation (6.13), is not completely known because, as
can be seen from equations {5.74}, Ly r(n) and Rj p{u) are required to
compute Ij (&) and Jj p{£) end, as discussed before, Ly (k) and Ri pr{n)
are only formal representations as yet undetermined, with the exceptions
of Lj,1{v) and Ry piu}. Therefore, only the summaticn terms
corresponding to down-scattering contributions from previous groups are
supposed known in the right-hand side of equation (6.13). From the
discussion above it is clear that am iterative solution 1s needed te
establish Ei.r and consequently the emerging angular fluxes given by
In the next section we 1llustrate such an iterative

equations [6.6).

solution far & specific problem.

5.3 A Test Problem

Me now consider a 20-group, S-region albedo preblem with a :OtR
order Legendre expansion of the scattering law. A 20-cm thick slab has
an isotropically incident distribution of radiation only in the first

graup and only on the surface at z = 2, i.e., for u > 0

Li,1{n) = 84,1 (6.15a)
and

Ri,r(M) = 0 {6.150)

e et e ' ' . .. LTI e it
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In additign, the thickness of each layer is specified by ap = [r+l) cm,

r=1,2,...,5. By using the fictitious cross-section set that follows,

we intend to faci{litate the data handling. We define, for ¥ = 1,2,...,20

and r = 1,2,...,5,

05 = (?)E[(-}E) - 0.15 81 5 - 0.15 a,-,m:[ (6.16a)
and
ugj{z} = (22+1) (r;fn) (1uu{:-j+1}) {945)% .
i =1,2,....0 and £ = 0,1,...,10,  (6.16b}
where
f+3
oi5 = 0.7 - (52 ) - (6.165)

We note that the cross-section set proposed here is a simple medification
aof that used in Chapter 5. The same collocation scheme is also used

here, i.e,,

r i
Ei,a - u'i,E ¥ g = ﬂ. 1-. 2, ey K‘i,r <1 . {E'l?a}

P11 [23‘2“1,r+1 ]
= -4 » (0§ | —m—mo—ow] ,
et 2(t1-xq,p)

ﬂ' = I“:‘ij"';m I':"i,r" + 1-.. L AR R H L] {E-l?b}

and
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Based on computations which followed closely the technique discussed by
Siewert {1980}, we have concluded that there is only one pair of discrete
eigenvalues relevant to each group in each region of the considered
problem; we 1ist in Table 6.1 the positive efgenvalue u?,n for

i= 1,2, ,20 and r = 1,2,,..,5.

We now discuss our iterative procadure to determine Ei-r'
Inftially, for r = 1, we use eguation {6.15a) and, as z first guess, we
set Ry 1{w) = 0 to compute, from equation {6.13), a crude approximation
to Ejil which we derote by EE?{. Accordingly, from equation (6.14), we
compute EET%, i.e., approximate values for {a%,u} and {b},u}. We now
note that equations [6.4a) and (6.6h) yield, for r = 2,3,...,R,

N

r-1
Li,r{u) = Li,p-1{ulexp{-8i, r-1/0) + I bi,a PelZu-l)
’ a=0

w>0 ,  {6.18a)

which together with Ry p{u) = O can be used successively to compute

o o
approximatians Kgll and IE}& for r = 2,3,...,R. Likewlse, equatians
{6.4b) and {&.6a) yield, for r = 1,2,...,R-1,

r+1
R'i,r"['l-l] = Ri .r+1[H}ElP[-ﬂ1’r+1fu} + E a-'i,u F'.;[Zu-l} .
re=(]

w0 . (6.18b)

r r
The approximations for {a; g} and {bj 4}. r = 1,2,...R, found in the

previous step can now be used in equations (6.18), and eguation (6.14)




Table 6.1

The positive discrete sigenvalues uy,u

wlir

r =2

r=3

r=4

r==5

== B = T R L - T

Pk bt B e pe b e e ek e
= O M o~ T M e Ll B e 3 WO

1.014675230187
1.013664030621
1.012702645157
1.011786467866
1.024569285561
1.0101013983620
1.009324801731
1.008590208601
1.007896506406
1.011201112487
1,006629121797
1.006052161369
1.005511523631
1.005005991723
1.004534348944
1.0040953174943
1.003687842667
1.003310518972
1.002962148042
1.0025641480584

1.009627226459
1.008B62135834
1.008140817000
1.007461768696
1.016300706575
1.006224775612
1.0N5664061769
1.005140068079
1.004651465922
1.006780184327
1.003775170108
1.003384852919
1.003024672419
1.002693310408
1.002389442258
1.002111736239
1.001858853819
1.001629450936
1.0n1422180241
1.001235694782

1.006235579588
1.006664560862
1.005131686945
1.004635489487
1.010733319846
1.003747380593
1.003352641311
1.002988911056
1.002654795130
1.004002486528
1.0020696829120
1.001816186142
1.0018868570418
1.001379580893
1.001193817737
1.001027885874
1. 000880393460
1.000749987263
1.000635298816
1.000535011145

1.0039567210B67
1.00254897%674
1.003162422111
1.002809198427
1.006%8041517]
1.002188702349
1.001919496742
1.001675703293
1.001455862714
1.00228654 3006
1.001082218593
1.000925519124
1.n007BH988284
1.000665212080
1.000558800707
1.000466395680
1.000386677447
1.00031837318%
1.000260264497
1.000211194616

1.0024660945633
1.002166952837
1.001895462297
1.0615649375857
1.004462235734
1.001231062637
1.001054616960
1.0n0298180681
1.000760271267
1.001254754508
1.000534201606
1.000443194621
1.000365036116
1.00029840657 3
1.000242042897
1.000194746410
1.000155390132
1.000] 22925006
1.000096384752
1.000074889135

{07
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cdan be solved successively for r = R-1, Re?,...,2,1 to provide improved
approximaticns for {a?,u} and {h:,u}. This completes what we call the
first sweep of the multislab system. 3econd, third, and higher order
sweeps can be repeated fn a similar way by using the updated
approximaticns for {a:,u} and {bg,q} until the relative error in these
constants for two successive sweeps is as small as desired. In qur
problem we have found that, in general, five or six sweeps were
sufficient to achieve a relative error smaller than 10-10. Once the
converged values of {a:_a} and {b;,u} are aveailable, appropriate verstons
of equations (5.156) can be used to compute the angular fluxes emerging
from each region, and interfor fluxes can alsoc be computed by the method
of Section 5.4, We list our converged resuits for ¢i{zg,-u) and
vilZp,m)s u > 0, i = },2,...,20, in Tables 6.2 to 6.9. Converged resultis

for the angular flux at the center of regfon 3, z = 2zp + A3/2, are

reported in Tables &,10 to 6.13 and for the group fluxes

1
si{z) = Il #i{z,u)du (6.19)

in Table 6.14. Finally, converged results for the group albedos
. 1
AT o= 2 é u $i{Zg,-n)du (6.20a)
and the group transmission factors

1
Bi* = 2 [ w wi{z5,u)du {6.20b}
0
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are reported in Table 6.15, along with those found by Renken {1981} with
the code DTFAE9 {Renken and Adams, 1969}, with 75 space points and efght
disgrete directions for each half-range of w. AlT our numerical results
ara accurate to within *1 in the last digit and the dearee of agreement
with the DTFBY9 results is essentially the same as in Chapter 5.

Finally, in ragard to the convergence of our method, we have found
that N = 20 was required to establish the boundary and interface fluxas
accurate tg five significant figures; for the integrated quantities
¢:{z), A;* and B;" and interior amgular fluxes N = 15 was sufficient to

aobtain five figures of accuracy.
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Table 6.2 The exit angular fluxes ¥j{zg.-u)} for i=1to 5

" i=1 i =2 i=3 i=4 i=5
0 5.0856(~2) 1.2986(-2) 5.8781(-3} 3.3590(-3}  3.1468(-3)
0.1 2.7785(-2)  8.6312(-3)  4,2658(-3) 2.5715(-3)  2.4585(-3)
0.2 1.7783{(-2)  6.1190(-3}  3.1971(-3) 1.9979(-3} 1.9352(-3)
0.3 1.2213(-2) 4.4866(-3)  2.3404(-3) 1.5695(-3} 1.5346(-3)
0.4 8.8379(-3)  3.4029{-3) 1.9074{-3) 1.2545(-3) 1.2351(-3)
0.5 6.6435(-3}) 2.6534({-3) 1.5233(-3) 1.0202(-3) 1.0094(-3)
0.6 5.1352(-3)  2.1121(-3) 1.2366{-3) 8.4089(-4) 8.3517({-4)
0.7 4,0672{~3) 1.7123(-3) 1.0186{-3) 7.0136(-4) 6.9823(-4)
0.8 3.2968(-3) 1.4145({-3) 8.5238{-4) 5.5298(-4} 5.9203(-4)
0.9 2.7135(-3)  1.1349(-3) 7.2266{-8) 5.0750(-4) 5.0707(-4)
1 2,2726(-3) 1.0048(-3) 6.1816(-4) 4.3720(-4) A4.3734(-4)

Table The exit angular fluxes ¥j(2g5.-4) for i = 6 to 10

u T=8 i=7 1=28 =9 i=10
0 1.5426(-3)  1.1443{.3) 8.8437(-4) 7.0497(-4) 6.8124{-4)
0.1 1.2658(-3)  9.5926{-4) 7.5467(-4) 6.1074{-4)  5.9839({-4)
0.2 1.0337(-3)  7.9559(-4) 6.3435(-4) 5.1942(-4) 5.1387(-4)
.3 8.4721(-4)  6.6099{(-4) 5.3325(-4) 4.4115{-4) 4.4002{-4}
0.4 7.0147(-4)}  5.5382(-4) 4.5146{-8) 3.7693(-4)  3.7844{-4)
.5 5.8743(-4) 4.6861(-4) 3.8553(-4) 3.2454(-4) 3.2753(-4)
0.6 4.9644(-4)  3.9966(-4) 3.3124({-4]) Z2.8118{-4) 2.3501{-4}
0.7 4,2292(-4)  3,4321(-4) 2.2682(-4) 2.44%0(-4) 2.4920(-4)
0.3 3.6388{-4} 2.9734{-4) 2,5006{-4) 2.1479{-4) 2.1927(-4)
0.9 3.1630({-4) 2.5004{-4) 2.1993({-4) 1,8990({-4) 1.,9422(-4)
1 2.7596(-4) 2.2808(-4) 1.938B(-4) 1.6821(-4) 1.7260(-4)

R A R EA?EH-.I




Table 6.4 The exit angular fluxes ¢5{z,,-¥} for i = 11 to 15
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" i=11 i=12 i=13 i=14 1t =18
! 0 4.8119(-4) 4.0701(-4) 3.4911{-4} 3.029A(-4} 2.6556{-4)
g.1 4.2784(-1) 3.6639(-4Y  2.1R17(-4) 2.76R7{-4) 2.4420{-4)
0.2 3.7165{-4) 3.1096(-4) 2.7892(-4) 2.4568{-4}  2.1831(-4)
0.3 3.2164{-4) 2.7888(-4) 2.4475(-8) 2,1692{-4)}  1.9388(-4)
0.4 2. 7946{-4) 2.4386(-4) 2.1530{-4) 1.9189(-4}) L.7241(-4)
| 0.5  2.4428(-4) 2.1441(-4) 1.9034{-4) 1.7051(-4)  1.5393(-4)
} 0.6  2.1461(-8) 1.8941(-4) 1.6901{-8) 1.5213(-4} 1.3795(-4)
Q.7 1.8934{-4) 1.6797(-4Y 1.5061(-4) 1.3620(-4)  1.2404(-4)
i 0.8 1.6796{-4) 1.4970{-4) 1.3484{-4) 1.2245{-4) 1.1197(-4)
0.9 1.4999(-4) 1.3426(-4) 1.2181(-4} 1.1068{-4) 1,0159(-4)
1 1.3412(-4)  1.2054(-4) 1,0944(-4) 1.0015(-4] 9.7254(-5)
.
Table 6.5 The exit angular fluxes yi{zg,-v)} for i = 16 to 20
M i =16 i=17 i= 18 i=19 i= 20
0 2.3480(-4)  2.0920{-4}) 1.8765(-4) 1.6033(-4)  1.5362(-4)
0.1 2.1736(-4)  1.94B5{-8) 1.7576(-8) 1.5984(-4)  1.4536{-4)
0.2 1.9547(-4) 1.7620(-4) 1.5977(-4)} 1.4864(-4} 1.3339(-4)
0.3 1.7455(-8) 1.5816(-4) 1.4410{-4} 1.3195(-4) 1.2137({-4)
0.4  1.5508{-2) 1.4197(-8) 1.2992{-4) 1.1946{-4)  1.1032(-4)
0.5  1.3988{-4) 1.2786(-4) 1.1747(-4) 1.0842(-4)  1.0048(-4)
0.6  1.250n(-4) 1.1554{-4) 1.0655(-4) 9.8688(-5) 9.1767(-5)
. 0.7  1.1366{-4)  1.0470(-4) 9.6908{-5) 0.0067{-5}  2.4023{-5)
0.8 1.0799{-4) 9.5223(-5) 8.8435(-%) 8.2481(-5} 7.7165(-5)
0.9 9.3768(-5) 8.6980{-5)  8.1036(-5) 7.5790{-5} 7.1127{-5)
‘ 1 8,5440{-5)  7.9528(-5)  7.4329(-5)  6.9729(-5)  6.5630(-5)
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Tghle 6.6 The exit angular fluxes ¢i{zg,un) for i = 1 to §
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1 i=1 f=2 i=3 i=24 i=5
0 6.3366(-5) 1.7999{-5) B.5499{-6) 5.1625{-6} 5.1734(-6)
0.1 8,7378(-5) 2.3228(-%) 1.0926({-5) ©6,4481(-6) 6.5023{-6)
0.2 1.2533(-4)  3.0390(-%) 1.3902(-5) B.0858(-6} &.1596{-6)
0.3 1.9871(-4) 4.0727(-5) 1.8012(-5) 1.0296(-5) 1.037%{-5)
.4 4.4850(-4) 5.6122({-8) 2.3833{-5) 1.3357(-5) 1.3434(-5)
0.5 1.3050¢-2Y  7.9503(-5) 3.2169{-5) 1.7639{(-5) 1.7691(-5)
0.6 3.4157(-3} 1.1808{-4) 4.4073({.5) 2.3613(-5) 2.3616{-5)
0.7 7.3116(-3} 1.6810(-4) 6.0800(-5) 3.1B19{-5)  3.1758(-5)
0.8 1.3259(-2)  2.4387(-4) 8.3692{-5) 4.2820(-5) 4.2697(-5)
0.9 2.1265(-2) 3.4652{-4) 1.1401(-4) 5.7130(-5) 5.5985(-5)
1 3.1162{-2} 4.7838{(-4) 1.5281{-4) 7.5179(-5) 7.5100(-b)
Table 6.7 The exit angular fiuxes yi{zg,n) for i = 6 to 10
H i=% i=7 i=B8 i=9 i= 10
0 2.5806(-6) 1.9573(-6) 1.5457(-6) 1.2575(.6) 1.2485(-8)
0.1 3.1828(-6) 2.4032(-6) 1.8906(-8} 1.5329(-6} 1.5226(-6)
0.2 3.92358(-6) 2.94h0{-6) 2.3067(-6} 1.8626(-6) 1.B463(-6)
0.3 4.3942(-6)  3.6513{-6) 2.8433(.A6) 2.2848(-6} 2.2582(-5)
0.4 6.2000(-6)  4.5920{-6) 3.5536(-6} 2.B401{-B} Z2.7967(-6)
N.5 7.9782(-6)  5.862%5{-B) 4.5080(-F} 3.5797(-6)  3.5104(-8)
0.6 1.0398(-5) 7.5780(-6) G6.7835{-6} 4.565%(-6} 4.4577(-6})
0.7 1.3649{-5) 9.8633{-8) 7.4795(-8) 5.8685(-6) 5.7041(-6)
0.8 1.7926{-5) 1.2865(-5)} 9.6887(-8) 7.5584(-8) 7.3170(-6)
n,9 2.3405{-5%  1.6689(-E} 1.2492(-5) 09.7006(-6) 9.3578(-6)
1 3.0229(-5)  2.1436(-5}  1.5976(-5) 1.2348(-5) 1.1878(-5}




Table 6.8 The exit angular fluxes vi{zg,u) for i = 11 to 15
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B =11 i=12 i=13 i=14 i=15
0 5.9495(-7} 1.6820(-7) 6.7021(-7) 5.9049({.7) 5.2h18{-7)
0.1 1.0844(-6) 9.2949(-7) B.0777({-7) 7.0992{-7) 6.2984(-7)
0.2 1.3080(-6) 1.1176{-8) 9.6841(-7) 8.4872(-7) 7.5102{-7)
0.3 1.5907(-6)  1.3544(-6) 1.1696{-6) 1.0218(-6) 9.0142(-7)
0.4 1.9579(-8) 1.6603{-6) 1.4283{(-6)} 1.2433{(-8) 1.0930{-6)
0.% 2.4410{-6) 2.0808(-8} 1.7654{-8) 1.5306(-8) 1.3404{-8)
0.6 3.0781(-6) 2.58b5(-6) 2.2058(-6) 1.9042(-6) 1.6610{-F)
0.7 3.9116(-6Y 3.2715(-8) 2.7776{-8)} 2.3B875(-6) 2.0740{-56)
0,8 4.984%(-6)  4.1508(-6) 3.50091(-6) 3.n04z2{-6) 2.5995{-6)
0.9 6.3381(-6) 5.2067(-B) A.4272(-B} 3.7763(-6}  3.2560(-6)
1 8.M43{-6) 6.6163(-6) 5.554L({-0) 4.7226{-6) 4.059&(-6&)
Table 6.9 The exit angular fluxes ¥4{zg,n} for i = 16 to 20
u i=16 i=17 i=18 i =19 i =20
4, 4.7080¢-7) 4.2822(-7) 3.863a(-7) 3.5299(-7} 3.2410(-7}
1.1 5.6347{-7) 5.0765({-7) A.6025{-7) 4.19849{-7)  3.03444(-7)
0.2 6,7009(-7) 6.0222(-7) 5.Mp7(-7) 4.6540(-7) 4.5285(-7}
0.3 8.0194(-7Y  7.187n{-7)} 6.4R26{-7) 5.8808{-7} 5.3621{-7)
n.4 a.eo2n{-7}  B.6%BR({-7) 7.78B1(-7)  7.0426{-7} 6.4032(-7)
n.5 1.1243{-6)  1.0543{-68) 9.448a{-7) 8.5185{-7} 7.7208(-7)
0.6 1.461B{-8)  1.2965{(-8% 1.1577{-B6Y 1.0402(-6)  9.39%58{-7)
. 0.7 1.2181({-6) 1.6064{-6) 1.,4292{-&) 1.2795{-6} 1.1519(-6)
0.8 2.2701¢-6)  1,9985(-6) 1.7718{-6)} 1.5808(-6)} 1.4183{-6)
0.9 2.8337(-8) 2.4883{-6) 2.1972{-6) 1.9541{-6} 1.7478(-6)
. 1 3,5226(-8)  3.0B1R8{-6)} 2.7157{-6} 2.4085(-6) 2.1483(-6)
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Table 6.10 The anqular fluxes ¢i(z,u) for z =
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zo + 43/2 and i =1 ta &

1 i=1 i=2 i=3 i=4 i=5

-1 3.6184({-4} 1.5638{-4) 9.3646{-5) 6.4533{-5) 6.5068(-5)
-0.8 5.0171{-4}  2.0930{-4) 1,2277{-4) B.3348(.5) B.6646({-5)
-0.6 7.2982(-4) 2.00B9(-4) 1.6621(-4) 1.1075(-3) 1,1320(-4)
-0.4 1.1346(=3)  4.2492(-4}  2.3438{-4} 1.5236(-4) 1.5755{-4)
-0.2 1.9474(-3) 5.6092{-4} 3.3p41(-4) 2,1809{-4) 2,2%66(-4)
0 3,7995(-3)  1.0988(-3)  5.4058({-4}  3.2815{-4)  3.3814(-4)
0.2 2,1021{-2)  2.0301{-3) 9.n271{-4) ©5.2139{-4} 5.3497(-4)
0.4 1.2432(-1)  3.8384(-3} 1.5509{-3) 8.4630({-4} 8.718?({-4)
0.6 2,4736(-1)  5.8053(-3) 2.4324({-3} 1.2967{-3) 1.3293(-3)
0.8 3.5123(-1)  7.2855(-3)  3.2564(-3) 1.7745{.3)  1.7904(-3)
1 4.3378{-1)  8.2115{-3) 3.8945(-3) 2.1939{-3) 2.1725{-3)
) Table 6.11 The angular fluxes ;{z,u) for 2 = zp + 44/2 and 1 = 6 to 1D

u i=6 1 =7 i=38 i =9 i=10
-1 3.9539(-5)  3.1976{-5} 2.8682(-8) 2.2774(-5} 2.3252(-5)
-0.8 4.995%9(-5) 4.0050{-5) 3.3160{-5)  2.8108(-5) 2.8655(-5)
-0.6 5.4587(-5) 5.1241(-5} 4.2047(-5)  2,5361{-5)  3.5967{.5)
-0.4 B.5842{-5) 6.7294(-5) 5.4664(-B) 4.5574(-5) 4.6189(-5)
-0.2 1.1797{-4)  9.1278{-5) 7.3334(-5) 6.08B6(-5} 6.1062(-5)
0 1.6929(-4)  1,2903{-4} 1.0233(-4) 8.3552(-5} 8.3687(-5)
0,7 2.5349(-8)  1,8976(-4) 1.4822(-4) 1.1942(-4) 1.1866(-4)
0.4 3.8345(-4)  2.8147(-4} 2.1636(-4)  1.7198{-1)  1.6966(-4)
- 0.6 5.50N8(-4)  4.n352{-4) 3.0587(-4) 2.4029{-4) Z.3615(-8)
0.8 7.5000(-4)  5.4334(-4) 4.0840{-4)  3.1833(-4)  3.1261(-4)
1 9.5642(-4)  6.8511(-4)  5.1381{-4)  3.9913(-4)  3.9222(-4)
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Table 6.12 The angular fluxes wj{z,u) for z = z2 + 842 and i = 11 to 15

I i=11 i= 12 i =13 i=14 i =15
-1 1.7696(-5)  1.5718{-5} 1.4123(-5) 1.2805(-5) 1.1699(-%)
-0.8 2.1572({-5) 1.9061(-5) 1.7044(-5) 1.5385(-5) 1.399§(-5)
-0.6 2.6766{-5) 2.3518{-5) 2.0921(-5) 1.8793(-5) 1.7n20{-%}
-0.4 3.3976(-5}  2.9672(-5) 2.624h(-5) 2,3451(-5)  2.1133{-5}
0.2 4,4376(-5)  3.8491(-5)  3.3828(-5) 3.N044(-5)  2.6920{-5)

0 5.9990(-5) 5.1616{-5) 4.502n{-5) 3.9700(-5) 3.5333(-5)}
0.2 8.3727(-5)  7.1365(-8) 6.1701(-5) 5.2963(-5) 4.7657(-5)
0.4 1.1776(-4)  9.9841{-5)  8.5227(-5) 7.3932(-5)}  £.4792{-5)
0.6 1.6132(-4)  1.3517¢{.4)  1.1802(-4) 0.9120(-8) 8.6325(-5)
0.8 2.1080(-4)  1.7565(-4) 1.4871(-4} 1.2754{-4)  1.1060{-4)
1 2,6230{-4)  2,1779(-4)  1,8377(-4) 1.5713{-4)  1,3587(-4)
Table 8.13 The anqular fluxes Yifz,u) for 2z = 20 + 43/2 and 1 = 18 to 20

M i=18 i=17 i=18 i=19 i=20
-1 1.0758{-5)  9,94B2(-A)  9.2458(-6)} A.6311{-6)  B.0892(-8)
-0.8 1.7819(-5}  1.1810{-5) 1.M937{-5) 1.017%(-5)  9.5048(-6)
-0.6 1.8522(-5)  1.4243{-5) 1.3139{-5) 1.2178(-%) 1.1336(-5)
-0.4 1.9182{-5) 1.7522{-5) 1.A095{-5) 1.4257(-5) 1.3775(-&)
-0.2 2.4303(-5} 2.20R6({-5) 2.0188(-5) l.8%47(-5) 1.7119(-5)

U 3.1697(-5)  2.8631(-5) 2.6020{-5) 2.3774{-5) 2.1827(-8%)
0.2 4.2440(-5)  3.2070(-5)  3.4370(-5) 3.1206(-5) ?.8477(-5)
0.4 5.7282(-5)  B.1031(-5}  4.5769(-5) 4.1295(.5%) 3.7457{-5)
0.6 7.5871(-8) 6.7214(-5) 5.9961(-5) 5.3822({-5) . 4.8578(-%)
0.3 9.6807(-5)  8.5428{-5)  7.5928({-5}  6.7913(-5)  6.1087(-%)
1 1.1860(-4} 1.0440(-4) 9.2668{-5) 8.2607{-5) 7.4141(-5)
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Table 6,14 The group fluxes ¢5(2)
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i Z =2y z = 2othgf2 z =I5
1 1.0112 1.9270(-1} 6.2131{-3}
2 3.8166(-3) 5.1551(-3) 1.3399{-4)
3 2.0235(-3) 2.3027(-3} §.7871{-5)
4 1.2877(-3) 1.2863(-3) 2.4981(-5)
5 1.2533{-3) 1.3082(-3) 2.4979{-5)
6 6.9222{-4) 5.8515(-4) 1.0738{-5)
7 5.4114(-4) 4,2893({-4} 7.7753(-6)
8 4,3784(-2) 3.2930(-4) 5.9019{-6)
9 3.6347(-4) 2.6157{-4) 4.6376(-6)
10 3.6290(-4) 2.5884(-4) 4.5126(-6)
11 2.6722(-4) 1,7926(-4) 3.1007{-5)
12 2.37262(-4) 1.5160(-4) 2.5970(-6}
13 2.0497(-4) 1.2995(-4} 2.2080(-6)
14 1.8241(-4) 1.1293{-4) 1.9006(-6}
15 1.636G(~4) 9.9125(-5} 1.6634{-6)
16 1.4796(-4) 3.7789(-5) 1.4514{-6)
17 1.3459(-4} 7.2364{-5) 1.2842(-8)
18 1.2311(-4} 7.0410{-5}) 1.1443(-6}
19 1.1317{-4) 6.3655(-5) 1.0259(-6)
20 1.0443(-4) 5.7258(-%) 9.2482(-7)
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Table 6,15 The group albedos A;* and the transmission factors B:™

Present Work

L

®

*

i Ay* R4 Ay B4

1 5.8809(-3) 1.0453(-2) 5.8821{-3) 1.0439(-2)
4 2.2791{-3) 1.9993(-4) 2.2798(-3) 1,9965{-4}
3 1.2939{-3} 6.9012(-5) 1.2944{-3} 6.8915(-5)
4 8.6280(-4) 3.5393(-5) 8.6319(-4} 3.5345(-5}
5 8.5170(-4) 3.5350{-5) 8.6202(-4) 3.5300{-5)
6 4.9662{-4) 1.4899(-5) 4.9692(-4) 1.4879(-5)
7 3.9706(-4) 1.0716(-5) 3.9733(-4) 1.0702{-5)
g 3.2763(-4) 8,0863{-6) 3.2787(-4) 8.N0757{-6)
9 2.7671(-4) 6.3202(-6) 2.7693({-4) 6.3119{-6}
10 2.7956(-4) 6.1271(-6) 2.7977(-4) 6.1191{-5)
11 2.0989(-4) 4.1837{-6) 2.1007¢(-4) 8.1782(-6}
12 1.8491(-4) 3.4892(-6) 1.8508(-4) 3.4847(-6)
13 1.6476(-4) 2.9545(-6) 1.6491(-4) 2.9506(-6)
14 1.4814(-4) 2.5332(-6) 1.4828(-4) 2.5299{-6}
15 1.3423(-4) 2.1953(-6) 1.3435(-4) 2.1924(-6)
16 1.2242 (-4} 1.9200{-6) 1.2253(-4) 1.9174(-4)
17 1.1229(-8) 1.6927(-6) 1.1240{-4) 1.6904(-6)
18 1.0352{-4) 1.5029{-6) 1.0362(-4) 1.5009(-&)
19 9.5859({-5) 1.3428(-6) 9.5952(-5) 1.3809(-6)
20 8.9125{-5) 1,2064{-6) 8.9210{-5) 1,2047(-6)
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7. CONCLUSIONS

In this work we have successTully used the Fy method to solve basic
multigroup transport problems in plane geometry., We have concluded from
our studies that the Fy method is capable of producing accurate results
for the considered multigroup model and that the most interestimg aspect
of the method seems to be the capability of finding the angular fluxes
emerging from a slab for a given group by using only the boundary data
and established emerging fluxes for preceding groups. This feature of
the Fy method is a particularly attractive one for shielding calculations
where frequently the interior angular fluxes are not of primary fnterest.
In a few situations where the knowiedge of the interior fluxes is
important, e.g., gammz-ray heating, these can be readily computed in our
method from the previously determined boundary fluxes.

We note that for most cases the results deduced from the methed of
dfscrate ordinates are clearly adequate--especially when we consider the
magnitude of the uncertainties normally associated with the input data,
However, for strong absorption and/or optically thick slabs, increased
computer time will be required by strictly numerical methods to achfeve a
desired degree of accuracy--a characteristic not shared by the Fy method.
In fact, we have observed that slabs with strong absorptien andfor large
optical thickness is precisely the most favorable situation for the Fy

method, in the sense that accurate results can be produced with & small N,



119

The primary objective of our work on the numerical aspects of the Fy
method was to extract the maximum gbtainable aciuracy from the method
with a reasondable amount of computation time. Thus, several improvements
were incorporated into the numerical framework of the Fy method during
the course of this research:

a. the use of the orthogonal basis P,{Zu-1} instead of powers p2

b. the use of a coliocation scheme based on the zeros of Chebyshey

polynomials 1n contrast to the previously used equally spaced
schemes

¢. introduction of 2 new technigue for computing the angular

fluxes accurately for all u.
It was not our ailm to compare the computational efficiency of the Fy
method with that of existfng methods in this work; clearly this is an
important a2spect that needs to be studied, and topics such zs a study of
alternative techniques for computing the required functions, the
viabiTity of using single precision throughout the developed computer
programs and the task of optimizing the developed computer pregrams are
interesting aspects that deserve consideration. It is our feeling,
however, that our methad is competitive, especially if only boundary
quantities are desired in & calculation.

Additional recommendations for future research inciude the extension
af the method for multiplying media and inclusfon of upscattering in the
transfer matrix. These should be rather simple extensions but very

valuable for applications in reactor analysis., The extension of the

T T U - :-;-.:l,-ENL.iC',_L-hHEE'l
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method to spherical and cylindrical geometries and time-dependent

problems seems possible, at least for simple problems.
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